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This paper is a study of nonsingular rings with essential socles. These rings
were first investigated by Goldie [5] who studied the Artinian case and showed
that an indecomposable nonsingular generalized uniserial ring is isomorphic to a
full blocked triangular matrix ring over a sfield. The structure of nonsingular
rings in which every ideal generated by a primitive idempotent is uniform was
determined for the Artinian case by Gordon [6] and Colby and Rutter [2], and
for the semiprimary case by Zaks [12]. Nonsingular rings with essential socles and
finite identities were characterized by Gordon [7] and the author [10]. All these
results were obtained by representing the rings in question as matrix rings. In
this paper a matrix representation of arbitrary nonsingular rings with essential
socles is found (section 2). The above results are special cases of this representa-
tion. A general method for representing rings as matrices is developed in section 1.

The results of section 2 are used in section 3 to investigate the structure of
nonsingular QF-3 rings with finite identities. Semi-primary QF-3 rings which are
also partially PP rings were first studied by Harada [8], [9] who showed that
each of these rings has a semi-simple Artinian ring as a left, and a right, injective
hull and that a semi-primary hereditary QF-3 ring is generalized uniserial. Colby
and Rutter [3] proved these results for the semi-perfect case and later [4] showed
that an arbitrary nonsingular left and right QF-3 ring has a semi-simple Artinian
ring as a left, and a right, essential extension. In section 3 a matrix representation
of nonsingular QF-3 rings with finite identities is used to determine the structure
of left and right QF-3 rings and of semi-perfect QF-3 rings with various abundances
of projective ideals.

The following conventions, terminology and notation are used throughout
the paper. All exceptions to these are specifically mentioned so there are, hopefully,
no ambiguities. All rings have identities and all modules are unital. The adjective
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““left” is usually omitted from expressions such as ‘“‘left module’’, *‘left ideal’’
unless doubt could arise or special emphasis is wanted. A homomorphism be-
tween R-modules is an R-homomorphism. Homomorphisms are written on the
right, except those between right modules which are written on the left. Composi-
tion of homomorphisms is indicated by juxtaposition. The isomorphism symbol
~ is usually not subscripted but its meaning is always clear. The symbol @ means
direct sum as modules.

1. Matrix Representations of Rings

Let E be a right faithful two-sided ideal in a ring R and, for each reR, let p,
be that endomorphism of zE which maps x € E onto xr. Since E is right faithful
p, = 0if, and only if, r = 0. Therefore the function I' : R — End(xE) which maps
r € R onto p, is a ring monomorphism. If p, € ET and ¢ € End(zE), then p,¢ = p,,
and p,, # O when r ¢ ker ¢. That is, ET is a faithful right ideal of End(zE) and
is, therefore, an essential left EI'-submodule of End(RE). This proves the following
theorem.

THEOREM 1.1. Let E be a right faithful, two-sided ideal in a ring R. Then
there is an embedding T : R — End(RxE) defined by: rI', r€R, is the endomor-
phism which maps x € E onto xr. ET is a faithful right ideal of End(xE) and an
essential left ET-submodule of End(RxE).

Assume that E is a direct sum of finitely generated left ideals E;;, i € I, j € J(i),
whose indexing satisfies the relation E;; ~ E,, if, and only if, i = s and let N be
the disjoint union of the J(i). Then End(xE) is isomorphic to the ring of all row-
finite N x N matrices whose entries at the place (s, 1), s € J(i), j €J(?), are elements
of Hom(E,, E;,). It is clear that, for fixed i €1, all the rings End(E;;) are mutually
isomorphic —isomorphic to Hy, say. If i, s € I, then it is also clear that the (H;, H,)-
bimodules Hom(E;;, E;;) are isomorphic —isomorphic to H,, say. Moreover,
these isomorphisms can be picked in such a way that they commute with the
multiplication (composition of homomorphisms) on U Hom(E;;, E;). By substi-
tuting the H;; into the above matrix representation of End(xE), it can be seen
that End(zE) is isomorphic to the ring H of all blocked row-finite N x N matrices
whose (i, j)"" block is a row-finite J(i) x J(j)-matrix over H;;. For simplicity of exposi-
tion, the rings End(zE) and H are usually identified and so are the (Hy, H)-
bimodules H;; and Hom(E,;, E,)). If E,; is not finitely generated, then End(zE) is
isomorphic to H with its (k, £)"* blocks replaced by blocks which may have infinite
rows.

DEFINITION. Let S be a sct, {T(s) | s€ S} a class of sets and {4, |(s,f) € S x S}
a class of additive abelian groups which have the following properties.

(i) Each A, is a ring (with identity)
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(ii)) Each A is a unital (A4, 4,,)-bimodule.

(ili) There is a partial associative multiplication on U A, with the property
that if ¢ € A, and y € 4,, then ¢y is defined and is in A, This multilpication ex-
tends the ring multiplication on each A, and the bimodule multiplication of
elements of A4, by elements of A and A,,. The generalized matrix ring GMR
(S, T(s), A) is the ring of all blocked row-finite matrices whose (s, t)"* block is an
arbitrary row-finite T(s) x T(¢f)-matrix over Ag.

A matrix is finitary if it has only a finite number of non-zero entries. The
matrix in GMR(S, T(s), A,) whose only non-zero entry is the element ¢ of 4,
at the place (p, q) of the (s, £)"* block is denoted by ]¢|§;’,.

