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Martin’s Axiom and some

classical constructions

T.G. McLaughlin

We display the relevance of Martin's Axiom to suitable forms of
some long-known results in classical measure and category theory
(for example, outer-measure-preserving partitions of sets of
positive outer measure). While our theorems are at best
fragmentarily new, the proofs are very simple, and, we think,

instructive as regards the force of the axiom.

1. Introduction

"Martin's Axiom" ([2], [7], [8]) is a rather powerful set-theoretical
principle which, though weaker than the continuum hypothesis, proves many

of the same analytical and topological theorems formerly known only on pain

R
of assuming 2 0 =R (For an excellent survey of the topological uses

1
of the axiom, see [§].) In the present, essentially expository, paper, we
shall illustrate both types of application more-or-less simultaneously, in
relation to some well known classical results. Although the applications
to be discussed represent only minor and fairly obvious extensions of what
is already explicit in the literature, we think they constitute interesting
propaganda on behalf of the new (or at any rate still youthful) axiom. We
shall express the axiom in its usual partial-order formulation. Let

(P, =) be a partial order, and let @S P . @ is defined to be dense if
and only if (Vp € P) (3 € @) [p=q)] . @ is defined to be open if and
onty if (Vg € Q) (Vp € P) [q=p =*p €Q] . Aset GCP is defined to
be internally compatible if and only if
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(vg, € 6) (Yg, € 6) (395 € 6) [g, = g5 &g, = g5

If F is a collection of subsets of P , and GCS P, then G is defined
to meet F if and only if (VF € F) [6 nF # @] . (P, <) is defined to
have countable cellularity if and only if

(V@ < P) [(Vx)(Vy) [(x €Q &y € @ & x # y) = there is no element z of
P such that x =<3z &y =< z] = card(q) NO] .

1A

N
Martin's Axiom, which is shown in [7] to be consistent with both 2 0 = Rl

RO )
and 2 Y > Nl , is formulated thus:

MARTIN'S AXIOM. If (P, =) <8 a partial order having countable

. R
cellularity and F is a family of fewer than 2 ° dense open subsets of
P , then there exists an internally compatible set G C P which meets F .

What we shall need for our examples is not Martin's Axiom itself, but

rather the following twin consequences of it (see [2, §41)!.

COROLLARY 1. Let T be a second-countable topological space in
which points are closed but not open, and assume Martin's Axiom. Then the

union of fewer than 2N° first-category subsets of T 18 again of first
category.
COROLLARY 2. Let T be a second-countable space, and let Y be a

complete bi~regular Borel measure defined in T . Assume Martin's Axiom.

Then the wnion of fewer than 230 subsets of T each of which is of

U-measure 0 <is again of u-measure O .

2. Some definitions

Let it be a standing assumption that all spaces to which we refer are

Tl—spaces; that is, points are closed. To say that U 1is a bi~-regular

Borel measure defined in some space T means, here, that u 1is countably
additive and defined for all Borel subsets of the space, and that U is
induced (in the usual way) from outer and inner measures u* and M, each

of which is defined (via infs over open supersets and sups over closed

! Very minor modifications are needed in the proof given in [2] for, say,

the proof of Corollary 1.
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subsets) for all subsets of the space; this of course entails that if 4

is a u-measurable subset of T then there are Borel sets Bl and 32

(called, respectively, a Borel cover and a Borel kermel for A ) such that

B, A CB & u(B,) = u,(4) = u(4) = u*(4) = u8)) .

