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A SECOND ORDER SUPERLINEAR
OSCILLATION CRITERION

BY
CH. G. PHILOS

ABSTRACT. A new oscillation criterion is given for general
superlinear ordinary differential equations of second order of the
form x"(t)+a(t)f[x(r)]=0, where acC(t), ), feC(R) with
yf(y)>0 for y#0 and [£7[1/f(y)]dy <, and f is continously
differentiable on R —{0} with f'(y)=0 for all y#0. In the special
case of the differential equation x"(t)+a(t) |x(¢)|Y sgnx(t)=0
(y>1) this criterion leads to an oscillation result due to Wong [9].

1. Introduction. This paper deals with the problem of oscillation of second
order superlinear ordinary differential equations of the form

(E) x"(t) +a(Of[x()]=0,

where a is a continuous real-valued function on an interval [t,, ©) without any
restriction on its sign and f is a continuous real-valued function on the real line R
with the sign property

yf(y)>0 forall y#0.
It will be supposed that f is continuously differentiable on R-{0} with
f'(y)=0 forall y#0

and that f is strongly superlinear in the sense that

b g [T
J g aa [ 55

Only such solutions x of the differential equation (E) which exist on
some interval [t,, ), t, = t,, are considered. A solution of (E) is said to be
oscillatory if it has arbitrarily large zeros, and otherwise it is said to be
nonoscillatory. Equation (E) is called oscillatory if all its solutions are
oscillatory.

For the special case where f(y)=|y|*sgny, ye R (y>1), i.e. for the
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differential equation
(Eo) x"(t)+a(®) |x(®)] sgn x() =0 (y>1),

Wong [9] proved the following oscillation criterion.

THEOREM A. Equation (E,) is oscillatory if

(Ay) lim inf j a(s) ds>—c
t—>c0 o
and
1 t N
(A,) lim sup 7 I j a(t) drds =,

Also, Onose [5] showed Theorem B below concerning the oscillation of
the differential equation (E).

TeEOREM B. Equation (E) is oscillatory if (A;) and (A,) hold and:
(Fy) there exists a positive constant k such that

f'(y)=k forall y#0.

It is obvious that Theorem B cannot be applied to the special case of the
differential equation (E;) and hence Theorem A is not covered by Theorem B.
Our purpose here is to give a new oscillation criterion for the differential
equation (E), which has Theorem A as a particular case. Our result can be
applied in some cases in which Theorems A and B are not applicable.

It is noteworthy that the conditions (A;) and (A,) are also sufficient for the
oscillation of the differential equation (E) with f(y)=y, y € R. The validity of
this result for the linear case follows from a result of Hartman [2], see also
Coles [1] and Macki and Wong [4]. Also, the well-known criterion of Wintner
[7] states that the condition

(A%) limlj-t J.s a(t)drds =

t—oo [ to to

suffices for the oscillation in the linear case. Moreover, it is remarkable that, if
the differential equation (E) is strongly sublinear in the sense that

LO %<oo and L) ]%<00,

then the condition (A,) implies oscillation even in the case where (A,) fails (cf.
Kamenev [3]).

For a general discussion on second order nonlinear oscillation problems we
refer the reader to the paper of Wong [8]. We refer also to the survey article by
Sevelo [6] where a detailed account on second order nonlinear oscillation and
its physical motivations is presented.
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2. Main result. We state and prove here our oscillation criterion.

THEOREM. Equation (E) is oscillatory if (A,) and (A,) hold and:
(F) f is such that

[ D by ana [ LD gy

) ) )
and
min 1 inf ——————[L \/ff(z) d2]2 inf [J; %j—)dZ] >0.
MU Te R e
y f(2) y f(2)

Proof. The substitution v = —x transforms the differential equation (E) into
the equation v"(t) + a(t)f[v(t)] = 0, where f(y) = —f(—y), y € R. The function f is
subject to the conditions posed on f. Thus, with respect to the nonoscillatory
solutions of (E) we can restrict our attention only to the positive ones.