It is clear that the ring H, in the preceding discussion, is simply GMR
(I’ J(l)s Hij)'

Assume that each summand E;; of the ideal E is generated by an idempotent
e;; and that the ¢;; are orthogonal. If y is the endomorphism of E which is induced
by right multiplication by x € ¢;;Re,,, then e;;x = x and ey = 0, for ¢, # ¢;;.
Therefore y corresponds to the matrix lei’}" of H. If K < H is the image of R
under the ring monomorphism induced by I, then clearly K contains all matrices
of the form [a]}",” and hence all finitary matrices of H. Moreover the identity of H
is in K, since the identity of R induces the identity function on E.

Let G be a subring of H containing the finitary matrices and the identity and
consider the left ideal F = X, ; Gf;;, where f;; = |1],‘1’ If xe H then f;;x is the
matrix which has the same entries as x at the places (j, I) in the (i, k)" blocks and
whose other entries are zeros. As x is row-finite, this means that f;;x is a finitary
matrix and is, therefore, in F. Hence, F is a right ideal of G. If x has a non-zero
entry at the place (s, ) of the (i, 7)™ block, then fi;x # 0 and so Fx # 0. That is, F
is right faithful. It follows from the above discussion that End(;E) is isomorphic
to GMR(,J(i),G;;) where G;; ~ Hom (Gf;m, Gf;n)- But G;; = f,;Gf,; ~ Hyj,
therefore the rings End(;F) and H are isomorphic. This proves the following
theorem.

THEOREM 1.2. Let R be a ring and {e;; | iel,jeJ(i)} a set of orthogonal idem-
potents of R with the property that X, ;Re;; is a faithful right ideal. Then R is
isomorphic to a subring K of the ring H= GMR(I, J(i), H;;), where the groups
H;; and the subring K have the following properties.

(i) The identity of H is in K.

(ii) The finitary matrices of H are in K.

(iii) For each i, the rings End(Re,) and H;; are isomorphic and, for all i,j,
these isomorphisms make each Hom(Reg, Rey) into an (Hy, H;;)-bimodule
isomorphic (as a bimodule) to H;;.

Conversely, if K and H satisfy the above conditions down to, and including,
condition (ii), then K has a set {f,-jlieI, J(D)} of orthogonal idempotents with
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the property that X, ; Kf;; is a faithful right ideal of K. Moreover, the rings H
and Endg(X; ; Kf;;) are isomorphic.

DEFINITION. An idempotent is primitive if it is not the sum of two orthogonal
idempotents. An idempotent is finite if it is a sum of (a finite number of) orthogonal
idempotents. A ring is indecomposable if it is not a direct sum of two two-sided
ideals.

When the ring R has a finite identity then Theorem 1.2 can be strengthened
to the following characterization, which is proved in [10].

COROLLARY 1.3. Every indecomposable ring with finite identity is isomorphic
to a GMR(I, J(i), H,;) which satisfies the following conditions.

(i) The sets I and J(i), i€l, are finite.

(i) Each H; has a unique idempotent (the identity).

(iii) For any (s,tyel x I there is a sequence s = r(1),r(2),---,H(n) =t of
elements of I with the property that for each (i) either H,;,;.q) # 0 or
Hy v 1y # 0.

Conversely, every GMR(I, J(i), H;;) which satisfies the above conditions is
indecomposable and has a finite identity.

2. Nonsingular Rings with Essential Socles

DEerINITION. The singular submodule Z(M) of an R-module M is the sub-
module of all elements of M which are annihilated by essential ideals of R. M is
nonsingular if Z(M) = 0 and it is singular if Z(M) = M. The left singular ideal
Z(R) of a ring R is the ideal Z(zxR) and the right singular ideal Z(R) is Z(Ry).
R is left (respectively, right) nonsingular if Z(R) = 0 (respectively, Z,(R) = 0).
The left and right socles of a ring R are denoted by S(R) and S,(R), respectively.
A module is uniform if all of its submodules are essential. The additive group of
row-finite ¢ x d-matrices over a ring A is denoted by M(4, ¢ x d).

The following well-known results are essential for the discussion in the re-
mainder of the paper. Their proofs can be found in [10].

LeMMA 2.1. If N is an essential submodule of an R-module M, then for any
me M there is an essential ideal E of R such that Em = N.

LEMMA 2.2. Let M,N be R-modules such that Z(N) =0. If the kernel of
a homomorphism ¢ : M - N is essential, then ¢ = 0. In particular, if M is uni-
form then every non-zero ¢ : M — N is a monomorphism.

LemMa 2.3. If M is a minimal ideal in a nonsingular ring R then there is a
primitive idempotent e€ R such that Re ~ M.

From now on let R be a nonsingular ring with essential socle. Let E, be a
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complement in S(R) of the sum of all nilpotent minimal ideals. It is clear that E,
is a direct sum of minimal ideals each generated by a primitive idempotent. Let
E, be an ideal maximal with respect to not intersecting E, and the property that
E, ®E, is a two-sided ideal. Since S(R) is a two-sided ideal it is contained in
E = E, @ E,, and, therefore, E is right faithful. Hence it follows from Theorem 1.1
that there is an embedding of R into End(zE) and this embedding is characterized
by the following theorem. To ensure that R is embedded in the smallest ring which
is useful (for this approach) the ideal E, rather than S(R), is used. This is parti-
cularly significant when R has a finite identity, for then E = R and the above
embedding is surjective.

