Can. J. Math., Vol. XL, No. 2, 1988, pp. 502-512

THE HEAT EQUATION FOR THE O-NEUMANN
PROBLEM, II

RICHARD BEALS AND NANCY K. STANTON

Let Q be a compact complex n + 1-dimensional Hermitian manifold
with smooth boundary M. In [2] we proved the following.

THEOREM 1. Suppose Q satisfies condition Z(q) with0 = q = n. Let(J, ,
denote the o-Laplacian on (p, q) forms on Q which satisfy the 0-Neumann
boundary conditions. Then as t — 0+,

0.1) tr exp(—tDM)

~ t_”_l{cO + ;} (cj + cj’» log t)t(l/z)j}.
Ve

(If ¢ = n + 1, the 0-Neumann boundary condition is the Dirichlet
boundary condition and the corresponding result is classical.)

Theorem 1 is a version for the 0-Neumann problem of results initiated
by Minakshisundaram and Pleijel [8] for the Laplacian on compact
manifolds and extended by McKean and Singer [7] to the Laplacian with
Dirichlet or Neumann boundary conditions and by Greiner [5] and Seeley
[9] to elliptic boundary value problems on compact manifolds with
boundary. McKean and Singer go on to show that the coefficients in the
trace expansion are integrals of local geometric invariants. In this paper
we prove that under suitable hypotheses on € and on the metric the
coefficients in (0.1) are integrals of local invariants of the Hermitian
geometry and the complex structure.

The results needed from [2] are summarized in Section 1. In Section 2
we discuss the hypotheses we require for @ and the metric. The main
result, Theorem 3.1, is proved in Section 3.

1. Background. Let P be the fundamental solution of the heat equation
for the 0-Neumann problem on (p, g)-forms on €. Then

tr exp(—:0d tr(P|,).

hg) =
We proved Theorem 1 by constructing P in an appropriate class of
operators. In this section, we summarize the results we need from that
construction.
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We denote by A’ the formal 5—Lap1acian on (p, q) forms, and extend A’
as a positive self-adjoint elliptic operator on a bundle on the double & of
Q. Then

(1) P=E—-G-H=G-H

where E is the fundamental solution of the heat equation for A" on £’ and
G = E — ('’ is the Green’s operator: the fundamental solution of the heat
equation for the Dirichlet realization of &’ on Q. The operator G and its
trace are well understood [5], [7], [9], but it involves very little extra work
to discuss G here.

In [2, Sections 2, 7, 8] we showed that E, G’, and H can be constructed
locally, modulo errors which do not affect the asymptotic expansion (0.1).
Let U be a coordinate neighborhood on € with coordinates x and let

{Zj}j'»’: ! be an orthonormal frame for 7'(U) with

Z; =X — iX, 114

X, real. We denote the dual variables to (x, 1) € U X Rby (§, 7) and let o
be the symbol of the vector field —iX;. The localization of E to U is a
pseudodifferential operator with symbol belonging to

- + 1\fn + 1
52U><R,CN,N=(” )( )
Here Sc_p2 denotes the symbol class of [2, Definition 2.7]. Thus the terms in
the asymptotic expansion of the symbol o(E) are homogeneous of degree
= —2 with respect to parabolic dilations in (£, 7) and holomorphic for
Im 7 < 0. By (2.27) of [2], they are sums of terms of the form

(12)  (lol* + in""g(x, &)

where g is a homogeneous polynomial in § whose coefficients are
polynomials in the derivatives of the coefficients of the vector fields X; and
in the inverse of the determinant of the coefficients of the {X;}. Thus the
terms of (1.2) are uniform in the sense of Definition 4.12 of [1]: in suitable
coordinates at x, € U, the terms evaluated at x are universal polynomials
in the derivatives of the coefficients of the {X}. The coefficients of these
polynomials are universal functions of the Fourier transform variables £
alone. (For suitable coordinates, we may take any coordinates so that X;
coincides with 0/0x’ at x.) Let e(x, y, t) denote the kernel of E. Taking
the inverse Fourier transform of the symbol o(e) and using the
homogeneity of the terms in (1.2) we see that

o0
(13) tre(x,x, 1) ~1 "D X a(x)/ ast— 0+,
j=0

where the coefficients a; in suitable coordinates are universal polynomials
in the derivatives of the coefficients of the {X;}. (Here we have used the
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fact that (1.2) is homogeneous under (§, 7) — (A§, A%r) for A < 0 as well
as A > 0 to eliminate half-integer powers of ¢.)

