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ABSTRACT THEORY OF SEMIORDERINGS

THoMAS C. CRAVEN AND TARA L. SMITH

Marshall’s abstract theory of spaces of orderings is a powerful tool in the algebraic
theory of quadratic forms. We develop an abstract theory for semiorderings, develop-
ing a notion of a space of semiorderings which is a prespace of orderings. It is shown
how to construct all finitely generated spaces of semiorderings. The morphisms be-
tween such spaces are studied, generalising the extension of valuations for fields into
this context. An important invariant for studying Witt rings is the covering number
of a preordering. Covering numbers are defined for abstract preorderings and related
to other invariants of the Witt ring.

1. INTRODUCTION

Some of the earliest work with formally real fields in quadratic form theory, following
Pfister’s revitalisation of this area of research, involved Witt rings of equivalence classes of
nondegenerate quadratic forms and the spaces of orderings which are closely associated
with the prime ideals of the Witt rings. A ring theoretic approach was pioneered by
Knebusch, Rosenberg and Ware in [20]. The spaces of orderings were studied in [6] and
all Boolean spaces were shown to occur. A closer tie to the theory of quadratic forms
was achieved by M. Marshall who developed an abstract theory of spaces of orderings
to help in studying the reduced Witt rings of formally real fields (see [22]). Marshall’s
theory was more closely related to what actually happens with Witt rings of fields than
the work in [20] (and this was later put into a ring-theoretic context by Rosenberg and
Kleinstein [18]). Since that time, Marshall’s work has been used by numerous authors;
the abstract approach has been shown to provide a common way of proving theorems
for not just fields, but also semilocal rings [17] and -fields [11]. In spite of all the work
in this area, there are still major open questions, most notably those of realisability of
abstract spaces and realisability of images of Witt rings. The theory of abstract spaces
of orderings has also been generalised in many ways, in particular to (nonreduced) Witt
rings of a field (see [22]) and to real algebraic geometry (23, 1].

In this paper, the authors move the generalisation in another direction. They create
an abstract theory for semiorderings of a field. It is also known to apply to *-semiorderings
on a x-field [10]. The motivation for this is two-fold. First of all, semiorderings are
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important in their own right for fields, where they were studied in the early 1970s by
Prestel (see [25]) with regard to axiom systems in geometry and quadratic form questions.
The initial work characterised the situation in which every semiordering was actually an
ordering. Those results were extended to semilocal rings [17, 19]. More recently, Prestel
and others {16, 26] have made major use of the concept in the rather concrete study
of positive polynomials in polynomial rings. Other uses in field theory can be found
in [4, 3, 14, 21); in particular, Brocker [4] develops the field version of Theorem 1.6
and relates it to the computation of the stability index of a field. A totally different
occurrence of semiorderings begins with the work of R. Baer [2]. Baer orderings of a
+-field give an example of a noncommutative generalisation of semiordering for which
very little is known concerning the Witt groups that arise (see [11] for a discussion of
various generalisations to *-fields). This more general context will be taken up briefly
in Section 2. For the more restrictive concepts of *-ordering and *-semiordering, the
work of [10] shows that the hermitian form structure as determined by Witt rings has
exactly the same properties as when * is the identity. One purpose of the present paper
is to unify the semiordering work of these various contexts to a single more abstract
setting. The authors hope to use the present work to further both the commutative and
noncommutative directions in their future work.

The remainder of this section provides the abstract definition and some reasons for
believing that it is the correct one. In addition to a special setting for generalising Baer
orderings, Section 2 introduces three operations for building new spaces of semiorderings
from old ones. Section 3 generalises the lifting theorems of Prestel from the context
of valuations on fields to our abstract setting. We also look at morphisms on spaces
of semiorderings, again motivated by valuation theoretic results for fields. Section 4
carries this abstract theory to preorderings and covering numbers. This was the original
motivation for this paper, stemming from work in {14]. Theorems 4.4 and 4.8 are the main
ones of the section and are aimed at elucidating the connection between semiorderings
and preorderings under group extensions (corresponding to lifting results from the residue
field in the case of valuations). Section 5 and the Appendix take a brief look at certain
invariants based on semiorderings when applied to finite spaces of orderings.

DEFINITION 1.1: ([23, p. 23]) A space of orderings is a pair (X,G) satisfying
axioms AX1, AX2, AX3 below.

AX1. X is a nonempty set, G is a subgroup of {—1,1}* (the set of all functions
X — {%1} with its natural group structure), G contains the constant function —1 and
G separates points in X. '

Note that we can identify X with a subset of the character group x(G) C {-1,1}¢,
consisting of all homomorphisms ¢: G — {11}, via z(g) = g(z) since G separates points
of X. For a,b € G, we define the value set D(a,b) to be the set of all ¢ € G such that for
each z € X, either ¢(z) = a(z) or ¢(z) = b(z).
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AX2. If z € x(G) satisfies z(—1) = ~1 and
a,b € kerzr = D{a,b) C kerz,

then z is in the image of the natural embedding of X into x(G).

AX3. For all g1, 92,93 € G, if h € D(gy, c) for some ¢ € D(gs, g3), then h € D(d, g3) for
some d € D{gy, g2).

The motivation for this definition is the example of a formally real field F with G
equal to F/SF?, where £F? denotes the group of sums of nonzero squares in the field
F, and X equal to the space of orderings of F'. For a,b € F, the value set is

D{a,b) = {az’ +by® € F | z,y € F}.

Now AX2 essentially gives the definition of the positive cone of an ordering and the
hypothesis of AX3 says that h has the form h = a,¢? + a292 + asg?, from which we see
that d = a19? + apg? works.

DEFINITION 1.2: Let (X,G) be a space of orderings. We define a space of
semiorderings for (X, G) to be the pair (Y, G) where Y is given by

(11) Y={ye{-1,1}¢|y(1) =1, y(-g) =-y(9) Vg €G,
and a,b € kery => D(a,b) C kery}.

Note that X C Y since the elements of X are required to satisfy condition (1.1).
The topology on Y is that induced by the product topology on {—1,1}€. This is eas-
ily seen to be the same as the topology with subbasis consisting of sets of the form

H(g)={yeY|g(y) =1}

for any g € G. We shall refer to this subbasis as the Harrison subbasis as is usually
done when Y is replaced by X. Notice that the Harrison subbasis can be viewed as a
group isomorphic to G; indeed, when the sets are restricted to X, we have the symmetric
difference H(—a)+ H(—b) = H(—ab). (However, see the example following Definition 2.1
for the situation with Baer orderings of *-fields.) The basis for the topology consists of
finite intersections of the form

H(ay,...,an) =ﬁH(a,~).

In the case of (X, G), there is a third way of viewing the topology, namely as the Zariski
topology on the space of minimal prime ideals of the Witt ring, defined below. We shall
see in the next section that this third method can also be used for Y'; in particular, Y,
like X, is a Boolean space (compact, Hausdorff and totally disconnected).
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PROPOSITION 1.3. Given a space of semiorderings (Y,G) for the space of or-
derings (X, G), the value sets D(a, b} satisfy ¢ € D(a,b) if and only if

c(y) € {aly),bly)} Yy € Y.