THEOREM 2.4. If R is a nonsingular ring with essential socle then it is iso-
morphic to a subring K of the ring H = GMR(I,J(i), H;;). The rings K and H
have the following properties.

(i) The integer 1 is an element of I and J(1) = {1}.

(i) If i # 1 then H; is a sfield.

(iii) If for i # 1 the left H,-dimension of H; is b; then H; < Il;4
M (H, b; x b)).

(iv) X,y H;y is a faithful right H,-module.

(v) Ifi#jandj+# 1then H; = 0.

(vi) The identity of H is in K.

(vii) For each ieI\{1} and each j € J(i) there is a matrix f;; € K whose non-
zero entries are all in the j'* column of the (i,i)'" block and whose entry at the
place (j,j) in this block is the identity of H;;.

(a) Each f;;|d|} is in Kf,.

(b) Each f;;|d]|i}' is in K.

(c) For each icI\{1}, each je J(i) and every non-zero x& K whose non-
zero entries are all in the j'* column of the (i,i)'" block, there is a matrix ye K
with the property that yx = f;;.

Conversely, if K is a subring of H = GMR(I, J(i), H;;) and K and H satisfy
the above conditions then K is a nonsingular ring with essential socle.

PROOF. As mentioned above the isomorphism between R and K is obtained
by applying Theorem 1.1. To do this, express E, as a direct sum
@ Re;
j':JI(i)
of minimal ideals generated by primitive idempotents which are indexed in such a
way that Re;; =~ Re, if, and only if, i = s. Assume, moreover, that I’ does not
contain the integer 1 and let I = I’ U {1}, J(1) = {1} and E,, = E,. It follows
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from the discussion following Theorem 1.1 that End(zxE) is isomorphic to a ring
H'’ which is a slightly modified GMR(/, J(i), H;;), where for fixed i,j, H;; is an
identification of all the groups Homg(E,,, E;)— E,,, stands for Re,,, if p # 1. The
modification is that the (1, p)'* blocks in elements of H' need not be row-finite.
As before, End(zE) and H' are identified so that, by Theorem 1.1, R is isomorphic
to a subring K of H'. So it only remains to show that K satisfies conditions (vi)
and (vii) and that it is contained in a subring H of H' which satisfies conditions
(i) — (¥).

(i) Each Re;; is a minimal ideal so if i # 1 then H;; is a sfield.

(iii) Clearly b; is the cardinal of a set T(i) of images of Re;; in E,; which is
maximal with respect to the sum of the elements of T'(i) being direct. Since every
minimal ideal of R is isomorphic to an Re;; (Lemma 2.3) the socle of E,, is the
direct sum @,., T'(i), where T'(i) is the sum of all minimal ideals in T(i). By
Lemma 2.2 the restriction to S(E;,) of a non-zero endomorphism of E, is non-
zero. Therefore H,, can be regarded as a subring of IT;., M(H;;, b; x b;) which is
isomorphic to End(S(E,,)).

(iv) Each Re;; is a direct summand of R, so S(E;;) = R(X,;,H;;). As S(E;y)
is not annihilated by non-zero endomorphisms of E,;, the product (X,.,H;)h
is non-zero, for each non-zero he H,;.

(v) If i # jand i,j # 1 then Re; % Re;, and, therefore, H;; = 0. For non-
zero x € Re,, if E; x # 0 then, since Rx = Re,, is projective, E;; = N®M
where Mx # 0and M ~ Rx. By definition of E,, M is nilpotent and so MRx = 0:
a contradiction. Hence E;,x = 0 for all x € Re,, and, therefore, K is contained in
the subring H of H’ of all matrices whose (1, p)** blocks, p # 1, are zero.

(vi) Since the identity endomorphism on H can be extended to the identity
on R, the identity of E is in K.

(vii) The idempotent e;; induces, by multiplication on the right, a homomor-
phism E — Re;; which is the identity on Re;;. Therefore ¢;; is mapped, by the em-
bedding of R into H, onto a matrix f;; € K whose non-zero entries are all in the
j™ column of the (i, i) block and whose entry at the place (j,j) is the identity of
Hy

(vii) (a) Every homomorphism d : Re;; > Re,, can be extended to the endo-
morphism |d|;} of E. Therefore Re,; is mapped by |d|i% into Rey, that is, x|d|i¥€ Kf,,
for every x € Kf;;.

(vii) (b) A similar argument shows that for every he H;; the matrix f; j‘h],.lj1
is in K.

(vii) (c) The ideal E is mapped by x into Re;;, so x(1 — f;;) annihilates E.
Hence Lemma 2.2 implies that x(1 —f;;) = 0 and so Kx = Kf;;. As Kfj; is a
minimal ideal, there is a matrix y € K such that yx = f..

The ring K has an identity (condition (vi)), so to prove the converse it is
necessary to show only that the socle of K is essential and that K is nonsingular .
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The former is true if every non-zero principal ideal Kx contains a minimal ideal.
By (vii) (¢), Kf;; is a minimal ideal, so if f;; Kx #0 then, Kx contains a minimal ideal
isomorphic to Kf;;. If x has a non-zero entry at the place (j, k) of the (i, f)** block,
i # 1,then f;;x # 0; and if x = ,hl{{ then, by (iv), there is a g € H;;, for some
i # 1, such that gh # 0 and so f,.j[gl,-jx # 0. That is, Kx always has a minimal
ideal: therefore S(K) is essential in K. To show that K is nonsingular it is sufficient
to prove that S(K)x # 0, for every non-zero xe K. If x # 0, then one of the
ideals Kf;;x, Kf;;|h|1} x is non-zero and so, since Kf;; and Kf;; ||} (h # 0) are mini-
mal ideals, S(K)x # 0: therefore K is nonsingular.

