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Statistical characteristics for the strain-dependent density
and the spatial position for deformation-induced cracks

in columnar-grain ice
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ABSTRACT. Observations on the spatial distribution and on the strain dependence of
the crack density are given for cracks formed during compressive, unidirectional, constant-
strain-rate deform~tion of column~r-grain ice. Sp~fim~~s, in th~~~1in-sizec;ange of a~out
2 9 mm, were stramed at the nommal rates of 10 . ,10 and 10 . s at 10 C. The aXIsof
hexagonal crystallographic symmetry of each specimen grain tended to be in the plane
perpendicular to the long direction of the grains and to have a random orientation in that
plane. For stress applied perpendicular to the long direction of the grains, the deformation
was practically two-dimensional. It was found that the log-normal distribution function
provided a good approximation to the strain dependence of the crack density. Statistical
characteristics of the distribution had a maximum in the same range of strain rate as found
for the strength of columnar-grain ice. Analysis of tbe spatial distribution of the cracks in-
dicated some deviation from randomness for specimens of grain-size less than 5 mm and
total strain less than 50 x 10-4

. The observations provide further evidence that crack for-
mation under the experimental conditions is a random process.

1. INTRODUCTION

In Gold (1997),information was given on the statistical char-
acteristics for the type and length of deformation-induced
cracks in columnar-grain ice. This paper presents similar
information for the strain dependence of the crack density
and the spatial distribution of the cracks for the same crack
populations. The two papers arc part of the record of a study
of the dependence of the statistical characteristics of grain-
boundary and trans crystalline cracks on strain rate, grain-
size and temperature, carried out when the author was a
Visiting Scientist at the Institute for Marine Dynamics of
the National Research Council of Canada in St John's,
J'\ewfoundland.

There is considerable interest in the strength of ice and the
factors that control it, particularly with reference to engin-
eering problems such as the prediction of ice forces on off-
shore structures (Sanderson, 1988;Daley, 1992;Arunachalam
and Muggeridge, 1993).Damage to the ice due to such forces
is known to be one of the stages of failure (Frcdcrking and
others, 1990; Riska and others, 1990; Cole, 1991;Stone and
others, 1997).Attempts have been made to take into account
the effect of damage on the rheological behavior of ice (e.g.
Sinha, 1988, 1991a,b; Jordaan and Xiao, 1992; Kalifa and
others, 1992;Meany and others, 1996;Xiao and.Jordaan, 1996).

Attention has bccn given to possible mechanisms of for-
mation of cracks in ice (Gold, 1972a,b; Cole, 1988; Kalifa
and others, 1989, 1991;Frost and Gupta, 1993; Frost and
Smith, 1993;Picu and Gupta, 1995;Elvin and Sunder, 1996;
Weiss and others, 1996). Little attention has been given,
however, to the characteristics of the crack populations that
are induced. Gold (1972a,b, 1997)showed that such popula-
tions, produced by a uniaxial constant load perpendicular
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to the long direction of the columns of columnar-grain ice,
have statistical characteristics tbat depend on the stress,
strain, strain rate, grain-size and temperature. Kalifa and
others (1989) showed that the ratio of grain-boundary to
transcrystalline cracks for granular ice depend on the strain
rate. Kalifa and others (1991)found a temperature and
grain-size dependence of the stress and strain for the initia-
tion of the first crack in granular ice, similar to that found
by Gold and others (1993) for columnar-grain ice. Cole
(1986) gives information on the dependence of the crack
length on grain-size for granular ice, and the distribution
in crack lengths for the induced population. The present
paper provides additional evidence that, for some relatively
common situations of ice slructure and applied forces, crack
initiation can be assumed to be a random process, resulting
in grain-boundary and transcrystalline crack populations
with well-defined statistical characteristics.

A purely statistical study of the stress, strain, strain rate,
grain-size, ice structure and temperature dependence of
crack populations should not be expected to yield funda-
mental information on the mechanisms of initiation ofindi-
vidual cracks. 'Veil-defined statistical characteristics for
these populations, however, can yield useful insight into
the general nature of the mechanisms and their dependence
on the above variables. Also, knowledge of the statistical
characteristics can provide a connection between the
micro-scale of crack initiation and the macro-scale of speci-
men or ice-cover failure.