PRroOOF: One direction follows immediately from the fact that Y D X. The reverse
direction follows from the definition if a(y) = b(y) = 1 and is trivial if they have opposite
signs. If a(y) = b(y) = -1, then y(—a) = y(-b) =1 and —c € D{—a, —-b), so y(—c) = 1,
giving y(c) = —1. 0

In the case of fields, the space of orderings and space of semiorderings uniquely
determine one another. This is also easily seen in the abstract setting, as the next
proposition shows.

PROPOSITION 1.4. A space of semiorderings (Y,G) uniquely determines the
space of orderings X C Y.

PRrROOF: Assume a fixed (Y,G). We claim that the space X of the definition is
actually the unique maximal subset of Y such that G|x = {g|x | g € G} is a subgroup
of {£1}*. The uniqueness of the maximal subset follows from the fact that if G|x, and
G|x, are groups, so is G|x,ux,. The fact that X must be maximal follows from axiom
AX2 which forces elements into X: Since every element of X must satisfy

a,b € kerzr => D{a,b) C kerz,

the set X is uniquely determined as a subset of x(G). 1]

We provide a brief description of the Witt ring W (X, G) associated with a space
of orderings. For more details, see [22] [23, Section 2.2]. The ring W (X, G) consists of
equivalence classes of formally defined forms ¢ = (a),as,...,an), where a; € G. The
number m is called the dimension of ¢, written m = dim¢. If ¢ = (a1, 02,...,a,) and
¥ = (b1, by, ..., bs), addition is defined by

PO Y = (a1,a2,...,am, b1, by, ..., bn).

Multiplication is extended via the distributive law from (a) ® (b) = (ab) for a,b € G.
m
We can view the form ¢ as a function from X to Z via ¢(z) =3 a;(z). We shall call

the image in Z the signature of . Using this, we have ¢ and 1,/;—alre equal as elements
of W(X,G) (written ¢ ~ ) if and only if ¢(z) = ¥(z) for all z € X [23, Theorem
2.3.1]. We also use the concept of isometry, writing ¢ = v if ¢ and 9 have the same
dimension and signature {23, Theorem 2.2.3]. For the purpose of ease in writing proofs,
it is more useful to have the following definition of isometry: for 1-dimensional forms
(a) = (b) means a = b. For 2-dimensional forms, (a,az) = (b, b;) means the forms
have the same signature. And for dimension n > 3, the relation is defined recursively by
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(a1,aq,...,a,) = (by,by,...,b,) if there exist a,b,cs,...,¢, € G such that (as,...,a,)
 (a,c3,---,Cn), {a1,8) = (by,b) and (bs,...,b,) = (b, cs,...,cp).

To see that the definition we have given for an abstract space of semiorderings is
indeed the correct definition, we check that it has the main property of semiorderings
for fields and semilocal rings: If we begin with a space of orderings (X, G) and form the
space of semiorderings (Y,G), then the elements of Y can be naturally identified with
the group homomorphisms of the Witt ring W (X, G) to Z. The details for commutative
rings and fields can be found in the work of Kleinstein and Rosenberg {17] and Knebusch
[19]; for hermitian forms over certain x-fields, this is found in {10]. All of this will be
subsumed under the present abstract approach. The fact that X can be identified with
the ring homomorphisms of W (X, G) to Z is the content of [23, Theorem 2.3.3].

THEOREM 1.5. The set Y can be naturally identified with the set of all group
homomorphisms of W(X,G) to Z which carry (1) — 1.

PRrOOF: We need to show that any y € Y induces a well-defined mapping from
W(X,G) to Z. From the definition of W (X, G), we see that it suffices to consider forms
p = 1 of dimension two, as dimension one is immediate and higher dimensions follow by
induction. But in dimension two, ¢(z) = ¥(z) for all z € X by definition. Let ¢ = (a, b)
and ¥ = (c,d). We have a(z) + b(z) = ¢(z) + d(z) for all z € X and D(a,b) = D{c,d).
For any y € Y, if a, b have the same sign, then that sign is shared by c, d since the value
sets are the same. If a,b have opposite signs, then by the same argument, ¢, d must also
have opposite signs, so a(y) + b(y) = c(y) + d(y) = 0 in this case. It follows that for any
v €Y, a(y)+by) = c(y) + d(y) as desired.

Let f: W(X,G) — Z be a group homomorphism taking (1) — 1. Elements of G
give rise to units in W(X, G), so map to £1 in Z. Define y € {—1,1}° by y(g) = f({g))
for each ¢ € G. Then y(~1) = —1. If h € D(g1,92) and y(g1) = y(g2) = 1, then
y(h) = f(h) = 1. By (1.1), we obtain y € Y. Since W (X, G) is generated as an additive
group by one-dimensional forms and f({g)) = y(g) for all g € G, we see that f coincides
with the group homomorphism ¢ — ¢(y) determined by y € Y. 0

A space of orderings (X,G) is said to satisfy the strong epprorimation property
(SAP) if every clopen subset of X can be written as H(g) for some g € G. For a
formally real field #, we know that there is always a space of semiorderings, and it is
strictly larger than X if and only if F does not satisfy SAP [25, Theorem 9.1]. This is
generalised to semilocal rings by Kleinstein and Rosenberg in [17, Section 3]. However,
(17, Section 1] actually goes further, with results which apply directly to the abstract
spaces of orderings of Marshall and to our work here. Indeed, they work in slightly more
generality than we have here. They say that W(X,G) satisfies the Hasse-Minkowski
principle (HMP) if for every form ¢ in W(X,G), there exists an element z € X with
¢(z) = min{dimv | ¥ ~ ¢ }. From {17, pp. 881-882] we obtain

THEOREM 1.6. Let(X,G) be a space of orderings. The following are equivalent:
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(1) W(X,G) satisfies HMP.
(2) (X,G) satisfies SAP.

(3) Every semiordering y defined by condition (1.1) of Definition 1.2 actually
lies in X.

2. APPLICATION TO *-FIELDS: SEMIORDERINGS WITHOUT ORDERINGS

Let D be a skew field with an involution *; let S(D) = {d € D | d* = d} be the
set of symmetric elements. Write (D) for the set of all sums of products of norms and
elements of the commutator group [D*,S (D)*]. This replaces sums of squares in the
field case with identity involution and is a multiplicative group if 0 ¢ (D). The work in
this paper (which assumes, as in the definitions of Section 1, that there exists a space of
orderings inside the space Y') applies to all *-fields in which 0 ¢ (D). When 0 € (D),
there can be no *-orderings, but there may still be a more general subset called a Baer
ordering, which is just a semiordering if * is the identity.

DEFINITION 2.1: A Baer ordering on (D, *) is a subset Q@ C S(D)* satisfying
R+QC Q@ dQdCQforallde D*,1€Q, and QU -Q = S(D)*.

The set of equivalence classes of anisotropic hermitian forms, W (D, %), now loses
its multiplicative structure and is only an additive group. However, the set Y of Baer
orderings can still be topologised as before and is still in bijective correspondence with
group homomorphisms as in Theorem 1.5.