Dorroh’s extension A* of a ring A with characteristic ¢ is the unital ring on
Z, x A, Z, being the integers modulo ¢, whose addition is component-wise and
whose multiplication is given by (m, x)(n,y) = (mn,my + nx + xy), for all m,
neZ, x, ye A. It is easy to see that the isomorphic image {0} x A of A4 is an
essential ideal of A*. Therefore, A is nonsingular ring with essential socle if, and
only if, A* is. Consequently, the next result follows immediately from conditions
(ii) and (iii) of Theorem 2.4, .

COROLLARY 2.5. The characteristic of a nonsingular ring with essential
socle (but not necessarily with identity) is not divisable by p*, for any prime p.

The statement of the next result requires some more notation. Consider the
ring H = GMR(, J(i), H;;) of Theorem 2.4 and let e H,, be an idempotent and
I, = I\{1}. Let f(I,, ) denote that matrix in H whose only non-zero entries are
the identities of (the appropriate) H,; on the diagonals of the blocks (i,)), i€ I,
and the idempotent e in the block (1, 1).

COROLLARY 2.6. The ring R of Theorem 2.4 is indecomposable if, and only
if, for every proper subset I, < I\{1} and every idempotent ec H,, with the pro-
perties that Hyje = Hyy, for i€ Iy, and Hye = 0, for i¢l,, the matrix f(Iy,e) is
not in K.

Proor. If R is decomposable then it has an idempotent f such that R is the
sum of the non-zero two-sided ideals Rf and R(1 —f), that is, R = fRf @ (1 — f)
*R(1 — f). Therefore each e;; is in fRf or in (1 — f)R(1 —f). If M ~ Re;; and
e;; € fRf then, since e;;M # 0, fM # 0 and so M < fRf. Therefore there is a proper
subset I, < I\{1} with the property that a minimal ideal is in fRf if, and only if,
it is isomorphic to an Re;;, i€,

Conversely, if for a proper subset [, = I\{1} there is an idempotent fe R
with the property that a minimal ideal is in Rf if, and only if, it is isomorphic to an
Re;;, i€1,, then R is the sum of the non-zero two-sided ideals Rf, R(1— f) and
so is decomposable. The ideals Rf, R(1 —f) are two-sided since fR(1 —f)
= (1 — f)Rf = 0. For if fR(1 — f) # 0 then there is a non-zeroh omomorphism
¢ : Rf > R(1 — f) which, by Lemma 2.2, does not kill a minimal ideal in Rf.
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Therefore R(1 — f) contains a minimal ideal isomorphic to a minimal ideal in Rf:
a contradiction to the hypothesis on f. Therefore fR(1 — f) = 0 and, similarly,
(1 = f)Rf = 0. Since I, is a proper subset of I {1}, both Rf and R(1 — f) contain
an Re;; and so Rf and R(1 — f) are non-zero.

It follows that R is indecomposable if, and only if, it does not have an idem-
potent f with the above properties. If R does contain such an idempotent f, then
because f is a left and a right identity for each Re;; (i € Iy) and all its homomorphic
images in R, f is mapped, by the embedding of R into H, onto a matrix f(I,, ¢),
where e € H,, is an idempotent with the properties that H;;e = H;,, for i € I, and
H; e = 0, for i¢ I, Conversely, if K contains an idempotent f = f(I,,e) then
K =fKf® (1 —f)K(1 —f) and so K is decomposable.

COROLLARY 2.7. The ideal Ey = X; ;Re;; of the ring R of Theorem 2.4 is
generated by a set of orthogonal primitive idempotents if, and only if, condition
(vii) of Theorem 2.4 can be replaced by the condition that all of the finitary ma-
trices with zero in the block (1,1) are in K.

PrOOF. Necessity. Clearly it can be assumed that the idempotents e;; are
orthogonal. Therefore their images, the idempotents f;;, in K are orthogonal and
so fij= |1|fj Hence conditions (vii) (a) and (vii) (b) merely state that the finitary
matrices with zero in the block (1,1) are in K. If x € K has non-zero entries only
on the j** column of the (i, i) block and the non-zero entry d at the place (k,j)
then |[d™*|¥%x = |1|¥}. So condition (vii) (c) is satisfied.

Sufficienty. It was just shown that the above condition implies condition
(vit), so it remains to show only that the complement, in S)(R) of the sum of all
nilpotent minimal ideals of K is generated by a set of orthogonal primitive idem-
potents. It is clear that {|1i/} is such a generating set.

THEOREM 2.8. If R is a nonsingular ring with essential socle and an essential
(left) ideal which is generated by a set of orthogonal primitive idempotents and
which is also a right ideal then R is isomorphic to a subring K of H = GMR
(I, J(i), H;;), where K and H have the following properties.

(1) I is the disjoint union of a non-empty subset I, and a subset I,.

(i) Ifiely then H;; is a sfield.

(iii) If the Hy-dimension of H,; is b;; then H,, = II;. ; M(Hy, b;, x by,).

(iv) If jel, and i # j then H;; = 0.

