40

On a Difference Equation due to Stirling.
By Miss ELEANOR PAIRMAN.
(Read 11th January 1918. Received 17th January 1918.)

1. Introduction.

In 1730 there was published Stirling's Methodus Differentialis,
and in it (Prop. VIIL, p. 44) he considers the Difference Equation

- 1
y(z)—%ly(z+l):;———, ..................... 1)

-n
and shews that it is satisfied by an inverse factorial series
1 =n 1 n(n+1) 1 nrn+1)(n+2) 1
yx(z)=g+_ 5 +.
zm+l 2@+1)m+2 z(z+1)(z+2) m+3
@)
This result of Stirling’s is the starting-point of the present
paper : it will be convenient to modify his equations thus:
Taking

— y@)=u ()

z
and u(z+1l,n+1)=v(z)

and making the necessary changes in (1) and (2), we obtain the
result that the Difference Equation

zv(z)«(z—m+1)v(z+l)=;n— ............... (3)

—-n

is satisfied by

nl nr+l) 1 nn+l)(n+2) 1

v (2) _.z—Tn+ z(z+1) m+1+ z(z+1) (z+2) m+2 Foee (4)
We shall consider the difference equation in this latter form;
its general solution is

Pz T . D(z-m+1) n (®)
P(z-m+1) T-m+1) T T@E+1l) z2-n" 77
where 2, as usual, denotes the operation inverse to A; and C is
a quantity independent of z.

v(z)=C
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We shall prove that v, (z) and other solutions of the difference-
equation (3) are also solutions of difference-equations with
respect to the variables m, n, and we shall find relations connecting
the various solutions.

2. Difference Equation in m.
From (5) we have

T'(2) I T'(z—-m+1) =z
PTr-m+1) T(z-m+1)7 T(z+m) z-n’

v(2)=C

Let us now consider this as a function of m and denote it
by & (m), supposing for the present that C is independent of m,
. T (z) I'(z) I'z-m+1) n
ve. O =Crrmyl) Te-m+)2 T@E+l) s-n"
Then

6(m+1)=C

'z T '(z-m) =
T(z-m) T(@-m) TT(E+m)z-n

Therefore we have
(z—m)b(m)-(n-m)f(m+1)

v%z)—ﬁ(l—n+m)_r(fizr)n)
T(z-m+1) T(z-m)\ =
Z{ I‘(z+l) )I‘(z-{-l)
- I‘(z) I'(2) I‘(z m) . n
_C )(1— +m)_r(z ) I‘(z+l){ T
-C 1"<z) nlE) (TE-m)z-n

P(z—m)(l—n+m)_ Tz-m)TT(+1) 2-n

I(z) T')n (T(z-m)

CI‘(z T(z-m) T T(z-1) °

)(1 -n+m)-

Now consider
AI‘(z—m) _TI'(z-m+1) T'(z-m)
: Tz  T(z+1l) = T(z)
I'(z-m) .
=f(7-|_-—1_)— (z—m—;.).
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Applying the operator I,

[(z-m) T'(z-m)
TE - "ETeeD)’
we have
(z—m)0(m)-(n-m)f(m+1)
T'(2) n Tz TI(z-m)
=0P(z—m)(l_n+m)+7nl‘(z—m) T'z)
T (=) n
Cr-mt ~mrm+ o

which is a difference equation in m.

t.e. Every particular solution of the difference equation (3)
in 2 i3 a solution of the difference equation in m,

(m=2)8(m) = (m =) O m+ 1) = =€ = E(t - mtm) = 2, (0

where C is the arbitrary constant in that particular solution.