2. NATURE OF THE INVESTIGATION

The method of preparing the ice and specimens, measuring
the strain and grain-size and observing the cracks after each
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test IS given 1Il Gold (1997). Specimens were 200 mm x
90 mm x 30 mm, with the long direction of the columnar
grains perpendicular to the 200 mm x 90 mm face. The axis
of hexagonal symmetry of each grain tended to lie in the
plane perpendicular to the long direction of the columnar
gTains and to have a random direction in that plane. A uni-
axial compressive stress was applied to the 90 mm x 30 mm
end faces, perpendicular to the long direction of the grains,
at a constant rate of cross-head displacement by a servo-
controlled hydraulic actuator. The specimens were strained
at the nominal rates of 1O-~,10-1 and 10-'';s-1, corresponding
to average measured values of 7.0 x 10-\ 7.6 x 10-'; and
7.8 x IO-G s- t, respectively. Strain rates were almost constant
over the strain range of 1.4 x 10-+ to the maximum imposed
during a test for the nominal rates of 10-3 and 10 +S I. Some
plastic strain was observed at the nominal rate of 10-5 s-I.
Two experiments were carried out at the nominal rate of
10-2 s-I (6.7 X 10-3 s I ), but these were at the limit of the
strain- and crack-recording systems. lests were conducted
at -5°, -10°, -200 and -30°C; only observations at -10°C
are presented in this paper.

Strains were measured with two electrical extensometers,
one mounted on each edge of the specimen, and were
recorded on a computer at a rate that depended on the nom-
inal strain rate. Strains used in the analyses are the average of
these two measurements. The maximum stress applied to the
specimens was limited in each case to about 00% of the fail-
ure stress that would be expected for the conditions of the
test, i.e. to 3-.'} MPa, depending on the nominal strain rate.
The corresponding maximum strains were between 6 x 10-+
and 9 x 10-+.A video camera, mounted in front of the speci-
mens and recording at a rate of 30 frames s t, monitored the
formation of the cracks. The formation of a crack ,vas abrupt
and easily detected by the reflection of light from two lamps,
one on each side of the specimen. A light appeared in the
video record at the instant a test was started. This allowed
the strain and crack records to be synchronized to within
one-30th of a second.

Becausc of the random crystallographic orientation of
each grain, the columnar-grain structure, the anisotropy in
the resistance to viscous shear for single-crystal ice and the
direction of the stress relative to the long direction of the
grains, the initial deformation was, effectively, two-dimen-
sional; the strain in the long direction of the grains was
much smaller than in the plane perpendicular to that direc-
tion. The problem, therefore, was one of cracks forming
under two-dimensional deformation rather than three-
dimensional, as would be the case for a granular structure.

The cracks were long and narrow, with their long direc-
tion in the long direction of the grains and their plane tend-
ing to be parallel to the applied compressive stress. There
was no visual evidence of their increasing in size for strain
rates greater than 10-5 s-1 and stress less than 60% of the
yield or failure values. A few cases of enlargement were
observed in the video record for the average strain rate of
7.8 x 10 6 S I. All information for the analysis presented in
this paper was obtained from the video and strain records.
It was not possible, unfortunately, to differentiate between
grain-boundary and transcrystalline cracks during a test.

A statistical analysis of the length of grain-boundary and
transcrystalline cracks in the plane perpendicular to the
long direction of the columnar grains (Gold, 1997) indicated
that the formation of cracks under the conditions of the tests
was a random process. This paper presents additional in-
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formation from the same work on this possible random beha-
vior. In the next section, evidence is presented for the
statistical nature of the strain dependence of the crack den-
sity (cracks m The assumption of random behavior for the
spatial distribution of the cracks is considered in section 4.

3. STRAIN DEPENDENCE OF THE CRACK
DENSITY

In an earlier study of the statistical characteristics of cracks
formed during uniaxial creep, observations on the strain de-
pcndencc of the crack density were made for applied stresses
of 0.6, 0.8, 1.0, 1.2, 1.6, 1.8 and 2.0 :YIPa at a temperature of
-9.5°C. The average grain-size was about 3 mm. Some of
this work was reported in Gold (1972a, b). An approach by
Weibull (19.51)was used in that study to determine a prob-
ability distribution function for the dependence of the crack
density on stress and strain that was in reasonable agree-
ment with the observations.

One goal of a statistical study can be to find the simplest
probability-distribution function that is a satisfactory des-
cription of the data. In the present study, it was found that
the log-normal distribution appeared to be a better descrip-
tion than that based on the approach of Weibull for both the
constant-strain-rate tests and the earlier constant-load tests.
This distribution was used, therefore, to describe the statis-
tical dependence of the crack density on strain for both con-
ditions. In order to fit the distribution to the observations,
however, it was necessary to determine or estimate the max-
imum crack density, No, that would develop if the random
crack-forming process was not interrupted by tertiary creep
or failure. For the creep tests, No could be estimated from the
observations for stress less than 1.2 lVfPa as the rate of crack
formation tended to zero during the secondary creep stage.