(v) If g€ Hj, is non-zero then there is an i€, such that H;¢ # 0.

(vi) The identity of H is in K.

(vii) The finitary matrices of H are in K.

Conversely, if K is a subring of H = GMR(1, J(i), H;;) and K and H satisfy
the above condition, then K is a nonsingular ring with essential socle and has a
right ideal which is also an essential left ideal and is generated, as a left ideal,
by a set of orthogonal primitive idempotents.
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PRrROOF. Let E be the left essential two-sided ideal of R generated by orthogonal
idempotents e;;, i€ I, jeJ(i), which are indexed in the usual way. Lemma 2.3
implies that there is a subset I, of I with the properties that Re;;, i € I, is a minimal
ideal and every minimal ideal is isomorphic to an Re;;, i€l,. It follows from
Theorems 1.2 and 2.4 and Corollary 2.7 that R can be represented as a matrix
ring K which has all the above properties except (iii) and (v), so it remains to
prove that K satisfies (iii) and (v).

(iii) The socle of Re;; is a direct sum of ideals L;, i € I, where L;;; is the sum
of all minimal ideals in Re; which are isomorphic to an Re;, i € I. As L;j; is a sum
of minimal ideals it can be expressed as a direct sum of b;; (say) minimal ideals.
By Lemma 2.2, different homomorphisms from Re;; to Re, have different
restrictions to S(Rej;). Therefore Hom(Re;;, Rey,,) ~ H; can be embedded in
Hom(S(Rej), S(Reym)) =~ Mier,M(Hy, by; % by).

(viii) If ¢ : Re;; = Rey, is non-zero then, by Lemma 2.2, L;;¢# O for some
i € I,. Therefore there is a homomorphism y : Re;; — Re;; with the property that

Y # 0.

When R has a finite identity the embedding described by Theorem 2.8 is
surjective. This leads to the following result which was proved independently by
Gordon[7] and the author [10], although Gordon stated it only for the semi-
perfect case. It is included here for the reader’s convenience as it will be used
throughout the rest of the paper.

THEOREM 2.9. If R is an indecomposable nonsingular ring with essential
socle and a finite identity, then R is isomorphic to the ring H = GMR(I, J(i), H;;)
of Theorem 2.8 which now satisfies the usual indecomposability condition and has
the additional property that the sets 1, J(i),(i € I) are finite. The decomposability
condition can be stated in terms of the minimal ideals of H as follows. If s,tel
then there is a sequence s = r(1),---,r(n) = t of elements of I with the property
that for each r(i) there is a je I, such that either H;,;, # 0 or H;,.q) # 0.

The converse is also true.

ReMARK. The ring H of the preceding theorem can be represented diagram-
matically as follows, on the next page, where blanks denote zeros and the squares
on the diagonal denote sfields.

DEFINITION. A (left) T-ring is a ring whose non-zero (left) modules have non-
zero socles.

Alin and Armenderiz [1] have investigated the structure of T-rings whose
singular simple modules are injective. When such a ring has a finite identity
Theorem 2.9 provides a quick determination of its structure.
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LEmMMA 2.10. [1, Theorem 1.1(a)]. If the singular simple modules of a T-
ring are injective then the ring is nonsingular.

THEOREM 2.11. If R is an indecomposable T-ring whose identity is finite and
whose singular simple modules are injective then R is isomorphic to the ring
H of Theorem 2.9 and H has the following additional properties.

(i) Each H; is a sfield.

(i) If iel, and i # j then H;; = 0.

The converse is also true.

REMARK. A diagrammatic representation of H is given on the next page, where
the blanks stand for zeros and the squares on the diagonal for sfields.

ProoF. Let R = R/S/(R) and note that, since S,(R) is a two-sided ideal of R,
R is a ring whose ideals coincide with its R-submodules. Since R is a singular R-
module, every minimal ideal of R is a direct summand and so is generated by an
idempotent. Let e€ R be a primitive idempotent which is not in $(R). By hypo-
thesis, R has essential socle, so it has a minimal ideal M = Re = Re/S(Re). If M
is generated by an idempotent f then &f # 0, since fé = f and f2 = f. Therefore
M is generated by the idempotent fthen éf # 0, since fé=fand f? =f. Therefore M
is generated by the idempotent f; = éfc eRe. By Lemma 2.3, eS(R) = 0 which
implies that eRe N S(R) = 0 and, therefore, eRe and eRe are isomorphic rings.
Since e is the only idempotent in eRe, f; = é. Therefore Re is a minimal ideal.
It follows that S(Re) is the unique maximal submodule of Re and that eRe is a
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sfield. Consequently, if e; € R is also a primitive idempotent, then eRe, # 0 if,
and only if, Re ~ Re;. This proves that H satisfies conditions (i) and (ii).

Now consider the converse. It is clear that every factor module of zH
has non-zero cocle, hence every cyclic H-module has non-zero socle and, there-
fore, H is a T-ring. Every singular simple H-module M is isomorphic to
H|1|i} ] S(H |1]i), for some i€l,. Consequently, the only ideals which have M
as homomorphic images are the H |1kj, j € J(i), and their sums. Hence every
homomorphism from an ideal of H to M can be extended to a homomorphism

from H to M. Therefore M is injective.

The case when R has an infinite identity poses difficult problems. It is still
true that if e€ R is a primitive idempotent then eRe is a sfield and S(Re) is the
unique maximal submodule of Re, but these properties are no longer sufficient
to guarantee the converse.