‘We now require to find the difference equation in m which is
satisfied by the particular solution (4) of the original difference

equation
_ _nl a@+l) 1 nn+1)(n+2) 1
0 (m)y=o(z)= zm z(z+1)m+1" 2(z+1)(z+2) m+2
_n 1 an+l) 1 a@nm+l)(n+2) 1
O(m+1) zrm+l z@E+1l)m+2 2(x+1)(+3) m+3 '
(m - ) 6 (m) = nn+l) n(n+1)(n+2)

= z(z+1) z(z+1) (z+2)
n ne+l) 1 nr+l)(n+2) 1

m 2 m+1 z(z+1) m+2
o (m — _r n(n+l)
(m-n)f(m+1)= —+ 21

_mn(n+l) 1 n(nr+l)(n+2) 1
z m+1 z(z+1) m+2
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Substituting in (6) we have

s (L= mtm) = 2 = = 2) 0 n) = = ) + 1)

¢=0,

e, v, (2) is a solution of the difference equation
(m-2) 8(m) =~ (m-n) B(m+1)= = =
3. Solution of the equation
(m~2) 6 (m) = (m—n) 6 (m+ 1) = — 2.
Assume as a solution of this an inverse factorial series in m.

p o @, a,
(m)=a,+ m m(m+1) m(m+1) (m+2)+

- )= Sy = + =
Bt T A Dm %) e D (e 2 e ®)
. _ e a, a3
(m-2)0(m)=(m—-2)0,+a,+ m+ 1 (m+ l)(m+2)

za, Z @ e

"m mm+l) mm+l)(m+2)

so(m-n)f(m+1)=(m-n)ay+a+ 1na-:-l+(m+1)a2m+2) +...
_(n+Da,  (n+2)a, (n+3)a;

m+l  (m+l)(m+3) (mtl)m+2)(m+3)
. --—:;:(m-z)0(m)—-(m—-n)0(m+l)
n+l 2 n+2
=(n-2)a,+ m_+_f_—1;>al+(m+2 " m/m+1
n+8 z a,
<m+3 ‘m (m+l)(m+7)
(n —2z+1) (m+1) - (n+1) (n — 2+2)(m+2)-2 (n+2)
m(m+1) m(m+1)(m+2)
(n-2+3)(m+3)-3(n+3)

o

m(m+ 1) (m+2)(m+3)

=(n-z)a,+
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(n-z+1)a, + n-2+2)a-1(n+1)a

=(n-z)a,+ po” m T
(r-2+3)a;-2(n+2)a, (m-z+4)a,-3(n+3)ay
m(m+1) (m+2) m(m+1)(m+2)(m+8)

1

Equating coefficients of > m, .

.., we obtain

a,=0
— n—
R |
_l.(n+1) l.n(n+1)
B 242 T Tzt ) (n—2+3)
_2(n+2) 1.2n(n+1)(n+2)
B v =T (n~z+1)(n-24+2)(n-2-23)
a 3(n+3) 1.2.3n(n+1)(n+2) (n+3)
4= =

n-2+4 2" T moz+]) (n-2+2) (n-2+3) (n-z+4)

.. We have
n 1 n(n+1) 1!
61(”‘)“";"_2_*_1 - m(m+1) (n-z+1)(n-2+2)
n(n+Ddn+2) 2!

“m(m+l) (m+2) (n-z+l)(m-2+2) (n-2+3) --(8)
is a solution of the difference equation in m.

We can also find the general solution of the equation

(m~2)0(m) - (m-n) 6 (m+1)= - .

First suppose that the term — % is absent, then

B(m+1)=—"2 6 (m),
a solution of which is obviously
I'(m - 2)
6 (m) =Ty’

where a is an arbitrary constant.
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Now assume

IT'(m-2)

T'(m-n)

(m-2)T (m-2)
(m-n)T(m-n)

0 (m) =u(m)

f(m+1)=u(m+1)
T(im-2z+1)
T(m-n)
n I'(m-n)
mT (m-z+1)

n
{u(m)-u(m+1)} = -2
Awu(m)=
. e n I'(m-n)
o) = T )
where C’ is an arbitrary constant.

P(m-2) T'(m-2) o I' (m - n)
T'(m-n) +I‘(m—n) w om D(m-n+1)’

0 (m)=C’

which is the general solution of the difference equation in m.