By "M 1is non-atomic" we mean that points have u-measure 0O . As noted,
for example in [1], there is a direct category-theoretic analogue of the
notion of Borel cover: given a subset A of a space T , there exists a

Borel set B (in fact, an F& set] such that A C B & B - C 1is of first

category whenever (C 1is a superset of A such that ( has the Baire
property. Call such a set B a Baire cover for A . This gives rise to a
notion of two subsets of T having the same "Baire character" (in
restricted analogy to a pair of sets having the same outer measure): let

Al zB A2 mean that Al and A2 have Baire covers which differ by a set
of first category.
Next, we recall (see [3]) the definitions of Lusin set and Sierpifiski

b
set: classically, a Lusin set is a set of reals of cardinality 2 0 each

uncountable subset of which is of second category; a Sierpifiski set is a

b
set of reals of cardinality 2 0 each uncountable subset of which has

positive outer measure in the sense of Lebesgue. The existence of such

N
sets, given 2 ¢ = Nl , is well known ([3], [4]). Martin and Solovay noted

N .
in [2, §5] that if one assumes Martin's Axiom plus 2 0 > Nl without

altering the above definition of Lusin set, then (on account of Corollary
1) no such sets exist; a corresponding remark (based on Corollary 2)
applies to Sierpinski sets. They then went on to observe, however, that

if one reverses the loading of cardinal fine structure from the bottom of
b
the =<2 9 - hierarchy to the top of it, by substituting "of cardinality

280 " for "uncountable", then the existence of Lusin sets follows from
Martin's Axiom (because of Corollary 1!); again, the corresponding
observation holds for Sierpinski sets. Our definitions run as follows. If
T 1is a given topological space, we shall say that a subset L of T is
defined to be Lusin if and only if
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card(L) = card(T) & (VX) [(X S L & card(X) = card(T)) = X

is of second category] .
We shall define L to be strongly Lusin if and only if L 1is Lusin and
(vx) [(x =T & cara(x) = card(T) & X is a second—category set having
the Baire property) =LnX is Lusin] .

Let U ©be a measure defined in T , and let u* be an outer measure,
defined for all subsets of T , such that u* extends u. Let YcT.
We shall say that Y is defined to be {p*, u)-Sierpisngki if and only if

card(Y) = card(7) & (Vx) [(X € ¥ & card(X) = card(T)) = u*(Xx) > 0] .
Y is defined to be strongly (u*, u)-Sierpifiski if and only if Y is
(u*, p)-Sierpinski and

(vx) [(x €T & card(X) = card(T) & X is p-measurable with wu(X) > 0} =
YnXx is (up*, u)-Sierpiﬁski] .

3. A set-theoretical lemma

The observations to be made in §4 will hinge upon a partitioning
property which arises as a straightforward consequence of the following

well known fact from pure set theory.

THEOREM 3.1 ([5, p. 4551). Let A be an infinite set of
cardinality X , and let F be a collection of subsets of A such that
card(F) = A & (VF € F) [card(F) = A] . Then there is a family G of
mutually disjoint subsets of A such that

card(G) = X & (VF € F) (VG € G) [card(FnG) = A} .

We shall carry out some very simple manipulations involving Theorem
3.1, in order to obtain the desired partitioning result. Suppose that
A, A are as in Theorem 3.1, and let F' be a collection of sets (not
necessarily subsets of A4 , and not necessarily of cardinality A ) such
that card(F') s A . Let F'"={F € F' | Fc 4 & card(F) = A} , and let
{Ha | @ <A} be a disjoint family, of cardinality A , of subsets of 4

such that card(4,) = X holds for all o < X . Let
F=F'u {Ha | @ <A} 5 then 4, A , and F are as in Theorem 3.1.

