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Symmetric Products of Equivariantly
Formal Spaces

Matthias Franz

Abstract. Let X be a CW complex with a continuous action of a topological group G. We show
that if X is equivariantly formal for singular cohomology with coeõcients in some ûeld k, then so
are all symmetric products of X and in fact all its Γ-products. In particular, symmetric products of
quasi-projectiveM-varieties are again M-varieties. _is generalizes a result by Biswas and D’Mello
about symmetric products ofM-curves. We also discuss several related questions.

1 Statement of the Results

Let X be a complex algebraic variety with an anti-holomorphic involution τ. _en the
sum of the Z2-Betti numbers of the ûxed point set Xτ cannot exceed the correspond-
ing sum for X. In case of equality, we have

(1.1) dimH∗(Xτ ;Z2) = dimH∗(X;Z2),

and one calls X maximal or an M-variety. Maximal varieties are an important object
of study in real algebraic geometry.

Let n ≥ 0. _e n-th symmetric product SPn(X) of X is the quotient of the Carte-
sian product Xn by the canonical action of the symmetric group Sn ; SP0(X) is a point.
If X is quasi-projective, then SPn(X) is again a complex algebraic variety equipped
with an anti-holomorphic involution induced by τ.
Assume that X is a compact connected Riemann surface of genus g ≥ 0. In this

case, Biswas and D’Mello [4] have recently shown that if X is maximal, then so is
SPn(X) for n ≤ 3 and n ≥ 2g − 1. _e main purpose of this note is to point out that
this conclusion holds in far greater generality.
A continuous involution τ on a topological space X is the same as a continuous

action of the group C = {1, τ} ≅ Z2. For many “nice” C-spaces, including the al-
gebraic varieties considered above, equality (1.1) is equivalent to the surjectivity of
the canonical restriction map H∗

C(X;Z2)→ H∗(X;Z2) from equivariant to ordinary
cohomology; see Proposition 2.1.

We recall the deûnition of (Borel) equivariant cohomology (cf. [5, Sec. III.1]). LetG
be a topological group, and let EG → BG be the universal G-bundle; for G = C this is
the bundle S∞ → RP∞. _e equivariant cohomology of aG-space X with coeõcients
in the ûeld k is deûned as H∗

G(X;k) = H∗(XG ;k), where H∗( ⋅ ) denotes singular
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cohomology and the Borel construction XG = EG ×G X is the quotient of EG × X by
the diagonal G-action.

If the inclusion of the ûbre X ↪ XG induces a surjection in cohomology, then
X is called equivariantly formal over k. _is condition is equivalent to the freeness
of H∗

G(X;k) over H∗(BG;k) if G is for instance a compact connected Lie group or
a connected complex algebraic group; see Proposition 2.2. Many spaces are known
to be equivariantly formal over R, for example compact Hamiltonian G-manifolds
for G a compact connected Lie group [9], [15, Prop. 5.8], or rationally smooth com-
pact complex algebraic G-varieties for G a reductive connected algebraic group [11,
_m. 14.1], [21].

Let Γ ⊂ Sn be a subgroup. _e Γ-product XΓ of a topological space X is the quo-
tient of Xn by the canonical action of Γ (cf. [6, Def. 7.1]).1 For Γ = 1 one obtains the
Cartesian product Xn and for Γ = Sn the n-th symmetric product of X considered
above for quasi-projective varieties. Note that any continuous G-action on X induces
one on XΓ .

Our generalization of Biswas and D’Mello’s result now reads as follows.

_eorem 1.1 Let G be a topological group and X a CW complex with a continuous
G-action. Let k be a ûeld and Γ a subgroup of Sn for some n ≥ 0. If X is equivariantly
formal over k, then so is XΓ .

Corollary 1.2 If X is a quasi-projectiveM-variety, then XΓ is an M-variety. In par-
ticular, symmetric products of quasi-projectiveM-varieties are again M-varieties.

We have the following partial converse to _eorem 1.1.

Proposition 1.3 With the same notation as before, assume that n ≥ 1 and that X has
ûxed points. If XΓ is equivariantly formal over k, then so is X.

