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A CONCISE METHOD FOR ANALYZING THE ICE-MELTING 
PERFORMANCE OF A HEATED DISC 

By J. F . L EA· 

(Science and T echnology Division , North American Exploration and Produc tion Group, Sun Oil 
Company, 503 North Centra l Expressway, P .O . Box 936, Ric hardson , T exas 75080, U. S.A. 

ABSTRACT. Shreve ( 1962) evaluated the performa nce of solid-nose hotpoints of various geometries . A 
more concise method for analysis of the special case of a Aat disc melting into ice is presented here. In contrast 
to the numerical solution presented by Shreve, this m ethod results in a closed analytical solution, based on 
constant properties, which is corrected using a property ra tio schem e. This technique allows the substitution 
of various fluid properties into the solutions as might be required whe n considering contaminated or saline 
ice or other liquids. Shreve 'g method would require some additio nal numerical work to evaluate various 
properties because the tempera ture dependence of the viscosity of water is integra ted into the results. 

R esults obtained for the Aa t disc using this m ethod are shown to compare favorably with Shreve's, 
indicating tha t this type of a na lysis may be a pplicable to other melt-unit geometries. 

R ESUME. Une methode rapide pour analyser le fonctionnement d'ull disque chauifant pour lafusion de la glace. Da ns 
I'article d e Shreve (1962) , le fonctionnement d e " tHes chauffantes" de diverses geom e tries e tait estime. 
On presente ici une method e plus rapide pour I'ana lyse du cas d'un disque plat fonda nt la glace. ·Contrastant 
avec la solution numerique presentee par Shreve, celte methode a boutit a une solution ana lytique de forme 
simple , basee sur des proprie tes constantes, qui es t corrigee en utilisant d es variables reduites. Cette technique 
permet la substitution dans les equations des proprietes de differen ts fluides comme ce pourrait etre necessaire 
en consideran t une glace polluee ou saline ou d 'autres liquides. La m ethode de Shreve d emanderait d es 
calculs numeriques supplem entaires pour prendre en compte des proprietes variees parce que ~es resultats 
integrent la loi de variation d e la viscosite de I'eau en fonction de la temperature. 

On montre que les resuita ts obtenus par la methode rapide pour un disque pla t supportent ava ntageuse
ment la compa raison avec ceux de Shreve, ce qui indique que ce type d 'analyse, d e m em e que celui d e 
Shreve, est a pplicable a d'a utres geometries de te te fondante. 

ZUSAMM EN FASSUNG. Eill schllelles Verfahren .w r A nalyse der Eisschmelz leistung eiller aufgeheiz tell Scheihe. In 
dem Beitra g von Shreve ( 1962) wird aus der Be trachlung des Aiessenden Wasserfilmes zwischen der wa rmen 
OberAache und dem Eis a uf die Leistung von "solid-nose hotpoints" verschiedener Gestalt geschlossen. 
FOr die Ana lyse des Falles einer Aachen, in das Eis einschmelzenden Scheibe, wird hier ein kOrzeres Verfahren 
entwickelt und vorges tellt. Im Gegensatz zur d er von Shreve angewa ndten numerischen L osung liefert dieses 
Verfahre n eine geschlossene a nalytische Losung ; es beruhr auf d er Annahme konsta nter Eigenschaften , 
wird j ed och mi t Hilfe eines Schemas der Eigenscha ftsverhaltnisse verbesser!. Dieses V orgehen ermoglicht 
auch die Substitution verschied ener FIOssigkeitseigenschaften in die G leichungen, wie sie bei d er Betrachtung 
von verunreinigtem oder salzhaltigem Eis oder a nderen FIOssigkeiten notwendig werden konnte. In Shreves 
M ethode wOrde die BerOcksichtigung verschied ener E igenscha fte n einigen rechnerisch en M ehraufwand 
erfordern , weil die T empera turabhangigkeit d er Viskos ita t des W assers ein Bestandteil d er Ergebnisse ist. 

Die mit dem kOrzeren V erfa hren fOr die Aache Scheibe erha lte ne n Ergebnisse schneiden im Vergleich 
zu denen von Shreve gOnstig a b ; a lle Anzeichen sprechen dafOr, d ass diesc Art der Ana lysl!, wie die von 
Shreve, a uch auf anders geformte Schmelzkorper a nwendbar is!. 

METH OD OF ANA LYSIS 

A heate d disc is consider ed to be m elting into ice a t the veloc ity V. The temperature of the escaping 
water dro p s fro m the disc te m perature to the fusion tempera tu re o f the ice across the uniform d ista nce S. 

In the fo llo wing tra nsform a tions, the ra dia l velocity ri, a nd the axial velocity v are non
dimensiona lized w ith V. The a xia l dista nce z is r elated to the distance between the disc and ice S, 
a nd the radial. coordina te r is r e la ted to the disc radius, R. The varia ble p indicates the pressuredistribu
tio n in the m e lt water. 