Hence, there exists a family G , of cardinality A , consisting of
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mutually disjoint subsets of A and having the property that
(VG € G)Y (VF € F) [card(GnF) = A] . Let (GT)T<X be a (nonrepetitive)

well-ordering of G . Setting A; =Gy u {z | « €4 - UG} and 4 =6,

for 0 < T < XA, we obtain a sequence (AT)T<A which, clearly, enjoys the

following three properties:

(1) 4= U 4

T H
<X\

(2) carchT) =X for all T <A ; and
(3) (VT <A) (YF € F) [(FS4 & card(F) = A) = card(4 nF) = ]

Now set Fl = {A-F | F € F'} , and repeat the above manipulations with Fl

in place of F' . In view of (1), (2), and (3), we thereby obtain a proof
of

LEMMA 3.2. Let A be an infinite set of cardinality A , and let F
be a collection of sets such that card(F) < A . Then there is a
collection {AT | © <A} of mutually disjoint subsets of A (that is,

T

= = =
1 ST AT A nA ¢ ) such that A= U A_,

T
<A

(vt < 1) [earda(a ) =] , and (VF € F) (VT < 1) [A S F = card(4-F) < 1] .

We remark that a direct, constructive proof of Lemma 3.2, via trans-—
finite recursion, is easy. (To see how such a proof would go, the reader
need only look at the proof of Theorem 3.1 given in [5].) We remark
further that (as is obvious) we can strengthen the assertion that
(VF € F) (VT < A) EAT C F = card(4-F) < A] ; thus,

(VF € F) (Yt < ) [card(a -F) < A = cara(4-F) < 1] .
In what follows, however, we only need the weaker assertion.

4. Partitions which simultaneously preserve
Baire character and outer measure

We shall give an easy proof, in pure set theory, of a slight
generalization of a classical result due to Lusin and Sierpifski [6];

essentially, Lemma 3.2 is all that is needed beyond some manipulation of
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definitions.?

THEOREM 4.1. Let M be a separable, complete metric space of

N
eardinality 2 ° , such that M has no isolated points, and let u be a
complete, non-atomic, countably additive, bi-regular Borel measure defined

8
in M. Let A be a subset of M such that card(4d) =29, and let «

ha
be a cardinal number such that 2=k <2 0, Then there exists a

partition {Aa}a <« of A into K pileces, such that the following two
assertions hold:

(a) if A is a second-category set having the Baire property,
then A, (for each T < k) fails to have the Baire property;

in fact,
A ~g 4 (YB) [(B CA4_&B has the Baire property) = B
ig of first category] ;
(b) if A 1is u-measurable and u(4) > 0, then, for each

<k, w(a) =wa) = u4) ad w(a) =o0.

Proof. Let F be the class of all Borel subsets of M 3 sSince M
8

8 . b
is separable metric with 2 © points, card(F) = 2 0, Set A=270 and
R
apply Lemma 3.2; the result is a partition {AT | T<2 0} of A such
8o
that (¥t < 1) jeard(4 ) = 2 and

(VF ¢ F) (Y1 < 1) [AT C F = card(4-F) < 2“0:] .

It is clear that if we set Ac't = Acx for o0 <k -1 and

A|'<-1 = U A, then we obtain a new partition of 4 , with «k cells,
K-1<a<A
which still satisfies Lemma 3.2 relative to F . ("k-1" is understood to

N
denote k if «k is infinite; if k=2 0 , we do not define Aé-l ) We

now verify each of (a), (b}, relative to this partition {A(; | @ <x} .

2 I am indebted to Steven Brock for observations which led to my
awareness of the Lusin~-Sierpifiski Theorem.
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(a) Suppose B SA& , where B has the Baire property. ©Since B
has the Baire property, B = G UK where (G is a G6 set, K 1is of

first category, and G N K= @ . Since we are in a separable complete

Ry Ro

metric space of cardinality 2 ° , either card(G) = 30 or card(G) =2

(C7, Chapter III, §37]1). It follows that if B is of second category then

3
card(G) = 2 © ., (Points are of first category in M , since M has no
]

isolated points.) But then M - G is a Borel set such that ¥ - G 2AB

holds for some B (any B satisfying B < K & B # ¢ will serve) and

8
card (4~-(M=G)) = 2 © ; a contradiction. We conclude that B is of first
category. (The alert reader will notice that what we have shown, at this

point, is that the sets A& are Bernstein sets relative to A ; that is,
if K 1is any uncountable Borel subset of A then Ao't intersects both X
and A - K .) Finally, we want to verify Ay XgA . Let C be a Baire

cover for A , and let C' be a Baire cover for AO'L . Since A(; cC, ve

certainly have that C' - C is of first category. Since we are assuming
that A has the Baire property, C - 4 1is of first category. Suppose