Example 1.4 Let X = CP1. _en SPn(X) is homeomorphic to CPn , as can be
seen by identifying Cn+1 with complex binary forms of degree n and invoking the
fundamental theorem of algebra.

Let τ be complex conjugation onCP1. _is is an anti-holomorphic involutionwith
ûxed point setRP1;CP1 therefore ismaximal. _e induced involution onCPn is again
complex conjugation. Hence SPn(X)τ = RPn , showing that SPn(X) is maximal, too.

Now consider the holomorphic involution on X given in homogeneous coordi-
nates by [x0 ∶x1] ↦ [x0 ∶ − x1]. _is action is also equivariantly formal over Z2 with
the two ûxed points [1 ∶ 0] and [0 ∶1]. _e induced involution on CPn is

[x0 ∶ ⋅ ⋅ ⋅ ∶xn]↦ [x0 ∶ − x1 ∶x2 ∶ ⋅ ⋅ ⋅ ∶(−1)n xn].
For n ≥ 1, its ûxed point set is the disjoint union of CPk and CPl , where k and l are
obtained by rounding (n − 1)/2 respectively up and down to the next integer. _e
Betti sum of the ûxed point set is (k + 1)+ (l + 1) = n + 1. _is is the same as forCPn ,
which again conûrms _eorem 1.1.

1Despite the similar notation, the Γ-product XΓ should not be confused with the ûxed point set XG

of the G-action on X.
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Finally, let τ be the anti-holomorphic involution given by [x0 ∶x1]↦ [x 1 ∶ − x0]. It
is ûxed-point free and corresponds to the antipodal map on S2. _e ûxed point set
of SP2(X) = CP2 is homeomorphic to the orbit space X/C ≈ RP2. Hence, SP2(X) is
maximal, while X itself is not. _is illustrates that Proposition 1.3 may fail for actions
without ûxed point.

A G-space X is equivariantly formal if and only if G acts trivially on H∗(X;k)
and the Serre spectral sequence for the bundle X → XG → BG with coeõcients in k
degenerates at the second page [5, Prop. III.1.17], [16, §VI.5.5]. One can study these
two conditions separately.

Proposition 1.5 Assume the same notation as in _eorem 1.1. If G acts trivially
on H∗(X), then it also does on H∗(XΓ). _e converse holds if XG /= ∅ and n ≥ 1.

_e degeneration of the Serre spectral sequence is a more delicate matter. Con-
sider again a compact connected Riemann surface X with an anti-holomorphic invo-
lution τ, and assume that it has ûxed points. In this context, Baird [3, Prop. 3.9] has
recently shown that the Serre spectral sequence with coeõcients in Z2 for the Borel
construction of any symmetric product of X degenerates at the second page. It is not
diõcult to extend this to compact Riemann surfaces that are not connected orwithout
ûxed points. Recall that C = {1, τ}.

Proposition 1.6 Let X be a compact, not necessarily connected Riemann surfacewith
an anti-holomorphic involution τ. If the Serre spectral sequence for XC with coeõcients
in Z2 degenerates at the second page, then so does the one for SPn(X)C .

Question 1.7 (Baird) Let the notation be as in _eorem 1.1. If the Serre spectral
sequence for XG with coeõcients in k degenerates at the second page, does the same
hold true for the Borel construction of XΓ ?

In a diòerent direction, the notion of equivariant formality has been extended to
that of a syzygy in equivariant cohomology by Allday, Franz, and Puppe [2] (for G a
torus) and Franz [10] (forG a compact connected Lie group). Let r be the rank of such
a G so that H∗(BG;R) is a polynomial algebra in r variables of even degrees. For 1 ≤
k ≤ r, the k-th syzygies over H∗(BG;R) interpolate between torsion-free modules
(k = 1) and free ones (k = r). Since a G-space X is equivariantly formal over R if and
only if H∗

G(X;R) is a free module over H∗(BG;R), _eorem 1.1 can be restated as
follows: if H∗

G(X;R) is an r-th syzygy over H∗(BG;R), then so is H∗

G(XΓ ;R). _e
following example,whose details appear at the end of the paper, shows that this result
does not extend to smaller syzygy orders.