4. If now we consider @ (m), as given by (9), as a function of z,
we can find a difference equation involving the arbitrary constant
C’ in z, which it must satisfy. Then, exactly as in §2, we find
that the difference equation in z which is satisfied by the series
(8) is

n
z+mn’

zo()~-(z-m+1)v(z+1)=

which is the original difference equation again; e 6,(m) is a
solution of both

ze{z)~-(z~-m+1) 'u(z+l)=z_"

and (1n—z)0(m)-(m—n)0(m+l)=_%_
.. We see that both v,(2) and 0,(m) are solutions.of each of
the two equations

zv(2) — (2 -m+1) v(z+1)=z_1‘n.

n

and (m - z) 0(m)—(m—n)0m+l)=_7.n_
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5. Difference Equation in n.
We have

 (2)=C T (z) I'(z) ~I(z-m+1) =n
v @)= F(z-m+1) T@E-m-1)% TI'(z+l) z2-u’
Let us consider this as a function of n and denote it by ¢ (n),
assuming for the present that C' is independent of =,
. . T (2) T'(z) TP'(z-m+1) n
e ¢(n)_CF(z—77z+l)_I‘(z—m+1) s T(z+1) z-n’
We could then find a difference equation involving ¢ (n), but it is
simpler to deal with the function

)
. ~ I (2) T (2) Nz-m+1) 1

e ¥ (n)= C; Tz-m+1) Te-m+1)T T@E+l) z-n
, T'(z) '@ T@E-m+l) 1

sYntl)= ('1+nr'(~—m+l) P-m+1)s TE+l) z-n-l

We shall now find a difference equation involving ¥ (n).
Consider
I'z-m+1) 1
z I‘(z'f']) z-n-1
I'(s-m+2) 1 'z-m+1) 1
- F'(z+1) z-n I'z). z~-mn-1
P(-m+1) fz—m+l z
T TE+D) | z-n —z—-n—l}
PE-m+l) (n-—m+1 n+l
Piz+1) U z-n g-n-1f"

'(z~m+1) 1 v Fz—m+1)ymn-m+1 n+1
I’ (%) z—u-1 %5 T(+1) { z-n z-n-1]
1 I' (2) s‘I‘(,,—m+1)‘(n m+1 n+1
s—n-1 l"(z—m+l) P{z+1) ) G 2-n-1)
_ n-m+1 I (z)
=~(n-m+1)¢(n)+ " CI‘(z—m+1)
T'(z)

+ 1 (e
(+ Dy (n+l)-C P(z-m+1
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o (m—mil) Y(n) - (n+l) Y(n+l) = "m,; ' Y T (ZI:(:Z.*. 1) n—i— 1

If now we wish to find the difference equation which is satisfied
by the particular solution v, (z), we have only to substitute the
series

_1__1~+ n+l 1 (n+l)(n+2) 1
zm z@E+l)m+1l 2(z+1)(z+2)m+2 7

for Y (n) in this equation, and we find iinmediately that € =0.

Therefore the required difference equation in = is
1

(n—m+1)¢(n)—(n+l)¢(n+l)=_m. ...... (10)
6. Solution of the equation
(n——m+1)1/z(n)—(n+l)¢(n+I)=m_

Assume as a solution a series of inverse factorialsin n -z +1,

a, @y

Le. l',/(n)=a"'-*-n—-z:-i-1+(n—z-{-l) ('n—z+2) to

“ a, +
-2+2 (m—z4+3) (n-2+3) 7

¢(n+1)=a0+n

(n-m+1)y (n)

a, a;
=:(n+l)ao+al+1‘_z+2+(n_z+2) (n_z+3) te

zmm (z —m) a, . (z—-m)a,
+uen
n -2z+1 er(n —z+1) (n~2+2) (n-2+1) (n - 2+2) (0 — 2+3)

— N At

(n+1) Y (n+1)

@ ag +
-242 (n-2+2)(n~2+3)

=(n+l)a0+al+n

(z-1)a, (:-2)a (z-3)a,

MR +(n—z+2)(n—:+3)+(n—z+‘.’,)(n—z+3)(n-z+4)+'"
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'n—:l+1 =(n-m+1)¢(n)-(n+l)¥(n+l)