The observations of the strain dependence of the number
of cracks formed in a 6 cm x 10cm central area of each speci-
men for the creep tests were combined for each constant-
stress condition. Cracks formed during the loading of the
specimen if the stress was about 0.8 MPa or greater. These
cracks were usually small and at grain boundaries. The num-
ber of grain-boundary plus transcrystalline cracks, minus
the cracks formed on loading, were plotted against strain on
a log-normal probability coordinate system using the com-
puter program KaleidaGraph. The ordinate of the plot was
n(f)jNo, expressed as per cent, where n(f) is the crack den-
sity (m -2) at strain E. The value for No was varied until a
maximum was found [or the correlation coefficient for an ex-
ponential curve fit to the observations. For those cases for
which the random process of crack formation was inter-
rupted by tertiary creep, the exponential curve fit was
applied over the range of strain for which the observations
indicated that tertiary creep had not yet been initiated.

The curve fit gave an equation of the form:

n(E) InE-lnEo
norrn-- = ----= Z. (1)

lVO s

If the correlation coefficient is sufficiently large, EOcan be
taken as the logarithmic mean of the log-normal distribution
approximation for the observations, with s the standard devi-
ation. A table for the standard normal distribution function
(see, e.g., Kempthorne and Folks, 1971)can be used to deter-
mine n (f) j 1Vofor given values of Z.

Table 1presents, for the creep tests, EO,s, estimated value
[or No and the range of strain rate associated with the range
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'Table1. ConstantsJor the strain dependence qfthe exponential
curve .fit to the log-normal prohahili~v distribution .for the
crack densiryfoundJor the creep experiments

0.6 0.06 0.15 0.0615 30.38 0.62 0.9967
0.8 0.17 -0.38 0.,190 31.03 0.87 0.9963
1.0 0.33 -0.70 1.50 30.33 0.97 0.9990
1.2 0.7.')- 2.50 4.05 55.72 1.17 0.9996
1.6 1.67 - 14.70 6.5 .'12.8 1.24 0.9995
1.8 1.'17-5.83 25 91.56 1.16 0.9999
2.0 2.0 -15.7 23 40.23 0.91 0.9999

./'oote5: The equation for the exponential curve fit is given by
norm [n(f)jNo]= (Inf-Info)j.s=Z, where fO is the logaritbmic
1l1eanofLhe distribution, s is the standard deviatioIl, JVo is the rnaxirnum
crack density and R is the correlation coefficient. The range in strain rate
" corresponds to the range in strain in which the formation of cracks was
observed; average grain-size "":, mm; temperature -9 ..'/C.

Range inRRange in s

·1 X 1O-4m-2 X 104

2<d<4mm
10" 10-14 9.9~10.9 0.38-0.39 0.9985
10-4 5 9.1 0.46 0.9996
10 5 20-40 48.1-87.1 1.20 1.31 0.9969'0.9976

4<d<6mm
10-3 10-20 10.4-13 0.45-0.49 0.9955-0.9959
10-5 15-20 27-35 1.14 1.19 0.9970 0.9974

d>6mm
HF3 !l)-20 13.2-18.7 O.67-{).74 0.99fi4-0.997
10 4 3 6.0 0.52 0.9998
10-5 16-24 18.5-27.7 1.17-1.27 0.9997-0.9998

Nominat strain Range in No Range in £0

rate

'Table2. Constants for the strain dependence of the exponential
curve fit to the log-normal probabiliry distribution for the
crack densi~vfound for the constant-strain-rate experiments

in the crack populations induced under the conditions of the
experiments (crack length -::::;0.2mm; Gold, 1997).

For nominal strain rates greater than about 10 ;,s I, it
would be expected that the ice would fail in a brittle manner.
The applied stress for each experiment was limiled to 60%
of the expected failure stress, so that the random process of
formation of cracks would not be interrupted by failure, and
the crack density would be sufficiently small not to mask the
formation of cracks. The range of strain over which the crack
observations were made, therefore, was a small fraclion of
the hypothetical range that would be expected to be asso-
ciated with No. This caused a problem for the analysis, as
the observations defined only the tail of the distributions.