As an example, consider D = R((z))((y)) where zy = —yz and the involution is
induced by z* = z, y* = y (see [9, Example 5.3] for more details). Then (zy)* = y*z*
= yz = —zy is a skew element. Since —1 = zyz*y* € (D), there are no *-orderings,
but there are four Baer orderings determined by the signs of  and y. Also, the fact that
the skew element zy cannot be in any Baer ordering means that the Harrison subbasic
sets consist only of

Y = H(1),0 = H(-1), H(z), H(-z), H(y), H(-y),

but this is not a group under symmetric difference as is normally the case, suggesting
that there is no group in this situation to take the place of G in the space of semiorderings
(Y, G). A solution to this is proposed in [13]. An analog to the Witt ring is defined by us-
ing the ring WS(D, %) in €(Yp, Z) generated by the image of the Witt group W (D, *). In
abstract terms, this means using the group generated by the Harrison subbasic elements.
The content of [13, Theorem 2.4, Proposition 2.5] is that there are natural bijective
correspondences between the Baer orderings, the ring homomorphisms WS(D, ) — Z,
and the group homomorphisms W (D, ) — Z carrying hermitian forms (a) into {£1} for
nonzero symmetric elements a, with (1) — 1.
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This allows us to view an abstract space of semiorderings as a prespace of orderings
[1], with the group being the group of units in WS(D,*). This gives rise to the most
general class of rings considered in {17]; in particular, this provides a general structure
theory for these rings. With regard to Section 1, we have that Y is the space of minimal
prime ideals of W S(F), in the case where D is a field F' with identity involution. Unfor-
tunately, nothing is known about whether any additional structure applies beyond this
extremely general setting for WS(D, #). If valuations happen to behave nicely, there is
some additional structure that occurs. This will be used in the main theorem below. The
core idea is that we can compute exactly what happens to the spaces of semiorderings
when one does a group extension of the space of orderings as in Theorem 3.2 below.
Furthermore, this construction does not depend on the existence of a space of orderings
inside the space of semiorderings. This is shown in [13, Theorem 2.8]. Instead of a group
extension, one obtains a tensor product of the ring W.S(D,, x) for the residue field with
itself several times before doing a group extension. We give the details here in abstract
form because they provide an alternate way of looking at the extension of semiorderings
from Y to Y which occurs in Theorem 3.2.

Let G be a group of exponent 2 and let G = Hom(G, {£1}) be the topological dual
group of G for the discrete topology on G. Let —1 # 1 be a distinguished element of
G and let Y be a subset of G. The pair (Y, G) is called a prespace of orderings if the
following conditions hold:

0O, Y isclosed in G.

O, o(-1)=-1foralloceY.

O; The element g =1 in G is the unique element of G such that o(g) = +1
foralloeY.

There are two fundamental constructions needed in dealing with spaces of orderings
as well as a third one for the spaces of semiorderings mentioned above. We shall need
all three and will describe them now. The first two can be found in [22] for spaces
of orderings and in [1, Chapter IV, Section 2] for prespaces of orderings. The third
construction, product, was introduced in [13]. The first two, particularly group extension,
will be essential to the work of later sections.

DEFINITION 2.2: A prespace of orderings (Y, G) is said to be a group extension of a
prespace of orderings (Y, G), by a group H of exponent 2, if (Y,G) = (Y x x(H), G x H)
with distinguished element (—1,1) € G and action

(,0)(@, h) =5(G)o(h) forall (§,0) €Y x x(H) and (5, h) €G x H .

Equivalently, we say that (Y, G) is the residue space of (Y, G) with respect to H.

Thus Y is a quotient space of Y. We can recognise group extensions in abstract
spaces of orderings or prespaces of orderings. For any prespace of orderings (Y,G), we
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define the translation group
Te(Y,G) = {tex(G) |ty =Y }.

Write _
G={geG|tlg) =1Vte T(Y,G) }.

It can be shown that Tr(Y,G) consists of all characters on G which are trivial on G.
Let ¥ be the image of Y under the canonical restriction mapping ¥ — x(G) = x(G).
Choose any subgroup H of G such that G = G x H. Then (Y,G) is a group extension
of (}7,5) by H = G/CT?. More generally, if K is any closed subgroup of Tr(Y,G), let
G = K* C G and let Y be the image of Y in x(G) under restriction. Then (Y, G) is the
residue space of {¥, G) with respect to K.

DEFINITION 2.3: The sum of two prespaces of orderings (Y;,G;) and (Y, G5) is the
prespace of orderings (Y, G) = (Y1UY2, G1 xG;) with distinguished element (-1, —1) € G.
The action is defined by 0i(g1, g2) = 0:(g:) forall ; € X;,%7 = 1,2, and (g1, g2) € G1 xG,.

DEFINITION 2.4: The product of two prespaces of orderings (Y),G1) and (Y2, Gs)
is defined to be the prespace of orderings (Y,G) = (Y] x Y2, G) + G3), where G, + G, is
the coproduct in the category of elementary 2-groups with distinguished subgroup {+1}
preserved by all homomorphisms; equivalently,

{:i:].} E— Gl

! !

Gy, — G1+G,

is a pushout diagram for homomorphisms preserving the distinguished element —1. Con-
structively, Gy + G is just (G x G2)/{(1,1),(~1,-1)} so that (1, —1) = (—1,1) is the
distinguished element in G, + G, and the action is given by (o, 02)(g1, 92) = 01(91)02(g2),
foro;€Y;and g; € G;, i =1,2

We shall say that a prespace of orderings (Y, G) is Baer realisable if there exists a -
field (D, *)} (possibly with * the identity so that D is commutative) such that (Y, G) is the
space of Baer orderings (semiorderings in the * = identity case), where G is interpreted
as above if D is not commutative.

THEOREM 2.5. Let (Y,G) be a Baer realisable prespace of orderings. Then the
prespace of orderings (Y', G') is also Baer realisable, where (Y', G') is obtained by taking
the product of (Y, G) with itself, followed by a group extension by a group of order 2.

PRrOOF: Let (D, x) be the *-field realising (Y,G). Let F be the field of central
symmetric elements in D (which equals D if « is the identity). Extend F' by forming the
field of formal Laurent series F'((t)) and let D’ = D® F((t)), which is again a skew field
[5, Section 2.3]. Extend # so that the central symmetric elements of D' become F((t))
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(that is, by setting t* = t). Let v be the t-adic valuation on D'. Since t is symmetric,
it is clear that v(d) = v(d*) for every d € D’; and since t is central, it is clear that
the smooth condition for a valuation (see {13, p. 93]) is satisfied. The value group I' is
infinite cyclic, generated by v(t), so ['/2I' = Z,. Finally, we need to know that every
Baer ordering of D' is compatible with v in the sense that 0 < a < b implies v(a) > v(b),
for a, b symmetric elements of D'. One way to see this is to note that any element of Y
can extend to D' in at most two ways, determined by the sign of ¢, and all of these do
occur and are compatible with v by [9, Theorem 3.4]. An application of {13, Theorem
2.8] now completes the proof. 0

For detailed skew field examples of the preceding theorem, see [13, Section 4]. At
this point very little is known about which prespaces of orderings are Baer realisable.
The example from [9] which begins this section is a space of Baer orderings, so of course
is Baer realisable. But it is not a space of semiorderings as in Section 1 since it is a
four point space which is not SAP. Indeed, the smallest space of orderings which is not
SAP has four elements and it generates an 8 point space of semiorderings (as will be
seen in the next section in Theorem 3.2). The example is in fact, a space of orderings
in the abstract sense. There is no known example of a space of Baer orderings which
is not either a space of orderings or a space of semiorderings associated with a space of
orderings.