Example 1.8 Let G = (S1)r be a torus; H∗(BG;R) is a polynomial algebra in
r indeterminates of degree 2 over R. Let X = ΣG be the suspension of the torus.
_en H∗

G(X;R) is given by pairs of polynomialswith the same constant term. Hence,
H∗

G(X;R) is torsion-free, but not free for r ≥ 2 (not even a second syzygy); see [1, Ex-
ample 3.3].
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_ere is a G-stable ûltration of SP2(X) of length 2 whose associated spectral se-
quence converging to H∗

G(SP2(X);R) has the the property that second column of
the limit page is ûnite-dimensional over R and non-zero for r ≥ 3. Since this column
is an H∗(BG;R)-submodule of H∗

G(SP2(X);R), it follows that H∗

G(SP2(X);R) has
torsion for r ≥ 3.

2 Proofs

We are going to show that _eorem 1.1 is a consequence of Dold’s results [6] about the
homology of symmetric products. For the sake of completeness, let us ûrst justify the
claims made previously regarding the Betti sum of the ûxed point set and equivariant
formality. In this section, all (co)homology is taken with coeõcients in a ûeld k.

Proposition 2.1 Let p be a prime and r ∈ N. Let k = Zp , G = (Zp)r , and let X be a
smooth G-manifold or real analytic G-variety with ûnite Betti sum. _en

dimH∗(XG) ≤ dimH∗(X)
with equality if and only if X is equivariantly formal.

Proof _is holds in fact for a much larger class of G-spaces X including ûnite-
dimensional G-CW complexes with ûnite Betti sum (cf. [5, Prop. III.4.16]). It thus
suõces to observe that smooth G-manifolds and real analytic (even subanalytic)
G-varieties are G-CW complexes, see [13,_m., p. 199] and [14, Cor. 11.6].

Proposition 2.2 Let G be a connected group with homology of ûnite type and let X
be a G-space. _en X is equivariantly formal over k if and only if H∗

G(X) is a free
H∗(BG)-module.

Proof Recall that BG is simply connected and with homology of ûnite type if (and
only if) G is connected and with homology of ûnite type; cf. [18, Cor. 7.29] and the
proof of Lemma 2.3.
Assume that X is equivariantly formal over k, so that the restriction to the û-

bre H∗

G(X) = H∗(XG) → H∗(X) is surjective. _e Leray–Hirsch theorem [16,
VI.8.2], [5, Prop. III.1.18] then implies that H∗(XG) is a freemodule over H∗(BG).
For the converse we use the Eilenberg–Moore spectral sequence [19, _m. 3.6],

[18, Cor. 7.16]

E p,∗
2 = TorpH∗(BG)(H

∗(XG), k)Ô⇒ H∗(X).

Since H∗(XG) is free over H∗(BG), the higher Tor-modules vanish, and the spectral
sequence degenerates at the second page, whence

H∗(X) ≅ H∗(XG)⊗H∗(BG) k.

It follows that the restriction to the ûbre is surjective, because the canonical map

H∗(XG)⊗H∗(BG) kÐ→ H∗(X)
induced by the restriction map corresponds to the edge homomorphism of the spec-
tral sequence, see [19, Prop. 1.4′].
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We now turn to the proof of _eorem 1.1. As in [6], it will be convenient to work
with simplicial sets [16, 17]. We write S(X) for the simplicial set of singular simplices
in a topological space X, and H(X) for the homology of a simplicial set X with coef-
ûcients in k as well as H∗(X) for its cohomology.

Recall that the singular simplices in a topological group G form a simplicial
group S(G), and those in a G-space X a simplicial S(G)-set S(X). For any sim-
plicial group G there is a canonical universal G-bundle EG → BG (see [17, §21]),
and for any simplicial G-set X one can deûne its equivariant cohomology H∗

G(X) =
H∗(EG×GX).

_e following observation is presumably not new, but we were unable to locate a
suitable reference.

Lemma 2.3 Let G be a topological group and X a G-space. _en there is an isomor-
phism of graded k-algebras

H∗

S(G)(S(X))Ð→ H∗

G(X)

compatible with the restriction maps to H∗(S(X)) = H∗(X).