( z—~-m z-1
= —may+ >a,

n-z+1 m-z+2

zZ-m z—2 @,
(n—z+l n-2+3/n-z432

z—-m z-3 a,
(,n—z+l —n—z+4) (n-2z+2)(n-2+3)
_ -(m-1)(n-2+2)+2~1
=-mit (n-2+1)(n-2+2) “

~-(m-2)(n-2+3)+2(2-2)
(n-z+1)(n-2 +2)(n—-z+3)a2
—(m-3)Y(n—-2+4)+3(2-3)
+ (n-z+1)(n-2+42) (n-2+3) (n-2+4) dat ..
m-1a (m - 2)a,— (z-1)a,
A S (n-z+1)(n-2+2)
(m—-3)a,—2(z~2)a,
T(n-z+1)(n-2+2)(n-2+3)
(m-4)a,~3(z-3)
T(n-z+1)n-2+2)(n-2+8)(n-2+4)

. . 1 1
Equating coeflicients of n T Ll marD)moesd)’
we have
=0
_ 1
STl
_ z—la z-1
® = m—2"T T m-1) (m-9)
2(-2)  1.2(z-1)(2-2)
%= m-3 “"m-1) (m-2) (m-3)
a_3(z—3) 1.2.3.(z-1)(z~2)(2-3)
3

.........................................................
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1 1 z-1 1!

s‘Jl(n)=—-m—ln~z+1—(m—l)(m—") (m-z+1)(n-2+2)
(z-1)(~2) 21
_(m-—l)(m«2)(m—-3) (n-z+1)(m~24+2)(n-2+3)
(z-1)(z-2)(2-3) 8!

T (m-1)(m-2)(m=3)m—4) (n-2z+1)(n - 2+2) (n — 2+3) (n — 2+4)

o p(n)=ny, (n)

__.n 1 _ n(z—1) 1!
T om-lmn-z+1 (m-1) (m-2) (n-2+1)(n-2+2)
n{z-1)(z-2) 2!
(m-1)(m-2)(m=-38) (m-2z+1) (n-2+2)(n—-2+3)
_ n(z-1)(z-2)(z-3) 3!
(m~1)(m-2)(m-38)(m-4) (n-2:1)(n - 2+2)(n — 2+3) (n - 2+4)
- (11)
To find the general solution of the equation we first assume
that the term ! is absent,
n-z+1
n-m+1
then Y(n+1)= p ¥ (n),

a solution of which is r
n-m+1
$=p —r )
where 8 is an arbitrary constant.
T(n-m+1)
T'(n+l) °
m+1)T(n-m+1)
(n+1) L' (n+1) ’

Now assume that  (n)=v(n)

v Yl =v (e )"

= m ) Y )~ (r4 1) Y (a4 )
=252 (o - o(n+ 1)
Av(n)_—__rz‘;(z";i)z) n—i+1'
s)=Cr-z O+ 1

n I(n-m+2) n-z+1’
where C'” is an arbitrary constant.
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F(n-m+1l) Tn-m+l)_ T(n+l) 1
Fn+l),  T(n+l) ST(m-m+2)n_z+1
- p(n)=ny(n)

F'n-m+1) I'n-m+1)  Tn+l) 1

__.CH _ .
Tn+1) T (n) w I'(n-m+2) n-2+1

¥ (n)=C"

(12)

7. Now
Z f(t)=constant 4 £ (¢ - 1) +1 (¢ - 2) +5 (¢ - 3)...
‘ = constant — f(t) ~ /(¢ + 1) -f(t+2)...... .
Therefore equation (5) gives
Lz I'(z)n I'(z-m 1
v(?)= C‘r(z (m)+l)—I’(z—(1ri+l){ (I'(z) )z—n—l
I'(z-m-1) 1 I'(z—m~2) 1
T'z-1) 2-n-2 * I'z-2) z-m-371
T'(z 1 n z-1 n
CII‘(Z m-)l-l) {z—m z-n-— 1+(z—m)(z-m—l) z2-m -2
(z-1)(z-2) n
YT -m-N)c-m-3) z-n-3" "J