3. GROUP EXTENSIONS AND MORPHISMS FOR SPACES OF ORDERINGS

In this section we look at theorems which are motivated by theorems for real val-
uations on fields. The role of the value group will be taken by certain subgroups of G,
and so is actually analogous to the value group modulo 2 for fields (and a slightly more
complicated group for *-fields [10, 11]). Our first result shows how to construct new
spaces of semiorderings from old ones. The second result is analogous to the very general
theorem that any valuation on a field can be lifted to any extension field.

We first show that Prestel’s lifting theorems for semiorderings compatible with real
valuations [25, Chapter 7] can be generalised to this setting. We replace valuations with
group extensions of spaces of orderings, so we begin by describing the work of Marshall
on these constructions.

Following {23, p. 62], we point out the connection between value sets for group
extensions:

LEMMA 3.1. Given (X,G) a group extension of (X,G), let s be an embedding
of G/G into G splitting the projection G — G/G, with H = s(G/G). We then view
G = GH and write elements of G as g = Gh or g; = g;h;, as needed. For any anisotropic
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form (g1, 92),

{ghg?}: 'fhl7éh’2
D(gl)g2> = — .
D(g1,92>'h«, lfh’l =h‘2=h’,

where the value set D(g,,g,) is contained in G.

PRroOF: The initial statement is a special case of [23, p. 62, Claim 2]. To obtain
the final part, we claim that D{g;, g2) C G when h; = h, =1 and (g,,3,) is anisotropic.
This can be seen as follows: As a set of characters on G, we have X = X x x(H) [23,
p. 61). Let g = gh € D(g1,g2). Since h; = h, = 1, the elements g; and g, are constant
on fibres over each element of X. Since (g,,7,) is anisotropic, there exists some T € X
at which they have the same sign; without loss of generality, assume §,(Z) = g,(Z) = 1.
Then g must be 1 on the fibre over 7. That is, for any element (%, x)} € X, we have
1 = g(Z)h(x). It follows that h is constant when viewed as a function on x(H), hence
h=1landg=g€G. g

THEOREM 3.2. Let (X,G) be a group extension of (X,G), and Y the space of
semiorderings for (X,G). Write G = GH as in the lemma. The space of semiorderings
for (X, G) satisfies

(3.1) Y={o:H-{£1}|o(l)=1} x{P: H>Y},

where the correspondence is given as follows: Given mappings o, ‘P as above, define y
by

(1) y(9) = B(h)(g) - o(h), Vg=Fh € G.

Given a semiordering y, define oy, and ‘B, via
(2) oy(h) =y(h) and Py (h)[g] = y(gh)oy(h), Vg€ G, h € H.

PROOF: We first show that (1) defines an element of (Y, G): Note that y € {—1,1}¢
and y(—g) = —y(g), the latter from the fact that it holds for the semiordering P(h). To
show that y € Y, we use condition (1.1) of Definition 1.2. Let y(g) = y(g2) = 1 and
g3 € D{g1, g2). To show y(gs) = 1, we follow the two cases of the previous lemma. First
assume that h; # hy. Then without loss of generality, we may assume that g; = g,
from which the claim follows. Now assume that h; = h, = h. By Lemma 3.1, we obtain
hs = h and g3 € D(g,,g)h so that gso(h) € D(gy0(h),g,0(h)). Since y(g1) = y(g2) = 1,
we have P(h) is 1 at both g,o(h) and G,o(h). It follows that y(g3) = P(h)[gs)o(h) = 1.

Secondly, let 7 = P, (h). We show that 7 € Y. Note that 7 € {+1}C and that F(-1)
= —y(h)oy(h) = —1. Let §,,d, € G such that %(7,) = 7(7,) = 1; let Gy € D(g;,3,)-
If we can show that %(g;) = 1, we shall obtain § € Y by (1.1). Multiplying by A,
we obtain Gzh € D(g,h,g,h). Now %(g3) = y(gsh)o,(h), which must agree with either
y(@)oy(h) = §(3)) or y(3h)o,(h) = T(g,), both of which equal 1.
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Finally we must show that (1) and (2) give a bijective correspondence. For this, we
look at the two compositions of the mappings. Given y € Y, form B, and o, by (2), and
use them to define yo by (1). Then

vo(g) = By (A)[F] - oy (h) = y(gh)oy(h) - oy(h) = y(gh) = y(9)-

On the other hand, if we begin with a pair (,B), form y by (1) and then compute o,
and ‘B, we obtain

oy(h) = y(h) = B(h)[1]o(h) = o(h) and
Py (RG] = y(gh)oy(h) = B(h)([glo(h)o,(h) = B(h)[g],
forallg=gheG. 0

This theorem, together with direct sum gives all the finitely generated spaces of
semiorderings, when viewed as extensions of spaces of orderings. The product construc-
tion for prespaces of orderings presented in Section 2 is not explicitly needed as it is
obtained from this theorem. The fact that all finitely generated spaces of orderings can
be obtained beginning with a one point space and using group extension and direct sum
was first proved for fields in [7] and then put in an abstract context by Marshall (see
[22]). It is very useful to know when the elements of Y are actually orderings, and this
is the content of the next theorem. Again, this is based on Prestel’s work for valuations
(25, Theorem 7.9].

THEOREM 3.3. With the notation of Theorem 3.2, an element y € Y actually
lies in X if and only if B,: H — Y is a constant mapping onto an element of X and
o,: H — {1} is a character.

PRrROOF: Assume first that y € X. Then

oy(hiha) = y(hihg) = (hh2)(y) = ha(¥)ha(y) = y(h1)y(h2) = oy (h1) oy (ho),

so g, is a character. Also,

By (B)[g] = y(gh)ay (h) = y(3) (y(h)oy(h)) = ¥(9),
and thus B, is a constant mapping. Furthermore, since P,(1)[g] = y(g) for allg € G
and y € X, it follows that PB,(1) lies in X.

Conversely, assume that o, is a character and B, is a constant mapping onto an
element of X. We must show that y preserves products, so that it is an element of the
character group of G. Writing g; = h;g;, i = 1,2, we have

¥(9192) = By(h1h2)[9:9210y(h1h2)
= By (h1h2) (1] By (h1h2)[Goloy (ha)oy (h2)
= Py (h1)[G1)oy (7)) By (h2)[g2) oy (he)
=y(91)y(g2),
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as desired. 0

Next we look at morphisms between spaces of orderings and how semiorderings and
group extension constructions extend. In view of the preceding theorems, this gives an
analog of the theorems for extending valuations on a field F; to an extension field F,.

Recall that a morphism a: (X3, G2) = (X1, G1) between two spaces of orderings is
a mapping «: X; — X, such that for each g € G,, the composite function g o a: X,
— {—1,1} is an element of G;. In particular, & induces a group homomorphism g — goa
from G; to G, which we shall also denote by . Since a~'(H(g)) = H(go a) for
each g € G, such a mapping « is automatically continuous. There is a contravariant
equivalence of categories between spaces of orderings and reduced Witt rings, where it
is the mapping G, — G that is the starting point, giving a Witt ring homomorphism
W(Xl, Gl) - W(Xz,Gz) [22, p. 140].

As we saw in Section 2, using duality for the Z/2Z-vector space x(G), we have a one-
to-one correspondence between closed groups G with G C G C G and closed subgroups
K of Tr(X,G) given by

K—Gyg={geG|tlg)=1Vte K} and
G — Kz = {teTi(X,G) | t(g) =1Vg € G}.