A - C' were not of first category; then A - C' is a second-category set
having the Baire property, and hence A - C' has a Borel subset of
cardinality 2&0 ; a contradiction. Thus, 4 - C' is of first category.
But, obviously, € -C'c (C-4) u (4C') ;3 hence, C -C' 1is of first

~r

category and therefore A(;. Rg 4 -

(b) Letting J be a Borel set such that A& CJCM and
UA(J) = u(J) = 11"(.4&) , We see [since, by hypothesis, u(4) is defined)

that the set 4 - J is U-measurable. Lemma 3.2 gives card(4-J) < 230 5
s0, since We are dealing with a non-atomic, countably additive, inner-
regular Borel measure in a separable complete metric space, we have

#(A-J) = 0 . It now follows, via routine observations, that

u(4) = u*(4) = u*(J) = p*{4)) . Finally, suppose ,(4!) >0 . Then there

b
is a Borel set K EA&. such that card(k) = 2 0 . But we have already

seen, in the proof of (a), that no such K exists. So u*(AO’L) =0, and
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the proof is complete.

Let us now examine our proof of Theorem 4.1 in light of the Martin's
Axiém results, Corollaries 1 and 2, stated in §1. As far as (a) is
concerned, we used the assumption that A has the Baire property at just
one place in the proof; namely, we used it in order to argue that C - C'

is of first category (in our verification that A(;. ':,B A ) Suppose we

assume merely that A is of second category. Then, if we adopt Martin's

Axiom and hence Corollary 1, we can proceed in the following alternative
manner with regard to C - C' : since AC;. cc' € F, we have

N
card{4-C') < 2 9 ; hence (since points are of first category in M ),
A - C' is of first category. So, there exists an Fc set K of first

category such that A - €' € X . But then C' v K is a Borel set having
A as a subset; whence C ~ (C'UK) is of first category. Hence,
(C-(C’UK)) U K is a first-category set having C - C' as a subset; so,

once again, we conclude that € - C' is of first category and that
! ~
Ao. ~g A,
As for (b), we needed the y-measurability of 4 only to obtain the

equation uH(4-J) = 0 . But that equation follows at once from Corollary 2,

N
since card(A-/) < 2 ® and we are working with a non-atomic, complete, bi-

regular Borel measure in a second-countable space.
In view of these remarks, we see that the following is true:

THEOREM 4.2. Assume Martin'e Axiom, and let M, A , and « be as in
Theorem 4.1, Let U be a complete, non-atomic, bi-regular Borel measure
defined in M . Then there exists a partition of A into K pieces A,

T < K, such that the following conditions are satisfied:

(@) (V1 <k) [A, ~g 4] and

(v) [(5 CA_& B has the Baire property) =
B 1is of first category] H
and

(b) (VT < K) [u#(AT) = u*(A) & u*(AT) = 0] .
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5. Sets which are strongly Lusin or
strongly (u*, u)-Sierpifiski

THEOREM 5.1. Let T be a second-countable space, of second category

, 8

on itself, with no isolated points, such that card(T) = 2 0. Let u be
a complete, non-atomic, bi-regular Borel measure defined in T , and let
u*, v, be the outer and irmer measures which induce u . Assume Martin's
Axiom. Then T has both a strongly Lusin subset and a strongly
(u*, u)-Sierpinski subset.