——

and
v(2)=C, I (z) n I (2) {F(z—m+l) 1
I'z-m+1) T(-m+1)| T'(z+1) z-n
I'(z-m+2) 1 I'(z-m+3) 1 +
T'(z+2) z—-n+1 I'(z+3) z2-—n++2
I'(z) 1 n z-m+1 n
=C"’F(z—m+1) MrEECN z(z+1) z-n+1
(z-—m+1)(z—m+2) "
z(z+1)(z+2) z—n+2

[

+ ...

Also equation (9) gives
o Dm—2) I‘(m—~) (I‘(m n-1) 1
6 (m) =C, I‘(m—n)+ F(nz—n) "1 'm-2z) m-1
Pm-n-2) 1 +I'(m n-3) 1
+T‘(m—z—1) m-2 T'(m-2-2) m- st f

, T(m - 2) 1 n (m-2z-1) n
'Tm-n) m-n-1 m-1 (m-n-1)(m-n-2)m-2
(m-z-1)(m-2-2) n )
(m-n-1y(n-n-2) m-n-3) m-3 vy
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and
,D(m—-2) Pim-z)  P(im-n) 1
6 (m)=C. Tm-n) T (m-n) "A\T (m-z+1) m
'm-n+1) 1 L'(m-n+2) 1 . h!
Fm-~2+2) m+1 T'{m-2+3) m+2 7 j
,T(m-2) (1 n m—~n n
=C, -1 —+
Cin-n) m-zm (m-2)(m-2+1) m+1
(m-n)(m-n+1) n + \
(m-z)y(m-z+1)(m-2+2) m+2 7 |

Also equation (12) gives

_anln-—m+l) T@-m+l)( I' (n) 1
$(n) =0, I (n) T T(n) \T(n-m+1) n—z
'(n+1) 1 T (n-2) 1,
Fn-myn-z-1 T(@m-m-1) n-2z-2 """ J
_0,,1‘(n—m+1) [ 1 n—m 1
- I'(n) -z n-1m-z-1
(n-m)(n-m-~1) 1 \
P o) (n-2) m-z-2
and
_auln-m+l) Tr-m+l)f T(n+1) 1
$()=C. T (n) I’ (n) 1F(n-—m+2)n—:+l
T (n+2) 1 ) I(n+ 3) 1 + 1\
Tn-m+3)n-2+2 T(n-m+4) n-z+3 =" J
_C,,I‘(n—m+1) n 1 n(n+1) 1
- I’ (2) n-m+ln-z+1 +(n—m+1)(n—m+2)n—z+2
n{n+1)(n+2) 1
to-me)(n-m+r)(n-m+3) n_ztd T :

Dropping the arbitrary constant in each case, we obtain from
these and the series 4, 8, 11, the following nine series :—
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a+m+ulz_ 8+E|5 Am+§..52+§|5+ N+u|=Am+E|5:+E|S + ~+u|§ ~+§|=UA§.€
T Gro) (1t u 1 (T+u)u 1 u

e e e e e g Bu-z B-w(-w | Ttu-z 1-u +|I.u§€
1 ([-wu-w)(w-w 1 w-u

perr-wgrz-u(1+z—u) (g-w) (3-w) (1-w)  (@+2-w)(1+2-%) @-w)(1-w) _1+2-% [-% __ )y

id -2 (1-2)u it (1-2)u 1 u

. : C g B (gAzow) (Ihr-ow)(-w) 14w ([h2-w) Gow)Eow) o woz-m e
u (1+u—1w)(u—w) % w—u [T ¢