This gives us all the ways of viewing (X, G) as a group extension, the smallest space of
orderings “under” (X, G) being (X,G).

REMARK 3.4. While the construction giving the largest group extension always works
in abstract spaces of orderings, it is not always reflected in valuations for fields. For
example, if F = Q(v2)((z))((y)), the finest real valuation comes from the place of F
into R with residue field Q(v/2) and the value group moduio 2 has 4 elements. But the
space of orderings is a fan with 8 orderings, so in the abstract one has a group H of
order 8. The general situation is obtained by working with a subgroup of the translation
group, and for this field example, that would be the elements of Tr(X, G) which fix the
class of v/2 modulo sums of squares.

LEMMA 3.5. Assume that the space of orderings (X,,G,) is a group extension

of (X1,G1) and that a: (X»,G2) — (X,,G)) is any morphism of spaces of orderings.
(1) The induced homomorphism o*: x(G2) — x(G,) carries the subgroup
Tr(X2, G) into the image of Tr(a(X2), Gila(xy)) € X(Gila(xz)) in x(G1).
In particular, if X, — X, is surjective, then composing with a carries

Tr(X2, G2) into Tr(X,, G,).

(2) Assume a: X, — X, is surjective. Then (X, G;) is a group extension of

a space (72, 62) and a induces a morphism from (X, G,) to (72,62).
PRrOOF: (1) Let to € Tr(X,, G,) be arbitrary. Let ¢{; = t2 0 @ € x(Gy). Since
t2 X2 = Xo, we obtain t; X; = X, as follows. Given z; € X, lift it to z, € Xs; since

https://doi.org/10.1017/50004972700035036 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700035036

[13] Abstract theory of semiorderings 237

tyzy € X3, the image t;z, lies in X,. Therefore, composing with o carries Tr( X3, G,) to
Tr(Xl, Gl)

(2) Let K, be the subgroup of Tr(X;,G,) corresponding to G, as above. Using (1),
we obtain a subgroup K> C Tr(X,, G,) as the inverse image of K. Let

G:={9€G:|t(9) =1, Vt € Kp}

and
X, =im(X; < x(G2) — x(Ga)).

Then (X,,G>) is a space of orderings and (X,,G3) is a group extension of it by a
slight generalisation of [23, Theorem 4.1.3]. We need to define a morphism @: (X, G>)
— (X1, G,), naturally induced by a. We have a homomorphism @: G; = G, 3 Ga.
We claim that the image lies in G,. Indeed, let t; € K>, and g, € im(@) with preimage
7 € Gi. Let t; be the image of t; in K;. Then t3(g;) = t:(g1) = 1, s0 g2 € G,. Thus we
have a homomorphism @: G; — G,. To obtam the corresponding mapping X, - X,
note that we have a mapping X — x(Gb) LN x(G,). From the commutative diagram

Xy —— X3 = x(G2)

.| -

X, — X1 = x(Gy)
we see that X, maps into X, as desired. 0

THEOREM 3.6. Letoa: (X,,G2) — (X3, G,) be any morphism of spaces of order-
ings, and assume that the subspace (X}, G}) of (X1, G\) is a group extension of (X,, G,).
Let X; = a~'(X]) and form the subspace (X3, G5) of (X3, G2) by setting G5 = Ga|x;.
Then (X}, G%) is a group extension of a space (X2, G2) and « induces a morphism from
(X1,G1) to (X2, G2).

PROOF: This is immediate from Lemma 3.5(2). 0

We next look at an abstract version of the old Artin-Schreier result on lifting an
ordering from a field to an extension field.

THEOREM 3.7. Let (Y3, G2) > (Y1,G;) be a morphism of spaces of semiorder-
ings. Then y; € Y; is in the image of a if and only if -1 ¢ Dy(a(g1),-..,a(g,)) for any
g; € Gy such that y1(g;) =1 foralli=1,...,n

Proor: This requires the usual Zorn’s lemma argument to construct y, € Y,
extending y;. By Zorn’s lemma, there exists a maximal subset A C G, such that
{a(g1),...,a(ga)} C A and —1 ¢ D(ay,...,q,) for all 7 > 0,a; € A. First note that
AU —-A = G,; otherwise, for b € Gy, not in AU —A, we have —1 € D(b,qa,,...,a,)
N D{-b,ay,...a,) for some a; € A, which is a contradiction since b and —b cannot both
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be negative. Define y;: G2 — {£1} by

+1, ifge A

Y2n9) = .
) =1_, ifgd A

For any a,b € A and ¢ € D{a,b), —1 € D(—c,a,b) [23, Theorem 2.2.6], so —c ¢ A, then
c € A. It follows that y, € Y; by Definition 1.2. 0

4. ABSTRACT PREORDERINGS AND COVERING NUMBERS

An abstract preordering is defined in [23, p. 33] as a proper subgroup T of G such
that a,b € T == D(a,b) C T. The set T is the kernel of G — G|s for some subspace
S C X and conversely any subspace gives a preordering. This set S will be denoted by

Xr={zeX|tz)=1, VteT}.
Any subset B C G generates a preordering, namely

{9€Glg=10n (H®)}.
beB

A special type of preordering is a fan, which can be defined by requiring that if z is
any character of G satisfying z(—1) = —1 and z(t) = 1 for all ¢t € T, then z € X [23,

Theorem 3.1.2]. This is equivalent to the associated Witt ring, W (Xr, G/T), being an
integral group ring. A few small examples are included in the chart in the appendix.

DEFINITION 4.1: For S CY, the set
T={geG|g-keryCkery, Vye S}

is the preordering covered by S. To see that it is indeed a preordering, observe that if
a,b € T, c € D(a,b), then for any h € kery, we have ch € D(ah,bh) so ch € kery.
Conversely, given any preordering T', a coverof T is a subset S C Y for which T is the
preordering covered by S. A cover of T always exists, since the space of semiorderings
for the subspace (X7, T) of (X, G), given by

{yeY |T kery C kery},

where T -kery = {gh | g € T, h € kery }, is always a cover of T. There are typically a
large number of different covers of T'. For a given preordering T', the minimal cardinality
for a cover S is called the covering number of T. Covering numbers were introduced in
[15] and studied further in [14].
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For fields, if the covering number equals 1, then there exists a nontrivial valuation
fully compatible with the preordering. More generally, the covering number can be related
to other invariants of a reduced Witt ring. Roughly speaking, it varies directly with the
chain length and inversely with the stability index. A definition of chain length can be
given in terms of the Harrison subbasis for an abstract space of orderings (X, G) [23,
Section 4.2): cl(T) is the supremum of all integers k for which there exists a chain

H(ao)QH(al)g---gH(ak) ax € G.

The stability indez is defined as the maximum integer n such that there exists a fan
T C G with | Xr| = 2™ (or oo if no finite maximum exists) [23, p. 47]. The next theorem
makes the connection between the invariants more precise. We shall return to the issue
of invariants in Section 5

THEOREM 4.2. Let Xr be a space of orderings of cardinality n. Let r < log,n
be the stability index.
n, ifr=1
n—2"+1, ifr#1l
(2) on(T) < cl(X7).