Let x be a positive solution on an interval [T, «), T =max{1, t,}, of the
differential equation (E). We put

w(t)=x'"(t)/f[x(1)], t=T.
Then for t=T we obtain
w'(t) = —a() — w(O)f [x(1)]
and consequently we have
® [ a@ds=w@-wo- [ WEEEDEFd =T
T
As in [9] (cf. also [5]), we distinguish three cases of the behavior of x':

Case 1: x' is oscillatory. Then there exists a sequence (t,), -, in [T, ®)

with lim, _, t, =0 and such that x'(t,) =0, v=1, 2, .. .. Thus, by the condition
(Ay), (1) gives
@ [ opwor a<e

T

and so there exists a positive constant N such that
t

3) I {J(Ff[x(s)Dw(s)?ds=N forevery t=T.
T

Furthermore, by using the Schwarz inequality, for t=T we get

= (L ds) L WETEDws) ds

2

L V(' [x(s)Dw(s) ds

(- T)f WETx(s)Dw(s))? ds
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and consequently, in view of (3),

=Nt forall t=T.

t 2
4 ‘L V(' [x(s)Dw(s) ds

Condition (F) says that for some positive constant M we have

® L[, el =

Now, by setting

K= [ N ay>0 and K= [ OGN dy>0

(T x(T)

and taking into account (5) and (4), for any t=T we obtain

[woral=|[ dnl=lx- [ wl=xe ], 76
=k [ TR -xerfo- [ ]
<xconon| [0l
=Ko M{ Ko || Ve xoDwes) | |

<K, +M(K,+VNt)>= K, + MK2+2MK VN vt + MNt

and therefore

J‘t w(s) ds

T

(6)

=c;+cyt forevery t=T,
where ¢, = K, + MK3, ¢, = M(2K,vN +N). Next, from (1) we derive

j: r a(r)ydrds<(t—T)w(T)— J’Tt w(s) ds, (=T

T ‘T

and hence, by (6), we have

%J. J'a(*r)dﬂrdsScz+w(T)+£—1;It‘i(2 forall t=T,

T “T

which contradicts condition (A,).

Case 2: x'>0 on [T*,®) for some T*=T. Then (1) gives

Ja(s)dsSw(T) for t=T%*
T
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and hence

1 t s T*
—I j a(r) drdsSw(T)(l—T> for every t=T%,

T T

which again contradicts (A,).

Case 3: x'<0 on [T*,») for some T*=T. By condition (A;), from (1) it
follows that for some constant C

7 -w(t)=C+ £ VETx()Dw(s)}* ds for all t=T*.

If (2) holds, then we arrive at a contradiction by the procedure of Case 1. So,
we suppose that (2) fails and we consider a T=T* so that

D=C+ L {V({ Tx(s)Dw(s)}> ds >0.
Then, by multiplying (7) through by
’ C ' ’ 2d
Fxemwo /| c+ [ WrxeDwer as]
and next integrating over [’IA", t], we obtain

o+ [ WETxs)Dwis)? ds )
e L o fx(D)]

D & fx(0)]

%
~»

for t

Hence, for every t =T we have

c+ L W Tx(s)Dw(s)}? ds = DfTx(T)YfTx(0)]

and consequently, by (7),
x'()=-Df[x(T)]<0 forall t=T

the last inequality leads to the contradiction lim,_,., x(t) = —co.

ReMARK 1. For the special case where f(y)=|y|"sgny, yeR (y>1), it is
easy to verify that

(sgny)e d 1—v (sgny)e ’ 1/2 (1—v)/2
I dz I I Vi'(z) gy 22Dl
y f(z) ~v—-1 y f(z) vy—1

This means that (F) is satisfied. Hence, by applying our theorem to the
particular case of the differential equation (E,), we arrive at Theorem A.

for y#0.
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Now, we introduce the following conditions:
(F1) (%) holds and

Ji(z) . v [TV (2)
) »Jgng(Y)L @) d}

(F,) (%) holds, f' is increasing on (0, ) and decreasing on (—=, 0), and

min{yigg f’(Y)wa( ] 1nf f (y)J’y w%}>0.

(F5) (*) holds, f' is positive and continuously differentiable on R-{0} with
yf"(y)=0 for all y#0, ff"/(f')* is bounded on R-{0}.
For these conditions we have

(F3) = (Fy) = (F,) > (F).

