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Introduction. In Theorem 4 of [5] Stone stated that the 
theory of Boolean rings was "mathematically equivalent" to 
the theory of Boolean spaces without, however, properly 
defining the phrase "mathematically equivalent". It is the 
main purpose of this note to establish a precise reformulation 
of Theorem 4 in [5]. This is accomplished by introducing 
special c lasses of maps between Boolean la t t ices , Boolean 
r ings and Boolean spaces respectively, and showing the 
categories ar is ing in conjunction with these maps to be 
equivalent in the sense of Grothendieck [2]. Thus the notion 
of equivalence of categories will replace the phrase "mathe­
matically equivalent" in [5]. In addition the well-known 
axiomatic characterizat ion of meet and complementation of 
Boolean latt ices with unit is discussed in analogous t e r m s . 

The author would like to thank Professor B. Banaschewski 
for his help during the preparat ion of this paper. The content 
of this paper is a summary of the Master ' s thesis of the author 
writ ten at McMaster University under the supervision of 
Professor B. Banaschewski. 

1. Definitions and notation. We recal l that a Boolean 
lattice is a relatively complemented, distributive lattice with 
a zero element; a Boolean space is a zero-dimensional 
locally compact Hausdorff space, and a Boolean ring is a ring 
in which every element is idempotent. 

Let B, C be Boolean lat t ices . A mapping f from B 
into C is called a Boolean lattice homomorphism if f p re se rves 
mee t s , joins and relative complements . If B, C have units 
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e, e1 respect ively, a Boolean lattice homomorphism f from 
B into C is called unitary if f(e) = eT . We call a Boolean 
lattice homomorphism f from B into C proper if for any c 
in C there exists a b in B with f(b) > c. It is c lear that any 
unitary homomorphism between Boolean latt ices with unit is 
proper . On the other hand any proper homomorphism between 
Boolean latt ices with unit is unitary. 

Let E, F be Boolean spaces. A continuous map f from 
E into F is called proper if the inverse image of every com­
pact set in F under f is compact in E. It is easily seen 
that a map f from E into F is proper continuous if and only 
if the inverse image under f of every compact open set in F 
is compact open in E. 

For any pair of elements x, y in a Boolean ring R, put 
x < y if and only if there exists a z in R with x =yz. The 
relation so defined in R is called the divisibility relat ion, and 
it i s easily seen that it partially o rde r s R. Let R, S be 
Boolean rings and let < , < denote the divisibility relat ions 

R u> 
in R, S respect ively. We call a ring homomorphism f from 
R into S proper if for any s in S there exis ts a r in R 
with f(r) >Qs . Again it is clear that the c lasses of proper ring 

homomorphisms and unitary ring homomorphisms between 
Boolean r ings with unit coincide. 

It is easily seen that the above definitions give r i se to 
ca tegor ies . Throughout this paper K will denote the category 
of Boole an latt ices and proper Boolean lattice homomorphisms, 
K the category of Boolean lat t ices and Boolean lattice homo­
morph i sms , K the category of Boolean lat t ices with unit and 

unitary Boolean lattice homomorphisms, L the category of 
Boolean spaces and proper continuous maps , M the category 
of Boolean r ings and proper ring homomorphisms and M the 

1 
category of Boolean r ings and ring homomorphisms. For any 
category N, I will denote the identity functor on N. 

Finally we reca l l the definition given by Grothendieck [2] 
for the equivalence of categories based on the notion of natura l 
equivalence between functors [1]. A category N is said to be 
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equivalent (dually equivalent) to a category P if there exists a 
covariant (contravariant) functor S from N into P and a 
covariant (contravariant) functor T from P into N such that 
there is a natural equivalence r = (ç ) v between the 

X X̂  IN 
composite functor TS and I and a natural equivalence 

F r = (\\i ) between the composite functor ST and I such 

that 

s(*x} - +s(x)l*s?x}/ 
1 / - 1 

T(+Y) = > T ( Y ) fT(y) 

for any X in N and Y in P. 