R (g—w—w)(g-u—w)([~u~ EV g-% (g—w—w)(f—u- :& 1-w _|=|§MA§V§
w (G-2z-w) (1-2—w) Tu [—2-w u i

cep@tz-w) @He-n) (142-v) @rwl(i+w) W (g+z-u) (1+2-¥) (Q+wu_j+z-u W __h1,

i G (g+v) (1+u)u it (T+w)u 1 u

o ey BHU—3 (g+2) (1+2)2 T+u—-2 ([+2)z ,u-2z 2 =(2)%

v (gtw-2)((+uw-2) ©w ((+w-z) u {

ey EHE-U Am|§|$:|§1NIE..£+N+Q|= ([-w—-2) (w—2) F LU W2 g,
u @-2(1-2) u -2 u 1

e cp BtW G2 (1477 T4w (1422 w2
1 (3+w) (1+w)w 1 (+uwjun 1 v
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8. Equality of certain series.
Now denote v, (z) by v(z, m, n).

n
V, (z)=?'u(m—z, n-z+1, ~2)

n
23 (2) = _m'v(z, Z2—n, z2—m)

4

n

0, (2) =

v(n-m+1,1-m, z—m)
z—m

0,(z)=117:-—;‘91_—i v(m-z,mm-n-1)

b (z) =

Tn-m+1
$(z)=v(n-m+1,n-2+1, n).

v(-n,z-n,m-n~1)

Now it was proved by Stirling that ¢, =wv,,

te v(z, m, n)=

n
- v(z, z—m, z—m)

z—
v(m-2z n-2+1, -z)sz_—;:—:—lv(m—z, m, m~n—1)
n
—;—v(m_z,n—z+l, —z)=m_n_1'v(w,—z, m, m-mn-1),
te. vy=0;.
Also
z-m

vin-m+1,1-mz-m)= v(in-m+l,n-2+1,n)

Kl v(n-m+1l,1-mz-m)=v(n-m+1,n-2+1, n),

te. Oy=¢,.
Also
v(—‘n,z—'n,m-n—l)=~1n—;__‘gz_.—1 v(-n,1-m, —z)
n n -
. mv(—n,z—n,m-—n—l)=—z—v(—n, 1~-m, —-2),
e ¢,
_n{_—_-__z_ 1 -z(l-2) 1 —2(1-2)(2-2) 1 )
T \cal-m T —ad-m2-m " —n(l-n)(2-n)3-m S
_ 1 =z-1 1 (z-1)(z-2) 1

m-1 n-1m-2 @®m-1)(n-2) m-2 """
which connects certain of the series.
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9. Relation between the series,

v,(z) and o, (z) are both solutions of the difference equation
in z.

Therefore they are both particular cases of the general solution

I' () I' (z) Tz-m+1) =
Fiz-m+1) T@E-m+1)T T(E+1l) z2-n
Therefore their difference must be of the form

I'(2)
TEz-m+1)’

v(z)=C

Up till now we have assumed C to be an arbitrary constant,
but it may also be a periodic function of =
For, suppose it involves =.

s I' (%) I'(z) L(z-m+1) n
1(~)_C(~)[‘(z—m+l)—l‘(z—m+l) . Ti+l) z-n
T'(z+1) Di+1) TE-m+2) n

nz+1)=Cl=+ 1)1‘(:—m+2) CG-m+2)T T(z+2) z-n+1
ze(z)-(z-m+1)v{z+1)
F'z+1) \ n
_F_——(z—m+l)\ Ci)-C(+1) St

Therefore, in order that the difference equation may be satisfied,

we must have
C()-CE+1)=0,
which is true, provided C (2) is a periodic function of =.

T (2)
TE-m+1)’
where C is either a constant or a periodic function of z.

But »,=0,.