The observations were grouped for each nominal strain
rate in the average grain-size ranges of 2· 4, 4-6 and 6 mm
to the maximum value for the tests. Again, n( E) / No, in per
cent, was plotted against strain on a log-normal probability
coordinate system using KaleidaGraph. It was found that as
No was increased, the correlation coefficient rose rapidly to
a value greater than 0.99 and continued to increase very
slowly with increase in No, except for the nominal rate of
10-4 s-\ [or which maximum values were found. Table 2
gives EO, s, the value or range in values [or No and the
corresponding correlation coefficients for the equation for
the exponential fit to each set of observations [or the three

. ..
ranges In gram-sIze.

It was found that if the first one or two cracks were
included on the plot as specific data points for the analysis,

N =25x104m·2
o

rn

No X 10-1 Co X 101

-fr- cr= 1.8 MPa,

--B-- cr= 0.8 MPa, No = 4900 m'2

Range in t

x106, I

.1

Stress

!'vip.'\.

99.99

99.9

99

95
90

~ 80~ 70

0 50
Z--W 30
C 20

10
5

in strain for the analysis. The value of No for stress up to
1.2MPa was found to agree closely with the value expected
from the observations. Figure I is an example of the expo-
nential curve fit giving a maximum for the correlation coef-
ficient for tests carried out under creep stresses of 0.8 and
1.8~IPa. In the case of the tests for the stress of 1.8MPa,
the range of strain is 0-20 X 10-4 because of the development
of tertiary creep at larger strains.

.01
10"

Strain

Fig. 1. Log -normal probabiliry plot Jor cracksformed in creep
experiments Jor the stresses, (J", of 0.8 and 1.8lVIPa (see 'Table
1). Average grain-size -::::;3 mm; temperature -9.5° C.

JVotes: The equation for the exponential curve fit is g-iven by
norm [n(f)j1Vo] = (In f -lnfo)j8 = Z, where (0 is the logarithmic
mean or the distribution, s is the standard deviation and No is the max-
imum crack density. The range in No, to and 8 corresponds to the value
or range in value of the correlation coefficient, R; d is the average grain-
size; temperature 100e.

For the constant-strain-rate tests, the dependence of the
crack density on strain for a central 6 cm x 8 cm area of obser-
vation was determined for each test from the synchronized
video and strain records. The video record was viewed frame
by frame at a magnification of about 1.2 on a screen that was
about 30 cm square. For this magnification, and by moving
baek and forth between frames if necessary, it was relatively
easy to determine to within one-30th of a second the time of
appearance of a bright spot that indicated the formation of a
crack. This was found to be the case down to the smallest crack

this could result in a lower maximum correlation coeffi-
cient. Therefore, these data points, which were at strains of
<1.0 X 10 \ were excluded. Figure 2 is an example of an ex-
ponential fit to data obtained [or the average grain-size
range of 2 < d < 4 mm at the nominal rate of 1O'~3S'I, and
of6 < d < 9 mm at the nominal rate o[ 10-.0S-I. The corre-
lation coetlicients are given in'li1ble 2. This figure indicates
the relatively small percentage of cracks relative to the
hypothetical maximum density that was observed for the
constant-strain-rate tests.
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-----£ =10,3S", N =12x104m·2,
" 0

2 < d <4 mm
-k- £"=10,5S", No=20Xl04m,2,

6<d<9mm

Figure 4 gives the strain-rate dependence for EO. It is rel-
atively constant for the range of strain rates for the ductile
behavior associated with the creep tests for stress less than
1.0~IPa. It rises to a maximum in the strain-rate range of
10-5 to 10-6

S-1 and drops to a relatively constant value for
strain rates greater than about 10-4 s-\ i.e. less than that for
fully ductile deformation behavior. Figure 5 presents the
strain-rate dependence of s. It rises quickly to a maximum
at a strain rate a little less than 10-5 s" \ then decreases rapid-
ly to values less than that for the fully ductile condition by
the nominal rate of 10-4 S-I. The efIect of grain-size on the
strain-rate dependence of No, EO and s for thc constant-
strain-rate tests is indicated in Figure 6. The effect appears
to be relatively small for No. It appears to reverse with
increasing strain rate for fa and to increase for s.