Indeed: (i) (F5) > (F,). Suppose that (F;) holds and consider a positive con-
stant ¢ so that

min {mf V' (y )J;

f[(;’,)(f")(]z) =c forall y#0.

Then for every y# 0 we obtain

f"(y) sgn y=—S—sgn y
[f'or f(y)

and consequently

Jr(sgny)w f”( ) <CJ(SgHY)w-d_Z
v [f'(z )]2 y f(z)°

Hence,

1 . 1 - (sgny)e dz.
® m_ |21|1—>mw f'(z) CJ; f(z) for y#0.

But, since f is increasing on R-{0}, we get

2JW oY forall y£0
w2 £(2) =1 e
which, because of the fact that f is strongly superlinear, gives
. fly)
lim ——=

lyl—e Y
This means that

lim f'(y) =ce.

[yl—>ee
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By this fact, (8) leads to

(sgny)e 7 1
f’(y)j %ZE forevery y#0
y

and so (F,) is satisfied.

(ii) (F,) = (F,). This implication is obvious.

(iii) (F,) = (F). We assume that (F,) is fulfilled. Then there exists a positive
constant d such that

; (sgny)w\/f/(z) _
Jf (y)J’y —f(z) dz=d forall y#0.

Therefore, for y# 0 we derive

U(sgnww () dz] VF(y)

) 1y B Sy ey
and so
(sgny)e (sgny)w\/fr(z) \/f'(u) _ (sgny)wﬁ
L U i@ ] ) d“‘dL @
Thus,

l (sgny)ee \/f'(z) 2 _ (sgny)ee dz
2 [L —f(z) dz] = dJVy % for every y#0,

which means that (F) holds.

3. Examples and remarks. Here, we give three examples of differential
equations of the form (E) for which all assumptions of our theorem on the
function f are satisfied. We also provide an example of an equation of the form
(E) where the condition (F) fails while all other assumptions on f hold. These
examples will be used to demonstrate the fact that the class of the differential
equations of the form (E), for which the conditions on f of our theorem are
valid, is sufficiently wide, and to compare our criterion with Theorem B.

ExampLE 1. Consider the case where

f(y) =1yl {x +sin[log(1+|y)sgny, yeR,

where y>1 and A > 1+ 1/y. In this case the function f is continuous on R and
has the sign property yf(y)>0 for all y# 0. Also, f is strongly superlinear, since

f(y)sgny=A—-1)[y[" forevery y#O0.

Moreover, f is continuously differentiable on R-{0} with

Iyl
1+|y|

f'(y)=v |y {A +sin[log(1 +|yDT + cos[log(1+|yD],  y#0.

https://doi.org/10.4153/CMB-1984-015-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1984-015-0

1984] A SUPERLINEAR OSCILLATION CRITERION 109
Hence,

0<yA-(A+1UPIY" "<y =yA+1+1/y)]ly" for y#0

and consequently

&) sany = A-Dy| _ A-1 |y 172
V'(y) VYA ATV VA + (1 + 1))

for all y#0. So, f/Vf' is strongly superlinear (i.e. () holds), since (y+1)/2>1.
Furthermore, for any y# 0 we get

j(gg"”wf'(z) e r V@), JYA=(+1/y)] I ) - dz

L e CTL e T
_2YAAA U] e
- Iyl
A+D(y-1) :

Therefore, for all y#0 we have
s [V (2) _2v[A-Q0+1/y)]
v (”L @) “TTar G -1

which means that (F,) holds. Thus, condition (F) is fulfilled. Hence, we derive
the following result: Under the conditions (A,) and (A,), the differential
equation

x"(t)+ a(t) |x(O)] {A +sin[log(1+|x(t))sgn x () =0 (y>1,A>1+1/y)

>0,

is oscillatory. Note that this result cannot be obtained from Theorem B, since
here (F,) fails.

ExAMPLE 2. Put
ly|** sgny

fy)= TP

, YER,

where y>1. Then f is a continuous function on R such that yf(y) >0 for every
y# 0. The function f is continuously differentiable on R-{0} and

y Iy 2+]yl)
(1+[yP)?