Modulo terms vanishing to infinite order as + — 0+, the traces of
G’ and H are the same as the traces of pseudodifferential operators G and
Hj, on the boundary M X R; see [2], Proposition 7.12 and the discus-
sion following Corollary 9.22. To describe the operators Gj and H, we
require some notation. Fix x, € M and choose a coordinate neighbor-
hood U of x, € & with coordinates (x’, ..., x>, p) which identify
U with V X [0, ¢) C R>"*2 where p is the distance to M and
(xo, e, x2", 0) are the coordinates of the point on M closest to the point
with coordinates (x°, . .., x*", p). We choose an orthonormal frame {Z i}
for T"(U) with ‘

1 (a ) 0
1.4 Z = —|\— +iT|, T= —Jf—.
( ) n+1 \/’i ap Oap
Here J, is the almost complex structure. Then Z,,...,Z,, and T are

tangent to {p = c} for 0 = ¢ < e In particular {Z,,...,Z,} is an
orthonormal frame for 7' ’0( V). Let

(15) X;=ReZ, X,,;,=-ImZ, 1=j=n,
X, =T
We denote the dual variables to (x, 1) € V' X R by (£, 7) and set
(1.6) o, =o(—iX)), 0=j=2n
Let A be the square root

2n
(L7)  ACx, & 1) = 0y(x, 0,8 + 2 2 0)(x, 0, ) + 2ir
j=1

with Re A = 0. Then Gj, has symbol

o(Gp) € SV X R, CY).
Each term in the asymptotic expansion of o(Gj) has the form
(1.8)  Ax, £ 1) 7p(x, §)

where each entry of p is a homogeneous polynomial in £ whose coefficients
are polynomials in the derivatives of the coefficients of the {X;} and of the
inverse of the determinant of those coefficients. Thus the terms in (1.8) are
uniform; for suitable coordinates at x, € M we choose any coordinates
(x°, ..., x*", p) as above for which X coincides with 3/9x’ at xy Let
go(x, y, t) denote the kernel of Gj. Taking the inverse Fourier transform of
the symbol 6(Gj) we see that

oo
(1.9)  trgylx, x, 1) ~ ¢~V X koD 1 — 0+,
Jj=0
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Here k;(x;) is a universal polynomial in the derivatives at x, of the
coefficients of the {X;} in suitable coordinates depending on x,,.

Similarly, o(H,)) has locally an asymptotic expansion whose terms have
entries of the form

(1.10) p(x, § nq(x, § )

where p is homogeneous of degree j = 0 with respect to the parabolic
dilations and is holomorphic for Im 7 < 0, while ¢ is homogeneous of
degree k = —2 with respect to the non-isotropic parabolic dilations

(111 (& ™) = A%y AEpL ... Ay, MP7)

and is also holomorphic for Im 7 < 0. Thus, o(H,) belongs to the symbol
class SV X R, C") of Definition 5.10 of [2].

We assume now that the induced metric on M is a Levi metric. Then the
symbols p and g of (1.10) are uniform: see [2], Propositions 3.27, 7.18, and
7.26, Definition 7.23, Remark 6.20, and Corollary 9.22. As suitable
coordinates we take (x, p) as above and assume in addition that (x) are
anti-symmetric x, coordinates on ¥ in the sense of Section 5 of [1]. Thus in
suitable local coordinates o(H)) has an asymptotic expansion whose terms
have entries of the form

(1.12) f(x)p& ng¢ 1)

where p and ¢ are as in (1.10) and are independent of x, while f(x,) is a
universal polynomial in the derivatives of the coefficients of the {X;} at
xo. Let hy denote the kernel of H,. Then tr hy(x, x, t) is asymptotically
a sum of terms of the form

(1.13)  f(x)(pg)"(0, 1).
By Theorem 10.17 of [2] it follows that
(1.14) tr hy(x, x, 1) ~ ¢~ D

oo
X {kg,(x) + 2 [K(x) + kJ'(x) log t]t(l/z)j} ast— 0+.
j=1

Here again k; and k' are universal polynomials in derivatives of the
coefficients of the {X;}, pointwise in suitable coordinates.