4. SPATIAL DISTRIBUTION

Strain

Fig. 2. Log-normal probability Plotsfir cracksJormed at the
nominal strain rates of ]0-3 S-1 and ]05 s'l (see Iable 2).
Average grain-size isgiven ~y d; temperature -]O°C

Figure 3 shows the strain-rate dependence of the esti-
mated maximum crack density, No, for both the creep and
the constant-strain-rate tests and average grain-size in the
range 2- 4 mm. The range in strain rate for the creep tests
corresponds to that for the time over which the cracks were
observed to form. The range in maximum values for the
nominal constant strain rates of 10-3 and IO-~ s-1 is asso-
ciated with the range in values for the correlation coeffi-
cients given in Table 2. It can be seen that No increases
rapidly to an apparent maximum with increasing strain
rate.

Gold (lg72a) studied the spatial distribution of cracks
formed in the same type of ice under a constant uniaxial
compressive stress applied perpendicular to the long direc-
tion of the grains. After completion of a test, the specimen
surface perpendicular to the long direction of the grains was
divided into a grid of equal squares. If the spatial distribu-
tion of the cracks is truly random, the probability of finding
exactly k cracks in any square should be given by the Poisson
di stribution:

(2)

where A is the expected or mean number of cracks per square.
In the earlier work, several specimens were strained to

15 x 10-4, 25 X 10-4 and 50 x 10"4 under a stress of 1.0 MPa.
A grid, 6 em x 10em, subdivided into 2 em x 2 em squares,

102

•

----- £ = 10'3S'lo
-----+-- E = 10" s"

-..-- EO = 10'5 S·,
o

---fr-- 1.8MPa

--0---- 2.0MPa
--0.6MPa

-B--0.8MPa

--e-- 1.0MPa

~1.2MPa
--+-1.6MPa

10-6 10,5

Strain rate (S'l)

Fig. 4. Strain-rate dependencefor foJor the creepand constant-
strain-rate experiments (see Iables 1 and 2). The range in
strain rateJOr the creep experiments corresponds to the range
of strain over which the observed cracksJOrmed; the range in
Nofir the constant-strain-rate experiments is associated with
the range in valuefor the corresponding correlation coif.ficient.
Average grain-size ';:;:J3 mm; temperature 9.:J,.-oCftrthe creep
experiments and -]00 C for the constant-strain-rate
experiments.

z 0 •~
;£.
'(ii
l: ~ ~(Jl
"0 10' 10'x..:.:

00 w
l!! G--EJ
0

E --0.6MPa --A-l.8MPa:J -B--0.8MPa --0---- 2.0MPaE·x 103 --e-- 1.0MPa
----- £"= 10.

3
S"<ll

::iE
~1.2MPa -----+-- £ = 10"'s"

"--+-1.6MPa -..-- £ = 10,5S,'
"

102 100

10-8 10.7 10-6 10.5 10"' 10'3 10-8

Strain rate (S·l)

Fig. 3. Strain-rate dependence of the actual or hypothetical
maximum crack density (see Iablej ] and 2) The range in
strain rate.for the creep experiments corresponds to the range
of strain over which the observed cracksformed; the range in
Nofir the constant-strain-rate experiments is associated with
the range in valuefir the corresponding correlation coefficient.
Average grain-size ';:;:J3 mm; temperature -9.5°Cfir the creep
experiments and -lO° C .for the constant-strain-rate
experiments.
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Fig. 5. Strain-rate dependence qf the standard deviation, s,Jor
the creep and constant-strain-rate experiments (see Tables 1
and 2). The range in strain ratefor the creepexperiments corre-
sponds to the range in strain over which the observed cracks
jormed; the range in Nujor the constant-strain-rate experi-
ments is associated with the range in value.fOr the correspond-
ing correlation coefficient. Average grain-size ~3 mm;
temperature -9.50 C.fOr the creep experiments and -100 C.fOr
the constant-strain-rate experiments.

was placed on the central area of the surface of each speci-
men, and the number of cracks in each square was counted.
The total number of squares containing exactly k: cracks for
all the specimens strained to each given value above, was
determined and compared to the expected number given
by the Poisson distribution. In some cases it was necessary
to combine the number of squares with successive numbers
of exactly k cracks in order to have sufficient for the analysis.
The crack numbers that have been combined for each strain
condition are shown in the columns headed N in Table 3. A
measure of the agreement between the observed and pre-
dicted number of squares was obtained using the X2 test.
Table 3 gives the calculated X2 and the theoretical value for
X~.O" for each set of results. According to the X2 test, the hy-
pothesis that the formation of the cracks had a spatial Poisson
distribution would have to be rejected at the .'i% level for the
populations formed in total strain of 15 x 104 and 25 x 10-4,

but was acceptable at the strain of 50 x 10 4. At this strain, the
value of ..\ was so large that the assumption of a normal dis-
tribution was also acceptable at the 5 % level (the Poisson dis-
tribution tends to the normal distribution with increasing ..\).

