DINI’'S THEOREM FOR ALMOST PERIODIC
FUNCTIONS
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(received 2 September 1960, revised 26 June 1961)

The object of this note is to extend Dini’s theorem about (monotonic)
sequences of continuous functions on a compact topological space to the
case where the underlying domain is an abstract group which is free from
topological restrictions. Continuous functions are replaced by almost period-
ic real-valued functions and the main result may be stated as follows: If a
monotonically increasing sequence (f,) of almost periodic real-valued func-
tions on a group G converges pointwise to an almost periodic function f on G,
then the sequence converges to f uniformly. The basic idea of the present
(elementary) proof is due to v. Kampen [2] and A. Weil [4], i.e., every
almost periodic function on a group induces a kind of compact topology in it,
relative to which the function is continuous. We modify this idea with the
aid of the mean-value of an almost periodic function and obtain a pseudo-
metric topology. This topology facilitates convergence proofs greatly.
Moreover, it turns out to be equivalent with the previous one (Lemma 1).
No use will be made of the theory of bounded matrix representations. This is
significant as any use of the ‘“Approximation Theorem” [3, p. 66, see also
p- 226] would violate the claim of an elementary proof.

Let G={a,b,---,x, 9, } be an arbitrary group and f(z) a real-valued
function on G. Following W. Maak [3, p. 26], we define: f(z) is almost
periodic (a.p.) if there is to every ¢ > 0 a finite number of subsets 4, C G,
t=1,2,---,n, which cover G, such that a,be 4,,7 =1, 2, - - -, n, implies
|f(xay) — f(xby)] < e, for all z,y¢G.

We choose a non-trivial ( const), real-valued and a.p. function f(x) and
introduce the following real-valued function on the group G X G:

(M) d(a, b) = sup |f(zay) — f(xby)l.

z,v€G

It can be easily shown that the function |f(zay) — f(xby)| is a.p. on G X G,
whence we can define [3, pp. 43—44]:

(ML,) o(a,b) = [, .If@ay) — f(by)| ).

1 _f denotes the mean-value operation.
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é and o share the following properties:

(i) d(a b) = 0; (i) 8(a, a) =
M) (iii) (e, &) = (b, a); (iv) 8(a, b) = (a c) + 6(b, ¢);
(v) é(xay xby) = 6(a, b); (vi) 6(at, b71) = d(a, b).

(i)—(vi) are fairly obvious w.r.t. 4, and follow, in the case of ¢, immediately
from the basic properties of the mean-value operation. (M) shows in partic-
ular that é and o are G-invariant pseudo-metrics in G. Moreover, G is totally
bounded w.r.t. 4[3, p. 54]. From o(a, b) = d(a, b) we infer that G is also
totally bounded w.r.t. o.

We notice that the ‘“‘kernels” N; = {a € G|d(a, 1) = 0} (1 denotes the
identity in G) and N, = {a € G|o(a, 1) = 0} are identical 2) invariant sub-
groups. f(z) is constant on the cosets modulo N, of G, and the factor group
G/N; may be regarded as a metric group w.r.t. 6 and ¢. We wish to prove

LemMMA 1. § and o are equivalent pseudo-metrics.

ProoF. According to our last remark we may assume that Ny = N, ={1}.
We embed G in its metric completion G, w.r.t. d. f(z) is 6-continuous on G in
the sense that to every ¢ > 0 there exists an # > 0 such that d(a, ) <7g
implies |f(@) — f(b)] < e. This follows at once from the inequality
if(@) — f(®)] < 6(a, b). The (unique) prolongation of f(z) onto G, is also
d-continuous and therefore a.p. (G is compact). It is a straightforward
matter to show that

8(¢,0) = sup |f(@ag) — [(&bg)| (@, € G,).

T, ye€ Gs
Moreover,
5@, 8) = [, .c,\/@a5) — {(@7)| (@ 5eGy)

is easily seen to be a prolongation of o onto G;. From the inequality
o(d, b) < 6(d, b) and the compactness of G we infer that G, is homeomorphic
to G,. This finishes the proof.

The space & of all a.p. and real-valued functions on G becomes a normed
vector-lattice /! if we introduce the norm

) Al = [ 11, fest.