2. Metrics. In Section 1 we required that the metric on & induce a Levi
metric on M, in order to get a good expression for the coefficients of
the expansion of tr H or equivalently of tr H,. To obtain a geometric
interpretation of the coefficients in the trace expansion (0.1) we need a
canonical connection on M which preserves both the metric and the CR
structure. We assume that M is strictly pseudoconvex, i.e., that at each
point of M the manifold Q is either strictly pseudoconvex or strictly
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pseudoconcave. Then the Webster-C. M. Stanton connection [10], [11] has
the desired properties. In addition we shall have to differentiate
coefficients of the {X;} with respect to normal as well as tangential
variables, so we want a metric on @ which is Kihler in a neighborhood of
the boundary.

The following result shows that the pseudoconvexity condition is the
only limitation on an embedded manifold .

PROPOSITION 2.1. Suppose  is embedded in a complex n + 1-dimensional
manifold & without boundary and suppose that at each point of its boundary
M, Q is either strictly pseudoconvex or strictly pseudoconcave. Then  admits
a Hermitian metric which is Kéhler in a neighborhood of M and which
induces a Levi metric on M.

Proof. Let h; be a Hermitian metric on Q. Suppose there is a
neighborhood U of M in { and a Kahler metric A, on U which induces
a Levi metric on M. Choose a non-negative cut-off function x € ()
with support in U such that x = 1 in a neighborhood of M in Q. Then

h = xhy + (I = M

is a Hermitian metric with the desired properties.

To construct such a metric h; we use an approximate solution of
the Monge-Ampére equation. Let r be a smooth defining function for
Q:Q = {r<0}, M= {r =0}, and dr # 0 on M. Then id0r is a def-
inite form on TM N J;TM, so (00r)" # 0 on TM N J,TM\{0}. Thus

o A or A (30r)" # 0 on M.
On M there is a smooth function ¢, such that
(22)  (@r)"TN = —2(n + Dgydr A Or A (00r)" on M.

Extend ¢, to a smooth function ¢ on a neighborhood of M and let
u=r-+ (pl’z. Then

(2.3)  00u = 30r + 2¢0r A Or on M,
so (2.2) implies
(24) (Bow)"™' =0 on M,

i.e., u solves the homogeneous Monge-Ampére equation on M. With the
appropriate choice of sign on each component of M, (2.4) implies
+i00u is nonnegative on TS,,. Let f = e™*, with the appropriate sign on
each component of M. Then

(2.5)  i0df = *ie""(Odu = du A Ou)

is positive definite on 7| »- Therefore the form (2.5) is positive defi-
nite on a neighborhood U of M and is the Kéhler form for a Kahler
metric on U.
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Remark 2.6. Our proof of (2.4) is the first step in a construction by
Bedford and Burns, who showed that when M is real analytic there is a
solution of (2.4) in a neighborhood of M with u = 0 on M and du # 0 on
M, see Proposition 1.5 of [3]. If & is a bounded strictly convex domain in
C"*!, Lempert showed that for any zo € § there is a defining function u
for Sl which satisfies (2.4) on @\ {z,}; see Theorem 4 of [6].

3. Geometry. Our goal is the following.

THEOREM 3.1. Let Q be a compact complex n + 1-dimensional manifold
with smooth boundary M. Suppose that at each point of M, Q is either strictly
pseudoconvex or strictly pseudoconcave. Suppose also that Q is equipped with
a Hermitian metric which is Kihler in a neighborhood of the boundary M and
which induces a Levi metric on M. Then for 1 = ¢ = n — 1,

32) tr exp(—t0, )

t*”"l{z bt/ + ¢y + 2 (¢ + ¢ logl)t“/z“} ast— 0+.
j=0

If Q is strictly pseudoconvex ( pseudoconcave) then (3.2) also holds for ¢ = n
(g = 0). The coefficients b are integrals over Q of universal polynomials in
the components of the curvature and torsion of the Hermitian connection and
their covariant derivatives with respect to this connection. The coefficients ¢
and ¢j are integrals over M of universal polynomials in the components of the
second fundamental form of M, the curvature and torsion of the Webster-
C. M. Stanton connection, and their covariant derivatives with respect to this
connection, as well as the components of the Hermitian curvature of Q and
its Hermitian covariant derivatives on M.

Remark 3.3. By the Hermitian connection we mean the unique type
(1, 0) connection which preserves the metric. Because the metric is Kihler
in a neighborhood of the boundary, this is the Riemannian connection
in this neighborhood.

Proof of Theorem 3.1. By the results of Section 1, the coefficients are
given by

(34) b = Laj(x)dV,
G = A {k(x) + kj(x) }dV.