For the constant-strain-rate tests, the video record for
each test was viewed frame by frame. A transparent film was
placed on the surface of the view screen, and the location of
each crack in the central 7 cm x 10cm area of each specimen
was marked as it formed. The period during which the forma-
tion of cracks was observed was divided into two to four con-
secutive groups of video frames, the number depending on
the nominal strain rate for the test. A different color was used
for each group to locate the position of the crack.

A grid of 12 squares was inscribed on the transparent
sheet. The size of each square was equivalent to 2 cm x 2 cm
on the original ice surface. The viewing area defined by the
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-----..-- E = 10.5 S·1
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10.7 10-6 10'5 10-4 10'3
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~
N

E.
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,.:;...
'"<:: 105
OJ
'C

-'"0
'"t;
E
" jE
'x
'" I:::;; r I

I

, I
'a

1041 , ,,,,I
'" , I

10'6 10'5 10-4 10'3
Strain rate (S,')

10'

I
r

.,.
0

x 10'
OJ

a

b
10°

10-6 10.5 10'4 10.3

Strain rate (s")

1.4

1.2
~

(I) 0.8

0.6

g
0.4

c
0.2

10-6

Strain rate (s")

Fig. 6~Grain -size dependence/or No (a), EO (b) and s (c)
from the constant-strain-rate experiments. Grain-sizes, d:
jilled circles, 2 < d < 4 mm; diamonds~ 4 < d < 6 mm;
triangles, >6 mm. Temperature _jOe C

grid was equivalent to an area 6 cm x 8 cm, located so that
only cracks that were at least 1..1 em from the edges of the spe-
cimens and 6 cm from their ends were counted. For each
nominal strain rate, the specimens were grouped according
to whether their average grain-size was lcss or greater than
5 mm. The number of cracks in each square was counted for
each specimen. The total number of squares with a given
number of cracks was determined for the specimens in each
grain-size range and nominal strain rate, and compared to
the theoretically expected value determined from the Poisson
distribution. In some cases it was necessary to combine the
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7able 3. Distribution in the number if cracks formed in 2 em x 2 em squares for columnar-grain specimens strained a given
amount, f, ~y a constant uniaxial load of I iv/Pa

]V f= 15 x 10 + N f = 25 X 10-4 N f = 50 X 10-1

-"

),= 1.31cracks ern 2 2 ),= 2.9(i rrarks rm 2 ),= .1.25cracks ern 2em ~ ern rm

}iumher ofsquares .Numher ofsquam Numher of squares

ohs. Puisson (I, - Fi)2 abo. Poisson (I, - Fd ohs. Poisson (j, _ F,)2
fi Fi F, Ii Fi F, fi Fi Fi

0 100 85 2.65 0 33 15.5 19.75 0 2 16 15.8 0.00
1 109 1113 0.05 1 53 46 L06 3 27 19 3.37
2 50 72.9 7.19 2 53 (iR1 :>.3.1 4 21 24.9 0.6]
3 33 3L8 0.05 3 5] 67.2 3.9 5 22 2(i.2 (Hi7

4-9 23 14 .1.79 4 47 49.7 0.15 6 16 23 2.13
5 2H 29.4 0.07 7 20 17.2 0.46

>6 19 24.1 4.93 8 ]6 11.3 L95
>8 12 Wi 0.03

Total 315 :m :1()() 300 150 ]50
Observed X2 15.73 :):1L21 9.22
Theoretical 9.49 12.59 14.()7

.Yotes:]V is the number oCcrach per cm2, f, is the observed number of squares containing]V cracks, F, is the theoretical number of squares predicted by the
Poisson distribution, ), is the corresponding expected value and X2 = L,Ui - fi)" / f;; temperature 10'(;,

number of squares for successivenumbers of exactly k cracks,
as was done for the constant-load experiments. Table 4 gives
the crack numbers that were combined, the calculated X2

and the theoretical value for X5.0.J for the two grain-size
ranges and three nominal strain rates. It can be seen that the
assumption of a Poisson distribution is rejected at the 5%
level for the nominal rates of 103 and 10 4 S I and grain-size
of <5 mm, but cannot be rejected for the other conditions.
The constant-strain-rate and constant-stress experiments
indicate that the spatial distribution becomes increasingly
Poisson with increasing strain, decreasing strain rate and. . ..mcreasmg gram-size.