Moreover, f is strongly superlinear and for all y#0

[ e [ de [ de [ o
i f2) dy 22 Jy 2y 2y-1 y-17

f'y)= >0, y#0.

s fz)

Furthermore, we obtain

VI Yy VSRVl Yy Vil Y2y
f(y)sgny lylz" - ly|¥+172 |yl(y+1)/2
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for all y with |y|=2"". This, because of the fact that (y+ 1)/2>1, ensures the
validity of (*). Now, we have

[ L(Sgny)w\/ff( S) ] / J’y (sg"wwf%zf[«/vj'l: %%ydz] / (lzy«ll 2; ljlhl

for all y#0. But, it is a matter of elementary calculations to verify that
. V2+z2Y P/ (ut utY 8y
S, {[‘/YI 77 dz] /(27—1+'y— 1>}=27—1>0

*V2+z 2/ (u uty 4y
im ([ S e/ G =)= o
w1V, 2v—-1 y-1/J " y=1
This means that the condition (F) is satisfied and so we have the result: The

differential equation

x"(O+a(t) ——~

and

x (0>
L+[x(@

is oscillatory if (A,) and (A,) are satisfied. It is remarkable that we cannot
derive this result from Theorem B.

sgnx(t)=0 (y>1)

ExampLE 3. Let us consider the continuous function f defined by
f)=ly["sgny+y, yeR
where y>1. Obviously, yf(y)>0 for y#0. Also, we observe that
f(y)sgny=|y|* forall y#0

and consequently f is strongly superlinear. Furthermore, the function f is twice
continuously differentiable on R-{0} with

Ff=vlyP'+1 and f"(y)=y(y—Dly["?sgny for y#0.
Thus, f'(y)>0 and yf"(y)>0 for every y#0. Moreover, f/Vf' is strongly
superlinear, since for |y|=1 we have
f(y) _ ly]” +ly| = lyl” 1 (v+1)/2
N R v B R BN v
where (y+1)/2>1. Now, for every y# 0 we obtain
ff"(y) "y '+ 1)
’ = ( - 1) — < ( - 1) —
PP 7T G Y Uy
Namely, ff”/(f")* is bounded on R-{0}. Hence, the conditions (A,) and (A,) are
sufficient for the oscillation of the differential equation

x"(t)+a@®)[x(@®)] sgn x() +x(1)]=0 (y>1).
We notice that this result follows also from Theorem B.

)

Iy

<y(y—-1).
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ExampLE 4. The function f defined as follows

fy)=ylog’(n+lyD), yeR

where w =1, is continuous on R and such that yf(y)>0 for all y#0. Also, f is
continuously differentiable on R-{0} and

2yl
wtlyl

f'(y) =log?(u +y|) + log(p +[y))>0 forevery y#0.

Moreover, we have

j*‘” dy r" dy J'°° dy J“’dz
o= P = .= | A<
w fOy) J ylogiu+y) J ylog'y J z
and consequently the function f is strongly superlinear. But, (*) is not here
satisfied. Indeed,

=) (VP (T Ylogiwty) (T dy
L ) dY‘L f(y) dy‘£ y log(i +y) dy‘jl y log(i +y)

J“’ dy J'°° dz
= = — =0,
1 (wtylog(+y)  Jogurny 2

So, condition (F) fails and hence our theorem cannot be applied for the
differential equation

x"()+a(®)x(Dlog’(k +|x(O) =0 (u=1).

In the case of this equation, Theorem B is also not applicable if u. = 1, while for
i >1 Theorem B can be applied to conclude that (A,) and (A,) suffice for the
oscillation.

ReMARK 2. Condition (F) holds by itself in a numerous special cases of
differential equations of the form (E), as for example the cases of the differen-
tial equation (E,) and of the equations of Examples 1, 2 and 3. Thus, we can
say that the assumption (F) on the function f is not very restrictive.

ReMARK 3. The example of the differential equation (E,) and Examples 1
and 2 show that our theorem can be applied in some cases in which Theorem B
cannot be applied. On the other hand, by Example 4 (with w > 1), there exist
cases in which Theorem B can be applied while our criterion is not applicable.
Moreover, Example 3 demonstrates that it is possible to have cases where our
theorem as well as Theorem B are applicable, while Example 4 (with w =1)
ensures that in some cases both these criteria cannot be applied.
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