Therefore v, is a solution of the difference equation in m, of
which », is also a solution.

v, -v,=C

o I(m=-2)
’Ul—‘bg—C m, ........................... (15)
where C does not involve m, or else is a periodic function of m.
Also, v, is a solution of the difference equation in n.
1 1 z-1 1

z-m n-z+]1 +(z—m)(z—m—-1) n-z+2

For, if ¢ (n) =
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then (n-m+1) Y (n)-(n+1) ¢(n+1)

1 m-m+1 n+1 > (z-1) (n—m+l n+1)
_z—m<n—z+l n-z+2 (z=m)(z-m—1)\n-2+2 n—2z+3

(:-1)(z-2) n-m+1 n+1
(z—m)(z—m—1)(z—m—2)(n—-z+3 _n—z+4)+"'

1 z-m z~1 )+ z~1 z—m—1 z—2>
—z—m<n—z+1 n—z+2 (z—m)(z—m—l)(n—z+2_n—z+3
(z-1)(z- 2) T-m-2 z-3
(z—-m)(z—m—1)(z—m—2)<n—z+3 n—z+4)+"'
3 1 z-~1 1 z-1 1 (z-1)(z-2) 1
"u-z+1 z-mn-z42 z-mnun-z+2 (s~m)(z-m-1) n—2+3
N (z-1)(z-2) 1 B
(z-m)(z—-m-1) n-s+3 '

1
Tn-z+l’
and v, is also a solution of the same equation.
vl—v2=0"}-(2]:,—<—;—rl-)—i-l—), ..................... (16)

where C" is either independent of n or else is a periodic function
of n.

Therefore, combining these three results (14), (15), (16), we
have

c I’ (2) _ o D(m=-2) =C”I’(n—m+l)
I'(z-m+1) T (m—-n) I (n) '

__@®lrim-n) ‘
"T(-m+1)T (m-2)

si nm—z
inm ( ) C.
w

E

=D (z) I'(m-n)

Now (" is periodic in m.
C=T(n-m+1)p,
where 8 is periodic in m ; for, if so, then

C=@EUm-n)'"n-m+1)

B,

sinw (m — z) g
-T) sinw (m —2z) i

sinw (m - n)
which is periodic in »e.
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Also = e—m+ D Tn-m+1)
_Term .
Fe-m+1)
C” is periodic in n,
1
Ftm ™
where o is periodic in n ; for, if so, then
1 — I‘ (z)
¢ “T-m+1) ™
which is periodic in n.
F'(n-m+1)
TTTm

where o is periodic in 2, m, n.

I'z)T(n-m+1)

Ty T(romed) 7
where o 13 @ periodic function of its three arguments.

v, — v, = (3 m, n)

If the value of « is known for any particular value z, of the
argument z, we can at once write down the relation between

v, and v, for values of the argument

Z+ 1, +2, z,+8, z+4, +...,
2 -1, 2 -2 -3 ...

In exactly the same way we may shew that the difference of

any two of the series must be of the same form.

10. Some particular cases.

Stirling, in the work already referred to, points out that if =
is a negative integer, the series v, gives the sum of the series v,

exactly.

We will now shew that if z is a positive integer, we can find

sum of the series v, by means of the hypergeometric function.
First, let z2=1.

Then
nl a(n+l) 1 n{n+l)(n+2) 1
L e I YS | 1.2.3  m+2 "
1 n m-1 +n(n+1)(m—1)m
“m-1\1 m 1.2 1.2.3

n(n+1)(n+2)(m-1)m(m+1)
TTT1 2.3 m@miD(m+l)

https://doi.org/10.1017/50013091500035227 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500035227

57
1 Fn,m-1,m,1) -1 }
= m— 1 { ] ]
where F is the hypergeometric function,
1 (ImT(-n) )
m-1 LTQ)T (m- n)

1 Pm-1T(-m)

l1-m I'(m -=n)
Also  ,(2)= m:
Pm-1)T'(1-
. v (2) - v (z) = (mI‘('r)n-(n,) ") .
For z=1,
5 I'xT'(n-m+1) Tm-1)T'({d-n)
o (zm n) = F'(n)I'(z-m+1) I'(m—n) ’
T()T(n-m+l) Tm-1)T(l-w)
FTn)T'(2-m) P (m-n) ’

I'm-1)T(1-n)I'(n) ' (2-m)

N F'm-n)T(n-m+1)
wsin(m—n)w

sinnwsin(m-1)=x

.6

~wsin(m-n)w
~ “sinmx sin nr

which can be easily calculated from a table of sines.