For any Boolean lattice B, Çl(B) will denote the Boolean 
space associated with B, that is, the uitrafilter space of B, 
and for any a in B, Çl (a) will denote the set of ultrafilters 
of B containing the element a. For any Boolean space E, 
/C (̂E) will denote the Boolean lattice of compact open sets of 
E and for any x in E, W(x) will denote the uitrafilter in 
/£-(E) consisting of all those compact open sets of E containing 
x. For any Boolean ring R, V(R) will denote the Boolean 
lattice associated with R whose partial order is the divisibility 
relation of R, and for any Boolean lattice B, A(B) will denote 
the Boolean ring associated with B whose addition and multi­
plication are given by x + y = (x ~ (x A y)) V (y ~ (x A y)) and 
xy = x A y, respectively, where the signs A, V and ~* have 
the usual meaning. 

2. Boolean lattices and Boolean spaces. Let f be a 
proper homomorphism from a Boolean lattice B into a Boolean 
lattice C. f then gives rise to a proper continuous map f ^ 

from Çi{C) into Q (B) defined by f (U)=f"d(U) where U 

is any uitrafilter in C. On the other hand, let E, F be 
Boolean spaces and let f from E into F be proper continuous, 
f then gives rise to a proper Boolean lattice homomorphism 
f^ from #-(F) into J£(E) defined by f/(X)=f~1(X) where 

X is any compact open set of F. 

247 

https://doi.org/10.4153/CMB-1964-022-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1964-022-6


THEOREM 1. The correspondences B -> Q(B), f "^ fQ 

and E ->^(E), f -^ f̂  are contravariant functors S from K 

into L and T from L into K respectively which establish 

the dual equivalence of the categories K and L. 

Proof. It is easy to see that S, T as defined are contra-

variant functors. For any Boolean lattice B, let i denote 

the isomorphism from B onto <& { Q (B)) given by i_(a) -.Q.(a). 
B 

Define a map T which assigns to each B in K the map i r 1 & B 

from B into TS(B). Let B, C be in K and let f from B 

into C be a proper hornomorphism. We show that 

i • f = (f r\)y ' i • For any a in B we have (i • f)(a) 

= i (f(a)) =^l(f(a)), the compact open set in Ci (C) determined 

by f(a). On the other hand we have ((f/^\)y * i )(a) = 

= ( f ^ ( ^ ( a ) ) =f^(f2(a)) = fUf(a)). Also for each B in K 

the map i being an isomorphism has an inverse. Hence F 
^ B & 1 

is a natural equivalence between the functors TS and I . 

Similarly for each E in L let i denote the homeomorphism 

from E into (ST)(E) given by i_(x) = W(x). Consider the 
E 

map T which assigns to each E in L the map i . Let 
à, E 

E, F be in L and let f from E into F be a proper continu­

ous map. We show that (i • f) - {£ )^ -i . For any x in E 
F & be E 

(i -f)(x) = W(f(x)). On the other hand (fy,)n>i (x) 
F ^ i i E 

= (f^)^(W(x)) = f]^{Y / x€ Y *,£{E)} = W(f(x)). Since for 

each E in L i has an inverse, it follows that F is a 
E 2 

natural equivalence between the functors ST and I . It 
-1 L 

remains to show (i) S(i ) = i for any B in K and 
_^ B S(B) 

(ii) T(iE) = Ç ( E ) for any E in L. Now S(iB) = ( i f i ) ^ is a 

map from (STS)(B) into S(B) given by (i ) (W(U)) = i"1(W(U)) 
B S2 B 

for any ultrafilter U in B, where in accordance with our 

notation W(U) = {Q (a) / U € Q_{a)} . Thus i" 1(W(U)) = U. 
B 
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-1 
On the other hand i is also a mapping from (STS)(B) into 

1 S(B) 
S(B) given by i .(W(U)) = U, for the sets W(U) give 

S(B) 
precisely the ultrafi l ters in (TS)(B). Hence (i) is established; 
one proves (ii) s imilar ly. Thus the categories K and L» are 
dually equivalent and this completes the proof of the theorem. 