A possible reason for the distribution of cracks not to be
fully random can be understood from Figure 7, a plot of the
position of the cracks formed in successive ranges of strain
corresponding to the consecutive grouping of the video
frames, for a specimen of average grain-size 2.3mm strained
at the nominal rate of 10-3 s- I. This figure shows that, for
some ranges of strain, there appeared to be a tendency for
the alignment of cracks to be influenced by the shear stress.
The nature of the distribution in the cracks varied from one
specimen to the next, but usually the final distribution ap-
peared to be relatively uniform over the area in which the
crack positions were marked, as in Figure 7. For a very few
specimens, only one band of aligned cracks was observed. It
was about 5 cm wide and usually included a significant
proportion of the total number of cracks.

5. DISCUSSION

Figures 3-5 show that there is a maximum in No, fa and sat
the strain rate of about 10-5s-I. This order of strain rate is
about the same as that for the brittle to ductile transition
found for the deformation behavior of columnar-grain icc
subject to the same conditions ofloading (Sanderson, 1988).
Gold (1997)found a maximum for the crack length at about
the same rate of strain. He also found that for total strain of
6 x 10-4 to 9 x 10-\ applied in the constant-strain-rate tests,
the proportion of grain-boundary cracks decreased from

about 100% at the nominal strain rate of 10 2 s I, to about
65% at the nominal rate of 10-5s-I. The delayed elastic com-
ponent of the strain increased with decreasing strain rate
and there was a significant plastic component at the nom-
inal rate of 10 5 s I (Gold, 1994). In summary, the occur-
rence of the maxima ",,'ith decreasing strain rate is
associated with an increasing proportion of trans crystalline
cracks and an increasing delayed elastic and plastic strain.

Cole (1988) showed that for strain rate greater than
105 s I and strain less than 10-:\ there is insufIicient time for
dislocations processes to be significant for crack initiation in
icc. Gold (1997)showed that the strain-rate dependence of
the average crack length for the grain-boundary cracks was
consistent with nucleation by the singularity-induced stress
at triple points. The strength of the singularity decreased
with increasing strain rate to the value expected for the small
anisotropy in the elastic constants of ice at the strain rate of
about 10-2s-1 (Tvergaard and Hutchinson, 1988).One would
surmise from this, and the observations above, that the max-
ima result from the strain-rate-dependent interplay between
dislocation mechanisms favoring the formation oftranscrys-
talline cracks, and non-dislocation mechanisms favoring the
formation of cracks in grain boundaries at triple points. It is
significant that the statistical behavior of the crack popula-
tions is sufficiently robust that the transition is dearly
present in their statistical characteristics.

for the great majority of the grain-boundary cracks in the
constant-strain-rate experiments, at least one edge was at a
triple point. The grain density ranged from about
2.6x 104m-2 for an average grain-size of 7 mm to about
14X JO'1 m-2 for an average grain-size of 3 mm. The number
of triple points available for the formation of cracks at grain
boundaries suitably oriented with respect to the applied stress
(about ±60° to the applied stress; Gold, 1966)is about twice
the grain density, i.e. about 5 x 104 to 28 X 104m-2. This is of
the same order as the range in the hypothetical maximum
crack density for the nominal strain rate of IO:J s-\ indicating
that, with sufficiently large strain rate, every suitably
oriented grain boundary is a candidate for a crack.

The standard deviation can be viewed in two ways in this
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Table 4. Distribution in the number of eracksformed in 2 ern x 2 ernsquaresfor columnar-grain specimens strained to 6" x 104

to 9 X 10-4 at the nominal rate ofstrain, En

Grain-size, d~ <5rnm

N En = 10 '3 s-] N f:n =- Hr+s ] N En = ]0-" S
]

eIn 2 A = 3.26 cracks cm 2 cnl 2 A = 3.48 cracks em 2 -2 A = 4.63 cracks em-2ern

}llumh" oj.rquares .Numher oj-squares }Iumher ojsquares
oh,.. Poisson (f, - F,/ ob" Poisson (fi - F,)2 ohs. Poisson (fi - F,)2
Ii Fi Ii F Ii Fi

Vi
,

Fi Fi

0, I 30 17.7 8.55 0,1 21 13.3 14.46 0,],2 22 15.3 2.93
2,3 ·10 45.9 0.76 2,3 4] 38.7 0.14 3.1 25 33.4- 2.11
4,5 ]5 32.2 9.19 4,5 17 30.7 6.11 5,6 26 29.4- 0..12
617 II 9.9 0.]2 >5 17 13.3 1.02 >6 23 17.9 1.45