Now « is unaltered if z be replaced by z+1; i.e. o has this
value for all positive integral values of z.

t.e. If z is a positive integer, then
n 1l n{nt+l) 1 nn+l)(n+2) 1
_z—-;+z(z+l) m+1  2(z+1)(z+2) m+2

-msin(m—n)w LEYT(n-m+1)
sinmrwsinnw P»)T(z-m+1)

-7 I'(2) F(l—n) 1 n
T sinmw F(z-—m+1) I‘(m—n) 2-mn-z+1

+ z-1 n
(z-m) (z-m-1)n-2+2

5 Vol. 36
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(2=1) (z-2) n
+(z m)(z—-m-1)(z- m—’)n—z+3
(z-1)(z-2)...2.1 n
+(z-m)(z—m—l) L) e e (18)

which contains only a finite number of terms.
Again, if m=2z+1,

n n(n+1)
z2(z+1) z2(z+1)(z+2)

v =

_n ] + n+1l + }
—7{z+l (z+1)(z+2) " "
1
z-n’
1 1-2 1 (1-2)(2--2) 1

=—al )
B M e+l T 2n-z+2' 1.2.3 n-z4377)

o om (== n-z —=2(l-z) (n=)(n-z+l) _
_z(n—z)l +Tn—z+1+ 1.2 (n—z+l)(n—z+2)+ ” 1}

n
2z

= ){F( zn-zn-—2+1,1)-1}

z(n z
~ n DIn-2+1)T(1+2) n
Tim-z T T(itm) G-m)
_F(n- z)F(z)+ n
F(n) z(z—mn)
F(n- z)F(z)
T (n)

Y-V = ———"— form=2z+1.

But
, T'(m - z)

n=C I'(m —~n)

where €’ is periodic in m
I‘(n—z)l‘(z)__C, ra)
T (n) T T(z-n+1)

¢ = I‘(z_n+1)r(n_z)r<(")

form-z=1,
and therefore for m - z=any positive integer ;
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i.e. If m ~ 2 is a positive integer, then
vﬂ=vl+l’(z—n+l) IF'(n-2)T'(z) T'(m - 2)
F(m-n)I'(n)
I'(z) T (m-2) ™
I'(n) I'(m—n)sinw (n -2)

. 1 n z-1 n
Y Tmn-z+l (z-m)(z-m~1)n-2+2
(z~-1)(2-2) n
(z—m)(z»m—l)(z«m--'Z)n—z+3+
L@ I'(m-2 T 1 n  z-m+l n

T@m)T(m- n)smr(n—z) 2 zTn+z(z+l) z—n+1
(z-m+1)z-m+2) =n N
z(z+1) (z+2) z-'n+2
(z m+1)(z- m+2) -2)(-1) n
z(z+1)~ . —(m-l) m-n-1"
In exactly the same way, if » —m is a positive integer, we can
calculate v, by means of 6;, using the fact that

V= c’ I‘_(l%(%&)-{-_l)

where C” is a periodic function of =.

11. By giving various values to z, m, n in the series which are
equal to one another, we obtain identities in z.
e.g. if in v, and v, we put
m=z
m=z-1
we find the identity

1 1 1
=-1) {_z?’+(z+ l)"’+ (z+2)“'+'"}

1 1 1.2
-1 {5+ z(z+1) 7 G D) +D) 3
1 1.2.3
YT D D+ 4 +}
SIS S
2 (z+1)?  (2+2)
1 1 1 1.2

1
PP ) ey P § I
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Now, put 2= 14 and we find

1 1

e = 270,
Tt 07404027

only 13 terms being required for its computation. But we find
from Barlow’s tables that

T 1 1 1 n
_-12+_~22+—32+ ——13__,=l 570893798.
LRI
12 22 3

1:570893798
+ 074040270

164493407,
which gives the sums of the squares of the reciprocals of the
natural numbers—a series which, in its original form, is only very
slowly convergent.

fl

I
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