Proof Let G be a simplicial group, E → B a principal G-bundle, and X a simplicial
G-set. By a theorem of Moore’s [18, _m. 7.28], there is a spectral sequence that is
natural in (E,G,X) and converging to H(E×GX) with second page

(2.1) TorH(G)(H(E),H(X)).

_is can be seen as follows. Denote the normalized chain functorwith coeõcients
in k by N( ⋅ ). It is a consequence of the twisted Eilenberg–Zilber theorem that the
complexesN(E×GX) andN(E)⊗N(G) N(X) arehomotopic [12,Prop. 4.6∗]. _e lat-
ter complex is homotopic to the bar construction B(N(E),N(G),N(X)), because the
diòerential N(G)-modules N(X) and B(N(G),N(G),N(X)) are homotopic (cf. the
proof of [18, Prop. 7.8]). _e former bar construction can be ûltered in such away that
the second page of the associated spectral sequence equals (2.1).

Now set G = S(G) and X = S(X). We have S(EG ×G X) = S(EG)×GX, and
by [17, Lemma 21.9] there is a G-map S(EG)→ EG. So we only have to show that the
inducedmap

(2.2) S(EG)×GXÐ→ EG×GX

induces an isomorphism in cohomology. But this follows from Moore’s theorem, be-
cause themap between the second pages of the spectral sequences

TorH(G)(H(EG),H(X)) Ð→ TorH(G)(H(EG),H(X))

is an isomorphism as both EG and EG are contractible. Hence (2.2) induces an iso-
morphism both in homology and cohomology.

With a similar spectral sequence argument, one can show that if amap f ∶X→ Y of
simplicial G-sets induces an isomorphism in homology, then it also does so in equi-
variant cohomology.
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Lemma 2.4 Let f ∶X → Y be a map of simplicial sets. If H( f ) is injective, then so is
H( f Γ)∶H(XΓ)→ H(YΓ).

Proof Recall that the Γ-product is a functor on the category of simplicial vector
spaces [6, §6.2]. Wewrite the simplicial k-vector spaces of chains inX and Y as C(X)
and C(Y), respectively.

IfH( f ) is injective, it admits a retraction R∶H(Y)→ H(X). By [6, Prop. 3.5], there
is a morphism of simplicial vector spaces r∶C(Y) → C(X) such that H(r) = R. By
functoriality, H(rΓ) is then a retraction of H( f Γ).

Proof of_eorem 1.1 Let G = S(G). We ûrst consider a simplicial G-space X. Let
e0 ∈ (EG)0 be a ûxed base point. By abuse of notation,we use the same symbol for any
degeneration of e0. Elements of EG×GX are written in the form [e , x] with e ∈ EG
and x ∈ X.

Noting that XΓ is again a G-space, we consider the commutative diagram

XΓ EG×GXΓ

(EG×GX)Γ ,

γ

α

β

where α is the inclusion of the ûbre XΓ ,

α∶ [x1 , . . . , xn]z→ [ e0 , [x1 , . . . , xn]] ,
β is themap

β∶ [ e , [x1 , . . . , xn]] z→ [ [e , x1], . . . , [e , xn]] ,
and γ is the Γ-product of the inclusion of the ûbre ι∶X↪ EG×GX,

γ∶ [x1 , . . . , xn]z→ [ [e0 , x1], . . . , [e0 , xn]] .
By assumption, H∗(ι) is surjective. Equivalently, H(ι) is injective. By Lemma 2.4,
this implies that H(γ) = H(β)H(α) is injective and therefore also H(α). Hence,
H∗(α) is surjective. _is proves the simplicial analogue of our claim.