We recall that. &/! is in general not a Banach space.
If (f,) is a sequence of a.p. functions, let (4,) and (¢,) denote the corre-
spondent sequences of pseudo-metrics as defined by (M,) and (M,),

2 This depends on the fact that a non-negative a.p. function with a zero mean-value is
identically zero (3, p. 42, Satz 9].
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respectively. We require
LEMMA 2. If f, e, n=1,2, -, fesd, and if lim,_, |If.—fl| =0, then
lim, , lo,.(a, b) — o(a, b)| = 0, uniformly.

ProoF. To £ > 0 we choose an index N so that ||, — f|| < ¢/2, forn > N.
Then
(I (zay) — fa(@by)ll — |If (zay) — f(xby)]]
= |Ifu(way) — flzay)ll + |If (xby) — f.(xby)l] < &/2 + /2 =&,
for n >N, aeG, beG, and y € G. On the other hand,

lfa(way) — fu@@by)ll — 1/ (way) — flby)l]
[, olfteay) — tu(aby)l — [ I1(way) — Hiaby)]|.

Therefore

Lecf"a |fn (xay) — [ (xby)] — f“GLGG |f (xay) — f(xby)]\ <e,
and thus |o,(a, &) — o(a, )| < &, for » > N, uniformly.

LEmMMA 3. Ifo,,n=0,1,2, -, is a sequence of pseudo-metrics, relative
to which G is totally bounded, and if lim,_, o,(a, b) = oy(a, b), uniformly,
then G is equi-totally bounded w.r.t. oy, 0y, 05, +, viz., to every &€ >0
there exists a finite subset {a,, a,, - -, a,} C G such that, for every aeG,
there is a w=1,2, -+, m, such that an(a”, ay<en=01,2---.

ProoF. To £ > 0 we choose an index N such that |o,(a, b) — g,(a, b)| < ¢&/3,
for n > N and all 4, b € G. There exists a finite number of group elements
a,, ag, * * *, &, such that, for every aeG, thereisa u=1,2,---,m, such
that g,(a,,a) <¢/8,1=1,2,---,N. Then we have

0o(a,, a) < log(a,, a) — on(a,, a)| + oy(a,, a) < 2¢/3
and

o'n(a/‘, a) é 'Gn(ap: a) - 00(“,u d)l + 0'0(“/4’ a) <&
if # > N, which proves the lemma.

LeMMma 4. If f, e, n=1,2,---, 1s a monotonically increasing sequence
that converges pointwise to a function * e .o, then lim,_, ||, — fll = O.

PrOOF. One can prove readily that the completion &1 of &/ w.r.t. the
norm (N) is an abstract L-space [1, p. 254]. By assumption (f — f,) is a
monotonically decreasing sequence of non-negative functions which conver-
ges pointwise to the zero-function. But this implies by a standard result
about L-spaces that lim, .|| — /.|| = 0 [1, p. 249, Theorem 12].

https://doi.org/10.1017/51446788700026616 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700026616

146 W. Greve [4]

We are now in the position to furnish a proof of our main result. Let (f,)
be a monotonically increasing sequence of a.p. functions that converges
pointwise to f, e &/. By Lemma 4, lim,_ ||/, —/o/| =0, and therefore, by
Lemma 2, lim,_, |0, (4, b)—0y(a, b)| = 0, uniformly. There exists a constant
C > 0 so that ¢,(a,8) <C,n=0,1,2,---, for all 4, beG. We put

(M,.) o*(a, b) = sup o,(a, b),
0si

and verify readily that o* is a pseudo-metric for which
P) a,(a,b) Z0%@,b), n=012-:--,

holds, for all @, b € G. Furthermore, by Lemma 3, G is totally bounded
w.r.t. o*.

/e is 8,-continuous and, by virtue of Lemma 1, also o,-continuous, 2 = 0,
1,2, ---. It is clear from (P) that f,, k=0, 1,2, - - -, is o*-continuous. If
Ny denotes the kernel of 6*(Nge = [);29 Ng,), let G* be the (compact)
metric completion of the factor group G/N,. The sequence (f,) can be
extended to a sequence (f¥) of continuous functions on G* such that the
original assumptions about (f,) are preserved. Using Dini’s theorem, we
conclude

THEOREM. If a monotonically increasing sequence (f,) of almost periodic
(real-valued) fumctions on a group G converges pointwise to an almost
periodic function f, them the sequemce converges to | uniformily.
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