(3) The minimum values of covering number are

(1) (D)<

, ifn=1
, ifn=2%-2 for somes > 2

if n is even, not of the previous form

ifn=2%—1 for some s > 2

(1

2
cn(T)=<1
3

n2

, ifn is odd, not of the previous form

All bounds in this theorem are best possible.

PROOF: We prove the theorem using recursion for reduced Witt rings of finite chain
length. (1) and (2) are clear if r = 0 (|X7| = 1) or r = 1 (X7 is SAP). In particular,
the inequalities hold when | Xr| £ 3. For a sum of spaces X, X’ with stability indexes
r,7', the covering numbers add by {14, Proposition 3.5], the chain length adds, and the
stability index for the resulting space of orderings is max(r, '); thus (1) and (2) hold for
the sum. If the formulas hold for (X,G) and (X,G) is an extension of (X, G) by Z,,
then the chain length is unchanged, the stability index increases by 1 and the covering
number c is halved if c is even, and becomes [c/2] in general. Hence (2) is obvious and,
assuming that ¢ £ n — 2" + 1, we obtain

[g] Sc<n—-2+1<m -2 41,
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The fact that these bounds are best possible comes from the fact that for SAP spaces,
covering number equals | X| equals chain length, and for fans, both sides of (1) are equal
to 1 since n =27,

(3) is clear for n = 1 and n = 2. Take a space of cardinality n > 2 and assume the
formula holds for all smaller spaces. If n is odd, the space must have the form of a sum
of a one point space with a space of cardinality n — 1, so we are done by the induction
hypothesis in this case. Now assume that n is even. Since covering numbers increase
with sum and decrease with group extension, the minimum value must be achieved by
taking a group extension of a space of cardinality n/2, for which the covering number is
minimal. The formula [¢/2] for the resulting covering number, along with the induction
hypothesis, now gives the claimed numbers for the minimum. 0

Note that this proof gives a construction for spaces with minimal covering number.
Of particular interest are the numbers of the form 2° -2, 2° -1, s = 2,3,4, ... for which
the minimum covering numbers are the largest. As seen in the proof, the spaces are
created by alternately adding a point and forming a group extension.

We shall write T'[g] for the preordering generated by T'U {g}; that is, the set

{heG|h=1on Xrn H(g)}.

There is a preordering associated with any semiordering, namely the preordering
covered by it. For a fixed semiordering y € Y, we write

T,={9€G|g keryC kery}.

This preordering, of course, has covering number one and such preorderings have a special
role in quadratic form theory, as shown in [14].

We wish to see how to compute T, particularly in terms of Theorem 3.2. We assume
that (Y, G) is a space of semiorderings for (X, G).

PROPOSITION 4.3. Lety €Y bea proper semiordering.

(2) Assume there exist g1,92 € G with y(g1) = y(92) = —y(9192) = 1. Then
there exist four orderings z; € X, i = 1,2, 3,4, with

T,CT={9€G|zi(g)=1,i=1,23,4}

and such that the four orderings are distinguished by the signs of g;, g.
Furthermore T is a fan.

(3) An ordering z lies in Xr, if and only if for any g with —z(g,) = y(g1) = 1,
there exists g € kery with y(g1g2) = —1.

PROOF: (1) Since g1, —g1 ¢ Ty, the set T,[g1] is again a preordering. Furthermore,
the conditions on y imply that g2, —g> & Ty[g], so that Ty[g:, g2] is also a preordering.
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By Zorn’s lemma, there is an ordering z; positive on all elements of T, [g1, g2]. Now apply
Zorn’s lemma again to obtain a maximal preordering T such that T, C T C ker z; and
T does not contain any of +g;, £gs, £¢19.. Then z, and the other three orderings in X1
clearly fulfill the conditions of the theorem.

(2) (=) Since z(g1) = —1 implies that g, ¢ T}, we know that g, kery € kery. That
is, there exists g, € kery such that g, g, ¢ kery.

(<) Given g1 € Ty, if y(g;) = 1 we are done. If not, then by hypothesis, there
exists g, € kery such that y(g1g2) = —1, contradicting the fact that g, € T},. 0

Using this proposition, we can now give a computation of the orderings containing
T, in terms of the representation of semiorderings found in Theorem 3.2. We require one
further piece of terminology. Given a subset X' of X, the saturation of X' is defined to
be

X' = {a: €X|z(g)=1forallge ﬂ kerz’}.
'ex

If X’ is equal to its saturation, we say X' is saturated (17, Definition 1.7]. The need for
this in the next theorem comes from the fact that if three orderings in X’ are in X7 for
some fan T with |X1| = 4, then the fourth ordering is in the saturation of X’. Indeed,
if X’ is clopen, all additional elements of the saturation occur in this way {23, Theorem
4.3.4 and Note 4, p. 126].

THEOREM 4.4. Lety €Y correspond to the pair (o,'B) in Theorem 3.2. The or-
derings in X7, are precisely those orderings given by pairs (09, o) satisfying the following
condition:

If y(gh) = 1 and Py(h)[g] = —0oo(h), then there exist

4.1 —
(.1) 9 € G and h' € H, such that y(g'h') = 1 and y(gg'hh’) = —1.

Furthermore, we have

(4.2) T,NG = ﬂ Teyny,
heH

and Py is a constant mapping onto some ordering in the saturation of the set |J YTm(h).
heH
Moreover, given any such ordering T in X, if we define Py to be the constant map onto

Z, then there exists a character og: H — {%1} such that the ordering (o9, Py) lies in
Xr,.

12
PRrooOF: The main part of the theorem is just a restatement of Proposition 4.3(2).
To prove equation (4.2), first assume that g € T,NG. Let h € H, P(h)[g] = 1. We
must show that P(h)[gF] = 1. From Theorem 3.2 we have

y(@h) = B(h)[gla(h) = o(h).
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And by definition of T, we have
y(g'h) = y(gg'h) = B(h)[57lo(h),

from which we obtain PB(h)[gg] = 1, hence § € Tpn). Conversely, assume that
7€ () Typn). Let gh' € kery. Then
heH

y(@g'h) = B(A)[gge(h) = B(A)[Fo(r) = y(@H) =1.
Since this works for all elements of ker y, we have g € T,,.
Now consider any ordering z € Ty, corresponding to the pair (og, Pp). Let T denote

the constant value of Py. Since z is positive on T}, condition (4.1) implies that T contains
the preordering () Ty This implies the conclusion by the definition of saturation.
heH

Finally, given any 7 in this saturation, with B: H — X defined as the constant
mapping onto Z, we need to define a corresponding op satisfying oo(h) = Bo(h)[g], when
gh € Ty; for H' equal to a complementary subgroup of H to { h € H | (35 € G) gh € T, },
choose a Z/Z,-basis of H', define o, arbitrarily on this basis and extend it by linearity.
If oy is well-defined (that is, independent of the choice of g), we shall be done by (4.1).
Assume that gh, §h € T,. Then the product

ghoh =779 € Tyn—67= m Tipn)-

heH
By the choice of P, we have Po(h)[gg’] = 1; but since T = Po(h) is an ordering, this
equals Po(h)[F)Bo(h)[7], so that Po(h)[F] = Po(h)[7'], thus o, is well-defined. 0