To deduce the topological result from this, consider the canonical maps

∣S(X)Γ ∣ Ð→ ∣S(X)∣Γ Ð→ XΓ ,

where ∣ − ∣ denotes topological realization. As explained in the proof of [6,_m. 7.2],
the ûrst map is a homeomorphism between compact subsets, and the second one
is a homotopy equivalence, because ∣S(X)∣ → X is a homotopy equivalence for the
CW complex X. As a consequence, theG-equivariantmap S(X)Γ → S(XΓ) is a quasi-
isomorphism. Hence, the surjectivity of the top row in the diagram

H∗

G(S(X)Γ) H∗(S(X)Γ)

H∗

G(S(XΓ)) H∗(S(XΓ))

≅ ≅

implies that of the bottom row. We conclude the proof with Lemma 2.3.
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Proof of Corollary 1.2 Recall that algebraic varieties are ûnite-dimensional CW
complexes (see the proof of Proposition 2.1)with ûnite Betti sum. Because X is quasi-
projective, XΓ is again an algebraic variety; cf. [8, Example 6.1]. By what we have said
in the introduction, it is enough to verify that XΓ is equivariantly formal with respect
to complex conjugation. _is follows from _eorem 1.1.

Lemma 2.5 Let X be a CW complex, y ∈ X, and Γ ⊂ Sn for some n ≥ 1. _en the
map

f ∶X Ð→ XΓ , x z→ [x , y, . . . , y]
induces an injection in homology.

Proof Let V andW be k-vector spaces. Following [6, §8], we write (V ,W)1 for the
Γ-submodule

n
⊕
k=1

W⊗(k−1) ⊗ V ⊗W⊗(n−k) ⊂ (V ⊕W)⊗n ,

which is in fact a direct summand. Moreover, (V ,W)1/Γ is isomorphic to the direct
sum of b copies of V ⊗Wn−1, where b is the number of Γ-orbits in {1, . . . , n}.
As in [6, §8], this construction carries over to simplicial vector spaces. _e choice

of a base point y ∈ X determines a splitting C(X) = C̃(X)⊕ k; cf. [6, §9]. Moreover,
H(XΓ) contains b summands of the form H̃(X) ⊗ k⊗(n−1), and H( f ) maps H̃(X)
isomorphically onto one of them. Hence, H(X) injects into H(XΓ).

Proof of Proposition 1.3 By Lemma 2.5, any choice of base point y ∈ X gives a
map f inducing a surjection in cohomology. If y is a ûxed point, then f is equivariant.
_e le� and bottom arrow in the commutative diagram

H∗(X) H∗

G(X)

H∗(XΓ) H∗

G(XΓ)

H∗( f ) H∗G( f )

are surjective, hence so is the top one.

Proof of Proposition 1.5 As in theproofof_eorem1.1,we can consider the Γ-prod-
uct of the simplicial vector space C(X) instead of XΓ , since X is a CW complex.

Let g ∈ G; it induces a map ag ∶X → X, x ↦ gx. By assumption, H(ag) is the
identity. Hence, N(ag)∶N(X) → N(X) is homotopy equivalent to the identity map
on the normalized chain complex of X; cf. [7, Prop. II.4.3]. By [6, Cor. 2.7] this implies
that themorphismof simplicial vector spacesC(ag)∶C(X)→ C(X) is also homotopy
equivalent to the identity. Because Γ-products preserve homotopy [6,_m. 5.6, §6.2],
we conclude that C(ag)Γ is again homotopy equivalent to the identity, so that g acts
trivially in the (co)homology of XΓ .

_e converse follows from Lemma 2.5 as in the proof of Proposition 1.3.

Proof of Proposition 1.6 Let Y be a ûnite C-CW complex; then SPn(Y) is again
a ûnite C-CW complex. Recall from [3, Prop. 3.7] that the Serre spectral sequence
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for YC degenerates at the second page if and only if

(2.3) dimH∗(Y τ) = dimH∗(Y)triv .

(In [3], Y is assumed to be a compact Z2-manifold; the proof carries over to our
setting.) We refer to [3, Sec. 3.2] for the deûnition of Vtriv for a ûnite-dimensional
Z2-vector space V with a linear involution; we only observe that for any two such
vector spaces we have isomorphisms

(2.4) (V ⊕W)triv ≅ Vtriv ⊕Wtriv and (V ⊗W)triv ≅ Vtriv ⊗Wtriv .