3. Nonsingular QF-3 Rings with Finite Identities

DERINITION. A ting R is a (left) QF-3 ring if it has a faithful left module
which is (isomorphic to) a direct summand of every faithful left R-module.

In this section all rings have finite identities, although some results are valid
without this assumption. The following characterization of arbitrary QF-3 rings,
due to Colby and Rutter, is fundamental to the work in this section.
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THEOREM 3.1. [4, Theorem 1]. If R is a QF-3 ring (not necessarily with
finite identity), then it has a finite set of orthogonal primitive idempotents
{ey, e} with the properties that X!Re; is injective, has essential socle, and is
the (up to isomorphism) unique minimal faithful R-module. Conversely, if a
ring R has a set {e;,---,e,} of orthogonal primitive idempotents such that
Y% Re; is a faithful, injective ideal with essential socle, then R is a QF-3 ring.

LEMMA. If R is a nonsingular QF-3 ring (not necessarily with finite identity),
then R has essential socle and every minimal ideal of R is isomorphic to the
socle of one of the ideals Re; of Theorem 3.1.

PROOF. Let Re = X*Re; be the minimal faithful ideal of R given by Theorem
3.1. If xe R is non-zero, then xRe # 0 and so there is a non-zero homomor-
phism ¢ : Rx —> Re (given by rx¢ = rxa, for some ae€ Re satisfying xa # 0).
Since Re has essential socle, there is a minimal ideal M < Rx¢. Let K = M¢~1.
Then ker¢>| x is a maximal submodule of K but is, by Lemma 2.2, not essential in
K. Therefore K = L@ kerd), k for some minimal ideal L ~ M. Therefore, every
ideal of R contains a minimal ideal and so the socle of R is essential. Since M is
isomorphic to an S(Re;), every minimal ideal of R is isomorphic to the socle of
an Re;.

It is clear from Theorem 3.2 that a nonsingular QF-3 ring with finite identity
is a direct product of a finite number of indecomposable nonsingular QF-3 rings,
so it is sufficient to study only the indecomposable ones.

THEOREM 3.3. If R is an indecomposable nonsingular QF-3 ring with a finite
identity then it is isomorphic to the ring H described by Theorem 2.9 and the
following additional properties.

(1) There are positive integers k,n,n = 2k — 1, such that I = {1,---,n},
Iy = {m,---,n}, where m = n — k + 1. Denote {1,---,k} by I,.

(ii) If iel, then H;; is a sfield.

(iii) If iel, and j = n—1i+1 then H; = Hj;

(iv) Ifiel,and j=n—i+1 then H; = M(H

(V) Ifiel, and i # j then H;; = 0.

The converse is also true.

ipbis x 1), for every sel.

Proor. Necessity. Let R be as in the theorem and let

(3.4) R=Re, @ ®DRe;;® - DRey;; - @D Re,yom

be a decomposition of R such that the e;; are orthogonal primitive idempotents
with the property that Re;; =~ Re,, if, and only if, i = 5. For simplicity of notation,
denote ¢;; by e;. In view of Theorem 3.1, it can be assumed that for a positive in-
teger k < n each Re,, 1 £ i £ k, is an injective ideal and XRe; is the minimal
faithful R-module. It follows from Lemmas 2.3 and 3.2 that for a positive integer
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m < n each Re;, m < i £ n, is a minimal ideal and every minimal ideal is iso-
morphic to one of these. Since the Re;, 1 < i < k, are non-isomorphic injective
ideals their socles are non-isomorphic minimal ideals. Therefore n —m = k — 1
and it can be assumed that the indexing of the Re; is done in such a way that if
m=i=<nand 1l <j<kthen Re; ~ S(Re)) if, and only if, i=n—j+ 1. It
follows from Theorem 2.9 that R is isomorphic to a generalized matrix ring H
which satisfies all the conditions stated in the theorem except (ii), (iii), (iv), (v) and
the inequality n = 2k — 1. So it is sufficient to show that H also satisfies these
conditions.

(i) If iel, then Re; is an indecomposable injective ideal whose socle is,
therefore, a minimal ideal. Since Re; is non-singular it follows, from Lemma 2.2,
that End(Re;) ~ End(S(Re;)). Therefore H;; is a sfield.

(iii) If iel, and j = n — 1 + 1, then Re; ~ S(Re;) and so H; is a one di-
mensional vector space over H;;. Moreover it follows, from the fact that End (Re;)
~ End(S(Re))), that H;, ~ H;;. If ¢, Y € H;; are non-zero then Re;¢p ~ Re
and so there is a homomorphism « : Re;¢ — Re;y satisfying ¢o = . Since Re;
is injective a can be extended to an element of H;;. Therefore H; is a one dimen-
sional right vector space over H;;. Since H; is a one dimensional left vector space

over H;; and since H;; ~ H;, it follows that H;, H;; and H}; can be identified.

172
(iv) It follows from the indexing of the Re; that if ie I, then bj; # 0 if, and
only if, j = n — i + 1 and then b;; = 1. As Re, is injective, every homomorphism
S(Re,) = Re; can be extended to a homomorphism Re; — Re;. Therefore, by (iv),
H,;, = M(H;;,b;; x 1), where j = n—i+1.