¢ = / ki (x)dV
where aj, kJ, kj’, and k” are as in (1.3), (1.9), and (1.14).
As noted in connectlon with (1.3), given x, € @ we may choose an

orthonormal frame {Z;} and coordinates (x) near x, with X; = 0/ ox’ at
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xg, and then a;(x) is obtained by evaluating a universal polynomial in the
derivatives of the coefficients of the {X;}. We obtain such a frame and
such coordinates by choosing Z; at x; and letting (x) be normal
coordinates at x, for the corresponding frame { X/, }, with respect to the
Hermitian connection. Let X; be obtained from XJ-I x, DY parallel transport
along the geodesics through x,. By the argument of [1, Section 7] (see
also [4]), the derivatives of the coefficients of the {XJ} evaluated at x, are
universal polynomials in the curvature and torsion of the Hermitian
connection and their covariant derivatives. Thus a; is such a _polynomial.
For x, € M we choose an orthonormal frame {Z; } for TJ(‘OO(Q) with

1
(35 Zysy = —5 (00~ thpo)

where n, is the unit inward normal to M at x;. As in (1.5) we define a
frame for T, (M) by

(36) X, =ReZ, X, ., =-ImZ, 1=j=n,

XO = _.]()no
Let (x) = (x°,..., x”") be normal coordinates for the Webster-Stanton
connection on M with respect to this frame, on a neighborhood U of x,, in
M. We extend the frame {X;} to U, by the parallel transport along the

geodesics through x,. By Remark 7.29 of [1], the coordinates are
anti-symmetric xg-coordinates. For small ¢ > 0 we let

(B7) U= {exp,pny:w € Uy, 0 = p < ¢€}.

Here ny, = ny(w) is the unit inward normal to M at w and exp is the
Riemannian exponential map. We coordinatize U by letting (x, p) be
the coordinates of exp,pn, when (x) are the normal coordinates of
w & U,. The frame {X;} is now extended to U by parallel transport with
respect to the Riemannian connection along geodesics perpendicular to M.
For small enough ¢, the metric is Kéhler in U. On U, we have

X, =hX, 1=j=n,

since the Webster-Stanton connection preserves the CR structure. Because
the metric is Kihler, the same relation carries over to U. Moreover, 3/0p
is the unit tangent to geodesics perpendicular to M and

o)
Xo = — Jhy—.
0 3

Both the Webster-Stanton connection and the Riemannian connection
preserve the metric, so {Z;} is an orthonormal frame for T'%U), where

38) Z =X —iX,, 1Sj=n

1 (0 _ )
Zyo) = —|— .
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Thus we have constructed a frame as in (1.5). It follows that the
coefficients k;, kj’., and kj’»’ in (1.9) and (1.14) are universal polynomials in
the derivatives of the coefficients of the {X.}, pointwise in suitable
coordinates. The proof of Theorem 3.1 will be complete when we have
proved the following.

PrOPOSITION 3.9. Let {X;} and (x, p) be the frame and the coordinates
Jjust constructed, correspondm g to a point xy, € M. Each Taylor coefficient at
xo of each component of the {X.} with respect to the coordinate frame
{0/0x*, 0/0p} is a universal polynomzal in the components of the second
fundamental form of M, the curvature and torsion of the Webster-C. M.
Stanton connection, and their Webster-Stanton covariant derivatives,
together with the components of the Hermitian curvature and their Hermitian
covariant derivatives.

Proof. We systematically use Greek indices a, B, y in the range
0=a, B y=2n+1
and Roman indices i, j, k in the range
0=4ij,k = 2n

Thus our frame for T(U) is {X,} while our frame for T(U,) is {X;}. Let
{¢"} be the dual coframe for T*(U), and let {yjz} be the Rlemanman
connection form. Thus

(3.10) de* + Y5 AP =0

(with summation over repeated indices). Let {‘Ifﬁ} be the Riemannian
curvature form:

GI1) ¥§ = df + 95 A Y

Let (s;) be the matrix of the second fundamental form of M with respect
to the frame {X}:

(312 "y = spet
Now X,,,, = 0/0x***! = 9/0p, so

0 | a_ sa
(3.13) — J¢" = 85,4
op

LEMMA 3.14. The restriction to M of any normal derivative of any
component of the l-forms ¢* can be expressed as a universal linear
combination of restrictions to M of the components of the ¢®, the components
of the V¥, and normal derivatives of the curvature forms """