Condition (4.1) is little more than a complicated restatement of the fact that an

ordering in X contains 7. But it does provide an interesting perspective. It could
also be written as saying that if (oo, Bo) € X7,, then for g = gh € T,, we must have
oo(h) = Po(h)[g]. By the general lifting result, Theorem 3.2, this condition on 0y is not
needed if X7, = X, as all choices of the character oo work. But this is not true in general
as the next example shows. As in the previous proof, we see that og can be arbitrarily
defined on basis elements for the subgroup of H not involved in T, (that is, h; below, but
not hy). The example also shows the effect of the extension group not having a canonical
embedding in G.
EXAMPLE 4.5. We work with the example from the appendix with |X| = 12 and |Y]
= 648. This can be viewed as a group extension by a group H = {1, hy, hy, hiho} of a
three point space X = Y = {%,, 72,3}, with group G = {£1, £5,,%7,,+7,7,}, where
we may choose g; to be positive on g; (¢ = 1,2) and negative on the other two orderings.
In this space (X, GH), we let T be the fan {1, —g, k2, ~,72, §2h2}. One can easily check
that T is covered by the semiordering y where

kery = {1’ glv _§21 —_§1§2’ hl: —glh'l: §2hl’ _§1§2h1)
= ha, =31 k2, Goh2, 15,02, 12, —Gihiha, Gohiha, —G1G2h1he}.
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This semiordering is expressed in terms of Theorem 3.2 as

B: 1T, h =Ty, ha Ty, MHhao— 7,
o:1=1, hy— 1, hg— -1, hihy— 1.
The four orderings associated with T are given by
B=7; o:hi—1 ho— —1
P=7,; o:hi—= -1, hg— -1
B =7,; o:hi—1, ho— 1
B =7, o:hi— =1, hy— 1,

where o is a character determined by its values on h;, hs, as required for an ordering.

There are always many different semiorderings that could be used to cover a preorder-
ing; in this case, there are four choices for y. A different choice (where g, < 0, g, > 0)
will make 0 = 1. But there are fans where this choice of ¢ cannot be obtained. The
choice of H is not canonical. If H is replaced by {1,§,h1, —G,h2, —h1h2}, then T can be
written as (T NG) x (T N H).
ExAMPLE 4.6. For a preordering with covering number 1, it would be nice to be able
to find all of the semiorderings which cover it. In principle, Theorem 4.4 can be used
for this, though it can be quite complicated for large spaces. There are cases where it is
quite feasible, however, and we use the space of Example 4.5 to demonstrate this. We
want to describe an arbitrary semiordering (o, 8) covering the space. By (3.1), we view
the space Y as

{o: H— {£1}|o(1) =1} x {P: H—)?}

which has cardinality 23 - 3% = 648 since H = Z, x Z,. In this case, X =Y is SAP, so all
subsets are saturated and there are no proper semiorderings. It follows that the image
of P must be all of X since each 3; € X has liftings in X7, = X. There are 36 ways to
map H onto X. In our case, there is no restriction on ¢ and all 8 choices work; this is
because there is no proper subspace with covering number 1 having a residue space with
3 elements. It follows that there are 8 - 36 = 288 semiorderings which cover the space,
and we know exactly how to construct them.

For a fan, there is an easy way to write down a specific semiordering which covers
it {21, Proposition 14.12]. We are able to extend that result to any preordering with
covering number one.

LEMMA 4.7. Let (Y,G) be a space of semiorderings associated with (X,G). Let
y1,y2 € Y. If there exists g € G such that gkery, = kery,, then T,,, = T,.

PROOF: Assume that gker y; = ker y,. This means that g kery, = g® kery, = ker y,
also. Let t € T,,, so that tkery; = kery;. For any h € kery;, we have

t(gh) = g(th) € gkery; = kery, .
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Since gh represents an arbitrary element of kery,, we obtain t & kerys, so that
Tyl = Tyz' O

Let T be a preordering with covering number one and |X7| > 1. Then (Xr,Gr)
must be a group extension of a space of orderings (X, G) by the group H = Tr(Xr,Gr)
with |H| > cn X by [14, Proposition 3.5]. We shall distinguish two cases, depending
oncnX. If en X = 1, then actually |X| = 1, since otherwise (X,G) would be a proper
group extension and H would not actually equal Tr(X7, Gr). The case where |X| = 1is
the known fan case mentioned above.

THEOREM 4.8. LetT be a preordering with covering number one and | Xr| > 1.
Let H and (X,G) be as above. Let C = {y;,y5,73, .- .} be a minimal covering for X .
(1) IfenX =1, let z € X and define y: G — {£1} by

(4.3) kery={1}U{-h|he H}.

(2) IfenX > 1, for each h € H, h # 1, assign an element y, # y, in C so
that all elements of C are used, including y, assigned to 1 € H. Define
y: G = {1} by

(4.4) kery = kery;, U U —hkery, .
1#heH

Then y is a semiordering covering T.

Proor: (1) For our abstract setting, T = {1} and X = x(H). Thus one choice for
an ordering in X is defined by

kerz = {(1,h) |h€e H} C {1} x H.

With this notation, our expression in (4.3) is just a translation of {21, Proposition 14.12].

(2) We first check that y is a semiordering. Notice first that the sets in the union
defining y are all disjoint since they lie in different cosets of Gr/G. Thus the only part
of condition (1.1) of the definition that is not obvious is closure under addition, and this
follows from Lemma 3.1 and the fact that each y, is a semiordering.

A Zorn’s lemma argument shows that the intersection of all kernels of semiorderings
in Yr is precisely equal to T (see, for example [25, Corollary 1.14]). From the definition
of group extension, these elements must all lie in G, and so we actually have

(4.5) T = n T, -
heH
Clearly T - ker y C kery. Finally, assume that gkery C kery. In particular, g € kery, so

lies in one of the subsets of the union. Assume first that g € kery,. Certainly, we must
have gkery, C kery,,so g € T,,,. For any h# 1, h € H, we must have

g(—hkerys) = —h(gkerys) C ~hkerys,
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which implies that gkery, C keryy; that is g € T,,. By (4.5), we obtain g € T. It
remains to consider the case where ¢ = —hg, for some g, € kery,. Then g kery
= ~h - (grnkery;) C kery implies that g, kery, = kery,. But this contradicts Lemma
3.10, as our choice of the semiorderings was such that they form a minimal covering of
X, and thus must have different associated preorderings. 0

5. COMPUTATIONS FOR SMALL SPACES OF ORDERINGS

Group extension together with direct sum gives all the finitely generated spaces
of orderings, and hence of semiorderings using the construction of Definition 1.2. This
allows one to do the combinatorial sort of work found in [8] and Merzel [24] for spaces of
orderings. The tree structure described in [8] defines the finite spaces of semiorderings
as well as spaces of orderings. In this section we take a brief look at the power of some
of the new invariants obtained from semiorderings in characterising reduced Witt rings
(or equivalently, spaces of orderings). The pair of invariants | X| and |Y| are surprisingly
powerful for just two numbers in determining finitely generated rings W (X, G).

PROPOSITION 5.1. For |X| < 12, the space of orderings (X,G) is completely
determined by the two numbers |X| and |Y|. For |X| = 12, of the 16 different rings,
there are two with |Y| = 24 and two with |Y| = 36.

ProoF: This is simply a matter of computation. The rings with (]X|,|Y])
= (12,24) are Z%w] x Z[z] x Z[y] x Z[2] and (Z[av,y])a1 and the rings with (|X|,|Y])
= (12,36) are (2%z])” and Z[v] x Z[w] x (Z[z] x Z[y])[2).