Proof. First, we construct a strongly Lusin subset of T . Since T
is a Tl-space (reca.ll our standing hypothesis that all spaces are Tl ],

: . R
and since T is second~countable with 2 0 points, we see that the Borel
. N R
subsets of T are 2 0 in number; in particular, there are exactly 2 0
b

Fo sets of first category and, also, exactly 2 0 second-category sets D

such that D is representable in the form G - F where G is a G6 set

and F is an Fo set. Let (Ka) R, be an enumeration of all first-
a<2

category Fc sets, and let (Da) X, be an enumeration of all sets D
a<2

N
of the kind just described, such that for each such D there are 2 0
R
distinct ordinals a < 2 0 for which D = D, . We observe that a strongly

Lusin set L is obtained simply by constructing & Lusin set L for which

we have
(VB) [(B a second—category set having the Baire property) =
N
card(LnB) = 2 0] ~

In order to produce such a set we proceed, very straightforwardly, as

follows:

STEP 0. Let L, =9 .

R
STEP o, 0<a<2? . Assume, inductively, that

cudLU LT] < card(a) . Pick an element d(1 of the set

<a

Du - U (LTUK’[') 3 the latter set is non-empty in view of Corollary 1 and
1<a
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our inductive hypothesis, since Da is of second category while (points

being of first category in T ) both U LT and u KT are of first
T<a T<a
category. Observe that the inductive hypothesis will remain true at

Step @ +1 . Let L = U Lru{da}.

<o
Now set L = U La . Since a new point enters I at every step
N
a<2 0
Ry . B .
o <2 , we certainly have card(L) = 2 . To see that [ is Lusin, we

simply note: if K is any first-category subset of T , then K S K‘r

N
for some T < & ; 80, by construction, we have card(XnL) < card(t) <2 0.
Now suppose B 1is a second—category subset of T such that B has the
Baire property. Then B is of the form (G-X') v K" where G is a Gy

set, KXK' is an F, set of first category, and k" is of first category.
RO .
Thus (3a <2 9) [Da S B] . Hence, by the construction of L and the fact

R N N
that (Va <270 (38<29 [a<B&D = DB] , we have card(LrB) = 2 © ,
Therefore L 1is a strongly Lusin subset of T .

To obtain a strongly (u*, p)-Sierpinski set, we proceed in an
analogous fashion, using Corollary 2 in place of Corollary 1: let

(z ) R be an enumeration of the Borel sets of U-measure O , and let
a<2

(y) 8, be an enumeration of the Borel sets of positive u-measure, such
o<2

N
that for each such Borel set Y there are 2 0 gistinet values of

R
a <29 for which Y = Ya . Again, it is only necessary to construct a

P N .
(u*, p)-Sierpifiski set S such that card(SnP) = 2 9 whenever P is a
subset of 7T for which yu(P) is defined and is greater than 0 . The

construction is exactly as before, with (2 )  in place of (K N ?
a<2 0 a<2 0

(Y ) , and Sa as the partial value of S

o in place of (Da)

N

80 a<2 0

a<2
after step a (rather than L, @s the partial value of L ). Using

Corollary 2 in place of Corollary 1, we then readily verify that
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S= U Sa is strongly (u*, u)-Sierpifski.
N
a<z 0

REMARK 5.2. Let the space T be the usual n-dimensional euclidean
space R" , and let u, p* be, respectively, the usual (that is, Lebesgue)

measure and outer measure in R’ . As is pointed out in [3, Chapter 201,
the existence of both a classical Lusin set and a classical Sierpinski set
follows from the Duality Principle ([3, Chapter 19]) plus the existence of
either one of them. Since (as is quite easy to show) Martin's Axiom
implies the Duality Principle, we have (for instance) that Martin's Axiom
plus a Lusin set (in our present sense) yields a (u*, n)-Sierpifski set’
(in our present sense). When we consider stromgly Lusin and strongly

(u*, u)-Sierpinski sets, however, it is no longer the case that the
existence of one of them yields the existence of the other via measure-
category duality; for, the kind of duality required for such a transition
is (as noted in [3, Chapter 21]) known to be false.
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