Proof. Write
=%, X" p) = (¥, p).
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Given a 1-form a, write
0 .
a=da +a" where — Jld =0=—Jd", 0=, =2n
op ox’

A Taylor series expansion around p = 0 gives

oo
a~ 2 pkak as p — 0+,
k=0

with

a. = a, + a; = { > ak’j(x’)dx-/‘} + a;5,41(X)dp.

j<2n+1

The k-th normal derivatives of the components of a restricted to M are
just the components of the form k!a,.
Let R = pd/dp. Then clearly

[ee]

Ra ~ 2 {pkka;( + pk(k + Daj
k=0

where we also use R to denote the Lie derivative on forms. Therefore
normal derivatives of components of @ on M can be expressed in terms of
the components themselves (k = 0), together with normal derivatives
of components of Ra on M. With this in mind we consider

(3.15) Re¢/ = R Jd¢’ + d(R J¢’)
R N +0
=W = —py L <+ L

Here we have used (3.13) and also the fact that the parallel transport in the
direction 9/0p implies

(3.16) R 1y = 0.

2n+1
02

Now = dp. To complete the proof, therefore, we need only consider
2n+1

normal derivatives of positive order of the components of the ¥,
But

(317) Rt[sz"+l - RJde}’1+l + d(RJIP%”+1)
= RJ(\I/J,2”+] _ ‘l/i"-H A 4}7) +0
= R | \I,J,'_Zn%-l'

Thus for these higher derivatives we need only normal derivatives of
the components of \I'JZ”Jr I
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Remark 3.18. By (3.15) and (3.17) only normal derlvauves of order
=k — 2 of ‘I'f"“ enter the k-th normal derivative of ¢’/. By (3. 15) the
components of 1{/2"+ l] » only enter the first normal derivative of ¢’.

LEMMA 3.19. Any derivative at x, of any component of the 1-forms {¢*}
can be expressed as a universal polynomial in the derivatives (with respect to
the chosen coordinates) of the components of the {\Ifz" 1Y and tangential
derivatives of components of the Webster-Stanton curvature and torsion
tensors, and tangential derivatives of the components of the {s;}.

Proof. In view of Lemma 3.14 we only need to examine tangential

derlvatlves of the components of the {¢*} and the {412"“} For {¢'},

= 2n, the result is in [1], Section 7, while ¢*"T! = dp. We are left with
\[JZ”H and (3.12) gives the desired result.

Proof of Proposition 3.9, completed. Let us say that a term is “accept-
able” if it can be expressed in the form indicated in the statement of
Proposition 3.9. Let 4 = (aﬂ) be the matrix of coefficients of the coframe
{¢"} with respect to the coordinate coframe:

o = aaﬁdxﬁ.
Then 4~ ' is the matrix of coefficients of the {X,} with respect to the
coordinate frame and we want to show that the entries of 4~ are
acceptable at x%. Now 4 = I at x°, so it is enough to show that the ap are
acceptable. Components of the (s sjy) are polynomials in the aj,
det 47! and components of the second fundamental form. Similarly,
components of \I'jz" *1are polynomials in the ap, det 4 ~!and the compo-
nents of the Riemannian (= Hermitian) curvature tensor. Thus, by
Remark 3.18, Lemma 3.19 remains true if we replace {\I'jz"H} by the
Riemannian curvature tensor and {s;} by the second fundamental form.
Conversion of tangential derivatives of components of the Webster-
Stanton curvature and torsion and of the second fundamental form to
Webster-Stanton covariant derivatives is carried out in Section 7 of [1], so
these are acceptable terms. To complete the proof, we induce on the
order of derivatives; aﬂ(xo) 83 is acceptable. Suppose derivatives
of order =k of the {aa} are acceptable. The metric tensor has components
= (g ) = A'A, so the components of the Riemannian connection form
with respect to the {0/0x%}, {dx"}, i.e., the Christoffel symbols, are
polynomials in the aj, det A~ ! and first-order derivatives of the a$.
Thus the Christoffel symbols and their derivatives of order =k — 1 evalu-
ated at x, are acceptable. Hence, a derivative of order & — 1 of a com-
ponent of the Riemannian curvature tensor is a component of a k — 1 st
covariant derivative of the tensor, modulo acceptable terms. By Remark
3.18, derivatives of order & + 1 of the af‘; are acceptable.
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