3. Boolean lattices and Boolean r ings. In a s imilar 
manner as in Theorem 1 we establish in this section that the 
category K is equivalent to the category M . Let B, C 

be Boolean lattices and let f from B into C be a Boolean 
lattice homomorphism. f then gives r i se to a ring homomor-
phism f from A(B) into A(C) defined by f (x) = f(x). On 

the other hand, let R, S be Boolean rings and let f from R 
into S be a ring homomorphism. Then f gives r i se to a 
Boolean lattice homomorphism f from V(R) into V(S) 

B 
defined by f,,(x) = f(x). 

THEOREM 2. The correspondences B -*~ A(B), f -> f 

and R -> V(R), f -> f are covariant functors S from K 
V 1 

into M. and T from M. into K. respectively; this 
1 1 1 

establishes the equivalence of the categories K and M . 
1 1 

Moreover, the res t r ic t ions of S and T to the subcategories 
K of K and M of M, respectively establish that K is 

1 1 
equivalent to M. 

Proof. One sees easily that (ST)(R) = A(V(R)) =R and 
(TS)(B) = V(A(B)) = B for any Boolean ring R and Boolean 
lattice B. Moreover, it is clear that S, T as defined a re 
covariant functors. In view of the observation just made 
it follows easily that ST = I and TS = I . This gives 

M l K l 
immediately that the categories K and M are equivalent. 

1 1 
The remainder of the theorem follows from the fact that the 
divisibility relation of A(B) is the same as the part ial order 
of B and the part ial order of V(R) is the same as the 
divisibility relation of R. 
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R e m a r k . U n d e r the c o r r e s p o n d e n c e of T h e o r e m 2 one 
o b s e r v e s tha t the functor S c a r r i e s f r ee B o o l e a n l a t t i c e s B 
wi th a set X of f r ee g e n e r a t o r s into f r ee Boo lean r i n g s 
R = S(B) wi th a se t X of f r ee g e n e r a t o r s , and the functor T 
c a r r i e s f r e e Boo lean r i n g s R wi th a s e t X of f r e e g e n e r a t o r s 
into f r ee B o o l e a n l a t t i c e s B = T(R) wi th a se t X of f r ee 
g e n e r a t o r s . T h i s shows tha t f r ee Boo lean l a t t i c e s can be 
c o n s t r u c t e d by a l g e b r a i c m e t h o d s . 

4. B o o l e a n s e m i - g r o u p s . We ca l l a c o m m u t a t i v e s e m i ­
g r o u p G wi th z e r o e l e m e n t o a Boo lean s e m i - g r o u p if the 
fol lowing h o l d s : for any a in G t h e r e e x i s t s a b in G wi th 
1) ba = o, 2) be = o for any c in G i m p l i e s ac = c. The 
e l e m e n t b w h o s e e x i s t e n c e i s ind ica ted in the def ini t ion wi l l 
be ca l l ed a c o n v e r s e of a. 

L E M M A . E v e r y e l e m e n t in a Boo lean s e m i - g r o u p G i s 
i d e m p o t e n t and p o s s e s s e s exac t ly one c o n v e r s e . 