A prime (') indica tes a dime n siona l quantity . T h e subscripts wand i refer to "wate r" a nd "ice". 

u = u'IV, 
z = z'/S, 
p = p'lp w V 2. 

v = v'IV, 
r = r'IR , 
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The assumptions used to reduce the equ a tions of motion are: ( I ) inertial forces are much k ss than 
viscous forces; (2 ) Ii ~ R ; (3) steady state; (4 ) no body forces ; (5) constant prope rties. T he resultan t 
equation for the r direction is : 

where 

0/) 

or (Re) ozz 

(Re) = pw:R (~Y, 
pw is the water density and I-'- is the water viscosity at a " mixed mean" temperature d e fin ed in Equation 
(14) · " 

To solve for the velocity and pressure distribution , the ~o llowing boundary condi tions must be 
satisfied : 

u = 0 at z 0) II ~ 0 at z = I 

V = 0 at z = 0 
(3) 

v = pI / pw at z = I . 

P = Po at r = I 

op/or = 0 at r = 0 

Solving Equation (2) with the boundary conditions and using mass balance of thc fluid gives 
following expressions for the pressure and radial-velocity distributions: 

th c 

3pI (R/ Ii) P = /)0 - - -- (rZ_ I ) , 
pw (Re) 

u = 3 ~ - r (z ~ zZ ) .. p ' (R) 
pw Ii . 

(5) 

The gap thickness Ii can b e found by integrating Equation (4) over the disc area : 

Ii = ( 3PI,..,VR2 ) ' 
2pw (P' ~Po' ) 

where P ' indicates the effective average pressure acting on the disc. 

(6) 

An integral energy equation for the fluid layer is then d e rived . Conductio n in the r direction IS 

neglected. Equating the conduction and convection terms yields the energy equation 
, 

~- ruTdz = - ~ +-~ -- - -I a f PI R R/Ii [ aT I aT I ] 
r or pw Ii (Pe) oz <_, oz z~o 

o 

where T = T '/T m and T m is the fusion temperature; the Peclet number 
c is the heat capacity of the water, and k is the conductivity of the water. 

The boundary conditions for temperature are: 

T = I at z =11 
aT ~ (Pe) ~ E = G at z I j oz Tm c pw 

where A is the heat of fusion. 
The solution of Equations (7) and (8) is: 

T = I -G +F+ Z(G ~ 2F ) + FZ2 
where 

and a is a constant of integration. 

a lOG 
F = - + 

rt.. 3L 

L = 2 ~ 40pw 
3(Pe )pI 

}, 

pwcVIi 
IS (Pe) = -k-. -

(8) 

(9) 

( 10) 
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If efficiency, 1), is defined as the quantity of heat that is conducted into the ice directly below the 

disc over the total heat leaving the disc, the following equation results: 
1 

-- rdr f aTI 
az Z - I 

o 
1 

f aTI - rdr az z ~o 
o 

- I_.±(_a +~~)' 
G 2 - L 6 L 

Evaluation of 1) as (Pe ) -+ 0 indicates a = 0 which makes T independent of r. This is in agreement 
with Shreve's work ( 1962), in which the isothermal surface assumption leads to a constant Il for a heated 
disc. 

COMPARISON OF RESULTS 

The temperature of the disc in Shreve's study was shown to be a function of the following dimension
less "performance number" for a disc: 

where Q is the total input of heat, W is the weight on the "hotpoint" or disc and 1-'0 is the water viscosity 
at o°C. 

In order to conveniently relate the performance number N to the Pedet number, a dimension less 
number (Pe )* is defined as 

(Pe )* _ ( pe) .!!.!..(~) -·O' 14 
pw I-' 

where I-' and (Pe ) are evaluated at the "mixed mean" temperature T , between the disc and the ice. 

f uTdz 

- 0 (I I) T = I + G - - - . j u dz L 2 

o 

The factor pt/ pw is included in (Pe )* because Equation (9) appears in terms of (Pe ) ' p;f pw. The 
term (1-'0/1-') - 0. 14 is a form of the "property ratio" scheme described by Kays ( 1966) which is commonly 
used to correct constant-property analytic solutions for effects of variable viscosity. The exponent, 
- 0.14, which has been used successfully with pipe-flow solutions for laminar flow of moderate to high 
Prandtl number liquids (Kays, 1966), was found, after trial and error, to correct this solution to near 
the values obtained by Shreve using fresh-water viscosity data. 

Shreve's performance number N, and (Pe )* can now be related as 

N = ((;)""58 ((P:i:1T )JY ( 15) 

where E is efficiency as defined by Shreve: the "ratio of the cross-sectional area of the 'hotpoint' to the 
cross-sectional area of the hole made in the ice". 

We have described efficiency as the ratio of the quantity of heat conducted into the ice directly 
below the disc to the total heat leaving the disc. Since the heat from the disc which does not get con
ducted to the ice directly below serves instead to enlarge the cross-sectional area of the hole created, it 
can be seen that the two definitions are mathematically equivalent. 
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Fig. I. I:rficimc )' "lid .<II1/iICf !ell/pa"llIlt' 1"'"It'd In per/orll/allce 1I/IIIIber "V, alld (Pe )". 

The results of this study and that of Shreve are compared in Figure I. The term TO defined by Shreve 
is disc temperature multiplied by c/ >. (heat capacity of water/heat of fusion ) . The discrepancy between 
the numerical solution using the more exact method of Shreve, and the constant-property method giving 
an analytical solution is seen to be very small. A lso, the efficiencies 7J and E agree very well at low values 
of Nand (Pe )*, and differ by only a few percent at higher values of N . The results indicate that this 
method is satisfactory for the analysis of a flat disc and should be considered for its possible application 
to other geometries. 
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