(v) If i 1, then, by Lemma 2.2, every non-zero homomorphism ¢ : Re; - Re;
is a monomorphism. As Re; is injective, Re;¢ is a direct summand of Re; and so
Re;p = Re;. Therefore, i = j and H;; = 0if i # j.

n 22k —1.1fn < 2k — 1 then k > m and conditions (v) and (iv) of 2.8 are
incompatible with the indecomposability condition of 2.9: a contradiction.
Therefore n = 2k — 1.

Sufficiency. Let H be a matrix ring with all the properties stated in the theorem.
Then it follows from Theorem 2.9 that H is an indecomposable, nonsingular ring
with essential socle and a finite identity. So it remains to show that H is a QF-3 ring.
In view of Theorem 3.1, it is sufficient to prove that X* H [1[11 is a faithful, injective
ideal.

For each i e I, let ¢; denote the element IIlﬁ of H.If ¢ € H, is non-zero then,
by (iii) of 2.8, ¢ = X,.¢,;, where ¢; € M(H,;, b, x b,), and so one ¢;, say ¢;, is non-
zero. Therefore ¢;M(H;;,b;, x 1) # 0 and so if i = m —j + 1 then it follows

from (iv) that I¢|§;’,He,~ # 0. It can, similarly, be shown that if x is a non-
zero element of H, then x(X} He;) # 0. Thatis, X% He, is faithful.
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To show that He;, i € I,, is injective, it is sufficient to prove that for any ideal
L of H every homomorphism L — He; can be extended to a homomorphism
H — He;. Since S(L) is essential in L and is a direct summand of S;(H), it follows
from Lemma 2.2 that it is necessary to show only that every homomorphism
¢ : S(H) - He; can be extended to a homomorphism ¢ : H — He,. Let ¢, : S(H)
— He; be the map which agrees with ¢ on S(He,) and kills the other S(He,,). The
image of ¢, is in S(He;) ~ He;, where j = n — i + 1,50 ¢, is determined by its ac-
tionon L;, the sum of theimages of He;in He,.As L;is a direct sum of b;; minimal
ideals (Theorem 2.9), ¢, can be regarded as an fe M(H;;, b;, x 1). The matrix
|f|& is in H (condition (iv)) and induces, by multiplication on the right, a homo-
morphism ¢, : H —» He, which agrees with ¢,. Consequently, ¢ = X ¢, can be
extended to a homomorphism ¢’ = X ¢, from H to He; and, therefore, He;
is injective. This proves the theorem.

COROLLARY 3.5. A nonsingular QF-3 ring with finite identity is right non-
singular and has essential right socle.

PRrOOF. This is an immediate consequence of Theorem 3.3 and the right dual
of Theorem 2.9.

THEOREM 3.6. Let R be an indecomposable, nonsingular ring which has a
finite identity and is a left, and a right, QF-3 ring. Then S(R), and S{R), are
direct sums of a finite number of minimal left, and right, ideals, respectively,
and R is isomorphic to a matrix ring H which is described by Theorem 3.3 and
the following additional property.

If i€l then each H;; has finite left dimension over Hy.
(The converse is also true.)

PROOF. Let H be the representation of R afforded by Theorem 3.3 and let ¢;
denote the matrix ,1],’} of H. It is clear that ¢,H, iel,, are minimal right ideals
and that every minimal right ideal is isomorphic to such an e;H. Since these ¢;H
are non-isomorphic, it follows from the right dual of Lemma 3.2 that every e;H,
j€l,, is an injective right ideal. For i € I, let c; be the right dimension of H_; over
H,;. Since right homomorphisms are written on the left, it follows from condition
(iv) of 3.3 and its right dual, that if iel, and j =n — i+ 1 then H
= M(H;;,b;, x 1) and H;; = M(Hy;, ¢y x 1). If b, is infinite then, from the first
equation, ¢y > b;; and, from the second equation, b;; < ¢y: a contradiction.
Consequently, bj, is finite, b;; = ¢y, and both S(R) and S/(R) are finite dimen-
sional. The converse to the theorem follows immediately from Theorem 3.3 and
its right dual.

A completely analogous argument shows that even without the assumption
that the identity of R is finite, the above theorem is still true. It is, of course, neces-
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sary to use a different representation of R. If H'is the representation of R 1fforded
by the decomposition R = Re; @ - ® Re, @ Re,, ® --- @ Re, @ R(1 — e), where
e= Xie,+ 20 e;, then it can easily be shown that ¢,H’, i€ I,, is a minimal right
ideal and that H’ satisfies (an analogue of) condition (iv) of 3.3. The rest of the
proof is verbatim.

COROLLARY 3.7. A nonsingular QF-3 ring whose socle is a direct sum of
a finite number of minimal ideals is a right QF-3 ring.

DEFINITION. A ring R with finite identity is a (left) partially PP ring if its
identity has a decomposition 1 = Ze, into orthogonal primitive idempotents with
the property that for every non-zero x e e;Re; the ideal Rx is projective. For
simplicity, only such decompositions of the identity of a partially PP ring will be
discussed. The ring R is a (left) PP ring if its principal ideals are projective. R is
(left) semi-hereditary if its finitely generated ideals are projective. A module is
locally cyclic if its finitely generated submodules are cyclic. A ring R is semi-
perfect if its identity is a sum of a (finite) number of orthogonal primitive idem-
potents e; such that each ¢;Re; is a local ring. This definition is equivalent to the
usual one [11].

LeMMA 3.8. A partially PP ring is nonsingular.