Proof . T a k e any a in G and le t b be a c o n v e r s e of a. 
Then by 1) b a = o and hence by 2) aa = a e s t a b l i s h i n g tha t e v e r y 
e l e m e n t in G i s i d e m p o t e n t . We now e s t a b l i s h tha t a i s a 
c o n v e r s e of b . Suppose t h e r e e x i s t s a c in G wi th ac = o 
but be ± c . Le t z be a c o n v e r s e of b e . C o n s i d e r the 
e l e m e n t zc = y say . Now by = o and th i s i m p l i e s ( s ince b 
i s a c o n v e r s e of a) t ha t ay = y . Hence acy = cy , tha t i s , 
cy = o. T h u s zee = zc = y = o. But zc = o i m p l i e s bec = be = c, 
s ince z i s a c o n v e r s e of be . T h i s c o n t r a d i c t s our a s s u m p t i o n 
tha t be ^ c. Hence our suppos i t ion i s f a l se and a i s a c o n v e r s e 
of b . Nex t , suppose tha t u, v a r e c o n v e r s e s of a. T h e n a 
i s a c o n v e r s e of u, v r e s p e c t i v e l y and au = o i m p l i e s vu = u. 
S i m i l a r l y av = o i m p l i e s uv = v . Since G i s c o m m u t a t i v e 
we have u = uv = v u = v . Hence e a c h e l e m e n t p o s s e s s e s 
p r e c i s e l y one c o n v e r s e and t h i s e s t a b l i s h e s the l e m m a . 

In v iew of the l e m m a , we wi l l denote the c o n v e r s e of a 
by aT for e a c h a in the Boo lean s e m i - g r o u p G. F o r any 
x, y in G put x <C y if and only if t h e r e e x i s t s a z in G 
wi th x = y z . The r e l a t i o n < , aga in ca l l ed the d iv i s ib i l i t y 
r e l a t i o n , p a r t i a l l y o r d e r s G. 
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PROPOSITION. Any Boolean semi-group G is a 
Boolean lattice with unit under the divisibility relation in 
which x A y = xy, x V y = (x' yr )r , and for any x the converse 
xf of x is the complement of x. The element o of G is 
the zero of the lattice and or is its unit. Conversely any 
Boolean lattice B with unit is a Boolean semi-group under 
meet and complementation. 

Proof. We give an outline of the steps of the proof, the 
details of which can be obtained from Rosenbloom [3]. One 
f irs t establ ishes that x,f =x for any x in G and uses this 
and the definition of the divisibility relation to show that 
xy = inf { x, y} , (x! yf )r = sup { x, y} . This will give G, 
partially ordered by divisibility, to be a lattice with zero and 
unit. Also we have for any x in G, x A xr = xxf = o and 
or = (x A xf )f = (x" A xf )' = x V xf . Hence G is a comple­
mented latt ice. To establish that it is distributive, one first 
proves that x A (x' V y) = x A y and uses this to obtain 
x A (y V z) A (x A y)T A (x A Z) ! = o. Conversely let B be 
any Boolean lattice with unit e. Then trivially the set B 
under meet and complementation of the lattice B forms a 
Boolean semi-group. This completes the proof of the 
proposition. 

Let G, H be Boolean semi-groups . A mapping f from 
G into H is called a Boolean semi-group homomorphism if 
1) f(xy) = f(x)f(y) for any x, y and 2) f(xr ) = (f(x))! for any x 
in G. Let N denote the category of Boolean semi-groups 
and Boolean semi-group homomorphisms. For any Boolean 
semi-group G let V(G) denote the Boolean lattice with unit 
associated with it and for any Boolean lattice B with unit let 
S(B) denote the associated Boolean semi-group as in the above 
proposition. Let f from G to H be a Boolean semi-group 
homomorphism. Then f gives r i se to a unitary Boolean 
lattice homomorphism f from V(G) into V(H) defined by 

f (x) =f(x). On the other hand let B, C be Boolean latt ices 

with unit and let f from B into C be a unitary Boolean 
lattice homomorphism. Then f gives r i se to a Boolean semi­
group homomorphism f from S{B) into S(C) defined by 
fg(x) = f(x). 
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THEOREM 3. The correspondences B -* S(B), f -* f 

and G -> V(G), f -* f a re covariant functors X from K 

into N and Y from N into K which establ ish the 

equivalence of the categories K and N . 

Proof. It is clear that X, Y as defined a re covariant 
functors. We note further that V(S(B)) =B for any Boolean 
lattice with unit and S(V(H)) =H for any Boolean semi-group 
H. It thus follows easily that YX = I and XY = I . 

2 ù 

This es tabl ishes the theorem. 
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