(By the ûrst isomorphism, it is enough to verify the second for the trivial and the
2-dimensional indecomposable Z2-module.) Moreover, if U is a ûnite-dimensional
vector space and Z2 acts on U ⊗U by swapping the factors, then

(2.5) (U ⊗U)triv ≅ U .

To prove the proposition, assume ûrst that X /= ∅ is connected. _en H0(X)triv
does not vanish, which by (2.3) implies that X has ûxed points. Our claim, therefore,
reduces to Baird’s result [3, Prop. 3.9].

Next we recall that if X = Y ⊔ Z is the disjoint union of two subspaces, then

(2.6) SPn(X) = ⊔
k+l=n

SPk(Y) × SP l(Z),

see [6, eq. (8.8)].
Assume that τ transposes Y and Z ≈ Y (cf. [3, Prop. 3.2]) so that H∗(X)triv = 0.

_e subspaces in (2.6) are then also permuted by τ. If n is odd, none of them is τ-
stable. Hence there are no ûxed points and H∗(SPn(X))triv = 0, proving our claim.

If n = 2k is even, then SPn(X)τ = (SPk(Y) × SPk(Z))τ ≈ SPk(Y) and

H∗(SPn(X))triv = H∗(SPk(Y) × SPk(Z))triv

≅ (H∗(SPk(Y))⊗H∗(SPk(Y))) triv ≅ H∗(SPk(Y))

by (2.5). _us, the criterion (2.3) is again satisûed.
Finally, consider the case of general X. Its ûnitely many connected components

are either stable under τ or come in pairs that are transposed by τ. If both Y and Z
in (2.6) are τ-stable, then we also have

SPn(X)τ = ⊔
k+l=n

SPk(Y)τ × SP l(Z)τ .

Hence the claim follows from the two cases already discussed together with the Kün-
neth formula and the identities (2.4).

Proof of Example 1.8 Recall thatk = R in this example andwrite I = [0, 1]. _e pro-
jection π∶X = (G× I)/∼→ I induces a projection SP2(π) from SP2(X) onto SP2(I),
which we identify with the triangle with vertices (0, 0), (0, 1), and (1, 1).

We consider the spectral sequence E p,q
k induced by the ûltration of SP2(X) by the

inverse images of the faces of this triangle and converging to H∗

G(SP2(X)). _e ûbre
over each vertex is a ûxed point and contributes a summand H∗(BG) to E0,∗

1 , the
zeroeth column of the ûrst page of the spectral sequence. _e ûbre over each leg is
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G and contributes a copy of R to E1,∗
1 . _e ûbre over the hypotenuse is SP2(G), on

which G acts locally freely. Hence,

H∗

G(SP2(G)) = H∗(SP2(G)/G) = Heven(G),
as can be seen by ûrst dividing G × G by the diagonal G-action and then by S2. _e
ûbre over the interior of the triangle is G ×G, hence contributes H∗(G) to E2,∗

1 .
For q > 0, the diòerential d1∶ E1,q

1 → E2,q
1 is the inclusion Heven(G)↪ H∗(G), and

the zeroeth row E∗,01 computes the cohomology of the triangle. _is implies E1,∗
2 = 0

and E2,∗
2 = Hodd(G).

We claim that the diòerential

d 0,2s
2 ∶ E0,2s

2 Ð→ E2,2s−1
2

vanishes for s > 1. Inspired by the proof of [20,_m. 5],we consider the squaringmap
onG. It induces amap X → X preserving the ûbres of π, hence also amap SP2(X)→
SP2(X) preserving the ûbres of SP2(π). We therefore get amap of spectral sequences
which scales E0,2s

2 by 2s and E2,2s−1
2 by 22s−1. Because this map commutes with the

diòerentials in the spectral sequence and 2s /= 22s−1 for s > 1, we conclude d 0,2s
2 = 0

for s > 1. Hence E2,∗
∞

= E2,∗
3 = Hodd(G), except possibly in degree 1. Since r ≥ 3, this

shows that E2,∗
∞

is non-zero and ûnite-dimensional overR. As mentioned earlier, this
implies that H∗

G(SP2(X)) has torsion over H∗(BG).
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