PROOF. Let 1 = Xe; be a decomposition, into orthogonal primitive idempo-
tents, of the identity of a partially PP ring R and let x;; € ¢;Re; be non-zero. If
I(x;;) is the left annihilator of x;;, then Rx;; ~ R/I(x;;) and, since Rx;; is projective,
I(x;;) is a direct summand of R. That is, I(x;;) is not essential. Every x € R is a sum
of x;;: therefore, R is nonsingular.

Let R be an indecomposable QF-3 and partially PP ring, and consider the
decomposition (3.4) and the representation H, \fforded by Theorem 3.3, of R. The
image of a non-zero homomorphism ¢ : Re; — Re; is projective, so its kernel is a
direct summand of Re; and, therefore, ¢ is a monomorphism. Therefore it follows
from conditions (iv) of 3.3 and (v) of 2.8 that every Re; is isomorphic to a sub-
module of an Re;, i € I,. Hence, the socle of each Re; is indecomposable and since,
by the indecomposability condition of 2.9, k = 1 and m = n, every b,, = 1. That
is, all S(Re;) are isomorphic. It follows from condition (iv) of 3.3 that H;; = H,;
= H,,, for all i, and from condition (iii) of 2.8 that H;; = H,,, for all i,j.

An equivalence relation can be defined on the set {Re;} by relating two ideals
if, and only if, they contain isomorphic copies of each other. The resulting set of
equivalences classes {[Re;]} is partially ordered by the relation: [Re;] < [Re;]
if, and only if, Re; is isomorphic to a submodule of Re;. This order has a unique
minimal element, [Re,], and a unique maximal element, [Re, ]. If [Re;] and [Re;]
have an equal number of classes smaller than themselves, then they are not com-
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parable: that is, e;Re; = e;Re; = 0. It follows that there is a sequence of integers
1 < h(1) < --- < h(t) < n, with the properties that if i < h(s) < j, then [Re]
% [Re;]; and if h(s) < i, j < h(s + 1) then different [ Re;] and [Re;] are not com-
parable. This proves the necessity of the following characterization of R. The suf-
ficiency is clear.

THEOREM 3.9. If R is an indecomposable QF-3 and partially PP-ring then
it is isomorphic to the ring H of Theorem 3.3 and H has the following addition-
al properties.

(i) I is partitioned into subsets I(1) = {1,2,--- h(1)}, -+, I(s) = {h(s — 1) + 1,
<, h(s)}, o, I(t) = {h(t — 1) + 1,---,n} which have the following properties.

(a) If ieI(sy) and jeI(s;), s, < §,, then H;; = 0.

(b) If i, jel(s) and H;; # O then Hj; # 0.
(i) Each H;; is contained in a sfield D and, for each iel, H;; = H,; = D.
The converse is also true.

CoORrROLLARY 3.10. A (left) QF-3 and (left) partially PP ring is a right QF-3
and right partially PP-ring.

Now let the ring H, of Theorem 3.9, be a semi-perfect PP-ring. Since H is
semi-perfect its projective modules are direct sums of isomorphic copies of the
He;, iel [11]. It follows that if ace;H and bee;H, i # j, are non-zero elements
with the property that Ha N Hb # 0 then H(a + b) = Ha + Hb is isomorphic to
one of He;, He;. That is, H(a + b) € {Ha, Hb}. Therefore either there is an element
cee;He; such that a = cb or there is an element d € e;He; such that b = da.

This shows that if « € Hy and fe Hj, then either there is a y € H;; such that
a = yB or there is a § € Hj; such that B = Ja, but since He; & He;, not both. If
H;; = Othen Hb = Ha and, by restricting a, b to He,, it can be seen that H; = D.
As He; 4 He; no element of H;; has an inverse in Hj;, so if H;; = D then H;; = 0.
This proves the first part of Theorem 3.11.

i

The converse of 3.11 can be checked by noting that if a = X, ,[oc_,[,-l, b
= Z,e4|Bii and Ha N H, # O then it follows, from condition (v) and the fact
that all H, are in D, that either there is a y € H;; such that each o; = yf; or there
is a 0 € Hj; such that each f; = da;. Hence one of the ideals Ha, Hb is contained
in the other. It follows that every principal ideal of H is projective.

THEOREM 3.11. If R is an indecomposable semi-perfect QF-3 and PP-ring
then it is isomorphic to the ring H of Theorem 3.9 and H satisfies the following
additional conditions.

(i) Each Hy; is a local ring.

(i) If i > j then H;; # 0.

(iii) If i,j e I(s) then H;; # 0. If moreover h(s + 1) > h(s) + 1 then H;; # D.
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(iv) If i > h(s) = j then H;; = D.
(v) If xe Hy, Be Hj, then either xe H;;f or fe H;.
The converse is also true.

If the ring H, of 3.11, is semi-hereditary then every indecomposable finitely
generated ideal is principal. This leads to the following result.

THEOREM 3.12. A ring is an indecomposable semi-perfect semi-hereditary
QF-3ring if, and only if, it is isomorphic to the ring H of 3.11 and H has the
following additional property.

Every H,; is a locally cyclic Hy-module.

QUESTION. Are Theorems 3.11 and 3.12 (without condition (i) of 3.11) still
valid if the semi-perfect condition is weakened to the condition that the identity
of H is finite? This will be true if every indecomposable principal (respectively,
finitely generated) ideal of H is isomorphic to one of the He;, i 1.
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