At 18 orderings, one first finds two Witt rings with the same |X|,|Y], |G| and sta-
bility index but different covering number and chain length. The four examples of the
Proposition are distinguished by covering numbers, which are 8, 3, 4 and 6, respectively.
For | X| < 24, the set of invariants | X|, |Y|, |G|, covering number, chain length, stability
index and number of components completely determine the space of orderings. The power
of |Y] is seen with |X| = 24, where there are seven spaces of orderings with |G| = 13,
covering number 5, chain length 10, stability index 3, and having exactly 2 components.
These are distinguished by |Y| = 256, 260, 272, 292, 320, 356 and 400. There also exist two
spaces with 24 orderings for which all seven invariants are identical: |X| = 24, |Y| = 108,
|G| = 2%, ¢n =7, cl = 12, stability index is 2 and having 3 components. These are the
spaces with Witt rings

(5.1) (Z°(z)’ x 2’ly] and  (Z%x))® x Z°[y]

It is easy to make up artificial invariants to distinguish particular spaces of orderings, but
there is little one can do in general. Notice that all of the standard invariants mentioned
above, with the exceptions of stability index and |G|, have the property that for sums
of spaces of orderings, they add the corresponding invariants. This limits their ability to
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distinguish spaces of orderings. Furthermore, stability index is a very weak invariant and
|G| can be replaced by log, |G| which is additive.

THEOREM 5.2. No finite collection of rational invariants which are additive over
sums of spaces of orderings can distinguish all spaces of orderings.

PROOF: Assume there are n invariants. Without loss of generality, we may assume
that they are not all zero on the one point space. For the purposes of this proof, let
F; denote a fan with 27 orderings. Let A;; be the value of the ith invariant on the fan
Fj, j = 1,2,.... We construct two spaces with all n invariants identical. As our first
approximation to the construction, consider a space which is a sum of F,;; and some (to
be determined) number of copies of Fj. For the other space, we take sums of copies of
F;, j = 2,...n. We will have our examples if we can solve the system of linear equations

A1,n+x A1,2 oo Arn —Al,l zy

An,n+l An,2 An,n _An,l Tn

If the given matrix is nonsingular, that is, if the invariants are linearly independent for
fans of stability index at most n, we obtain rational solutions. If the common denominator
m of those solutions is not one, we use m copies of the fan F,, and all of our solutions
become integers. If any happen to be negative, the corresponding fans are moved to the
other space of orderings. Now, if the invariants are dependent for fans of stability index
up to and including n+1, we can just eliminate the dependent ones and use the argument
above on the reduced list of invariants. We are left with the situation in which the n

invariants become independent only when we include Ag 41, £ =1,...,n. But then the
matrix

Az oo Ain Apn —An

An,2 e An,n An,n+1 _An,l

has rank n and one of the first n — 1 columns can be eliminated to make the resulting
square matrix nonsingular. In this case, our starting point for the two spaces of orderings
will be the sum of the fan F, ., with z, two point spaces F} and the sum of the remaining
fans determined by the remaining first n — 1 columns in the resulting n x n matrix. Then
modify the spaces as above for rational or negative solutions. 0

It may happen that one can construct integral invariants recursively that do distin-
guish all finite spaces of orderings. For example, they might be based on using products
instead of sums for combining the invariants of the components. But these are not prac-
tical in that they tend to grow very rapidly. Something of a compromise is found in an
invariant introduced in [12, Section 5]. For a formally real pythagorean field F', one can
show that the space of orderings is determined by ®(Jr), the Frattini subgroup of an
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involution subgroup (see {12, Section 2]) of a certain Galois extension of F. Using Galois
cohomology, one can compute the number

g/ @(0r)| = (7 ) - dimz, H(Gal(F(2)/ ), 2),

where m = log, |F/F?| [12, Theorem 5.5). This is shown to be an invariant of the space
of orderings, not depending on which field F gives that space. We write ¢(X, G) for the
value of logzl‘b(ﬂp)|, where X = Xr and G = F/F?. For our purposes here, all we need
to know about the invariant is how to compute it recursively, and this follows from [12,
Proposition 5.3).

PropPosITION 5.3.
(1) If X is the one point space, then (X, {£1}) =0.
(2) If(X,G) is the sum of two spaces of orderings (X,,G,)} and (X,, G2), then

9(X,G) = p(X1,G1) + ¢(X2, G2) + (log, |G1}) (log, |G2]).
(3) If(X,G) is a group extension of (X,G) by Zj, then
¢(X,G) = p(X,G) + 1.

Even though this invariant is independent. of the other invariants above, it has the
problem that it does not do well at distinguishing spaces of low stability index. Indeed,
it has the value 96 for both of the rings in (5.1).

6. APPENDIX

We give a list of all spaces of orderings, with accompanying information, for spaces
with |X| < 12. These have been computer generated and are available up to | X| = 24;
the total number of distinct (X,G) for each |X| is computed in [8], where it is also
pointed out that it suffices to list the even numbers. The construction is done in (7],
where it is proved that each space (X, G) for |X| odd occurs by taking a space with one
less point, adding a single point to the space and another square class to G; the associated
Y increases by one point, the covering number increases by 1 and the ring W(X,G) is
obtained as a product with a copy of Z; the product here is in the category of Witt rings
and an explicit construction is given in [7].
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|X| | log, |Gl | Y] W(X,G) covering no. | Comment
1 1 1 Z 1 SAP, Fan
2 2 2 z? 2 SAP, Fan
4 4 4 z! 4 SAP
4 3 8 Z[z,y] 1 Fan
6 6 6 VAS 6 SAP
6 5 10 Z[z,y] x 22 3

6 14 |18 2%z )

8 8 8 z8 8 SAP
8 7 | 12 Z[z,y] x Z° 5

8 6 | 16 (Z[z, y])? 2

8 6 | 20 Z3[z] x 22 4

8 5 | 32 Z%[z] 2

8 4 128 Z[z,y, 2] 1 Fan
10 10 10 VA 10 SAP
10| 9 14 Z[z, y] x Z° 7

10 8 18 (2]z, y])? x Z* 4

10 8 22 Z%z] x Z* 6

10 7 26 Z3[z] x Z[y, 2] 3

10| 7 | 34 2(z] x 22 1

10| 6 |50 Z%z] 3

10 6 130 Z[z,y, 2] x Z* 3

10 5 162 (Z x Z[z,y])[2] 1

12 12 12 z'? 12 SAP
12| 11 | 16 Z[z,y] x Z° 9

12| 10 | 20| (Z[zy])’ =2 6

12| 10 | 24 Zz] x Z° 8

12 9 24 (Z[z,y])? 3

12 9 28 | Z% xz[y,z] x 2 5

12| 9 |36 Z%[z] x Z* 6

12 8 36 (Z3[z])? 4

12 8 40 Z%[z] x Zly, 2] 3

12| 8 |52 Z3(z] x 22 5

12| 7 | 2 Z%[z] 3

12 8 132 Z[z,y,2) x 2} 5

12 7 136 | Zz,y, 2] X Z[v, u| 2

12| 7 | 164 | (Z[z,y] x Z)[z] x 22 3

12 6 200 | (Z[z,y] x Z%)|7] 2

12 5 648 Z3(z, y] 1
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