>7 12 2.3 40.9

Total ]OR lOR 96 96 9(j 96
Observed X2 59.52 11.73 7.01

Theoretical X505 9.19 7.82 7.82

C;rain-sizc, d, >,) 111ITI

N tn = 10-3 s-] N en = 10 .] s-] N Cn = 10 -5 s-]

A = 2.79 cracks cm2 -2 A ~ 4.74 cracks cm 2
-2 A = 6.6 cracks em 2cm em cm

Number of squares Numher qfsquares .:Vilmber qfsquares

nhs. Poisson (f, - Fi)2 nhs. Pm:sson (fi - F,f oh,.. Poisson (fi-F,)2
J; Fi

F, Ii Fi F, J; Fi
Fi

0,1 :14- 27.9 lSi Oto2 II 10.7 O.Ol o to 3 13 7.6 :i.R4
2,3 47 55.4 1.27 3,4 24 24.4 0.01 4,5 16 18 0.22
4,5 29 29 0 5.6 23 22.5 0.01 6,7 19 21.8 0.36
>5 10 7.7 0.69 >6 14 14.4- 0.01 8,9 II 15.2 1.16

>9 13 9.4- 1.38

Total ]20 120 72 72 72 72
Observed X2 3.29 0.04 6.96
Theoretical 7.82 7.82 9.4-9

.:'Votes: N is the number of cracks per em 2, J, is the observed number of squares containing N cracks, Fi is the theoretical number of cracks per square predicted
by the Poisson distribution, A is the corresponding expected value and X2 - :L, (f, - F,)2 / Fi; temperature -100e.

study ofthe statistical characteristics of crack populations. In
the analysis of crack lengths (Gold, 1997),it is a measure of
the spread in the crack-length distribution. For the depen-
dence of the crack density on strain it is a measure of the
range of strain over which the distribution is distributed. In
the earlier work on crack formation during creep (Gold,
1972a,h), it was found that the mean strain for the assumed
distribution was relatively constant for a stress of IMPa or
less, as was also found for the log-normal distribution shown
in Figure 4, and the rate of formation of the cracks tended to
zero with increasing strain. Almost 95% of the cracks had
formed by the strain of 150x 10-4

, and the crack populations
conformed well with the derived-distribution curve. The
situation changed at a stress of about 1.2MPa or strain rate
of about 10 G S-1. At about this stress a tertiary stage began to
appear in the creep curves, and the crack populations began
to deviate from the derived distribution at strains of about
50 x 1O-! or less. Beyond that strain, the rate of cracking
tended to become constant or even increase.

For the constant-strain-rate experiments, the range of
strain associated with the hypothetical crack-density distri-
bution could not be observed directly because, as pointed
out earlier, each experiment would have been interrupted
by failure.What is happening physically can be appreciated
from the strain dependence of s (Fig. 5) and Figure 8, which
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is a log-normal probability plot of the crack-density distri-
bution for the fully ductile condition for the constant stress
of 0.6~IPa, and the observed and hypothetical portions for
the average maximum value of s inlable 2 at the nominal
strain rates of 10 3 and 10 5 S-1. \'\Iith increasing strain rate,
the range of strain associated with the hypothetical crack-
density distributions increases to a maximum (maximum
s) and then decreases to a value for the more elastic condi-
tion that is less than that for the fully ductile condition. Gold
(1998)has combined this information with published infor-
mation on the strain-rate dependence of the strain at failure
for columnar-grain ice under the same conditions ofloading
(see, e.g., Sinha, 1981,1982),to obtain an estimate of the cri-
tical crack density at yield or failure. Figures 3-6 and 8 give
an appreciation of the challenge of incorporating damage
into a rheological model for ice, even for the uniaxial load-
ing of columnar-grain ice. The present work indicates the
nat ure of the probability-based statistical connection
between the elastic, delayed elastic and plastic deformation
of ice, and yield and failure.

The randomness in the crystallographic orientation of
the grains and in the characteristics ofpotential stress singu-
larities in and between grains, is built in at the time the ice is
made. As suggested in Gold (1997),it would seem reasonable
to assume that the combination of random crystallographic
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Fig. 7.Spatial distribution of cracks.formed in given ranges ofstrain, E, in a specimen of averagegrain-size 2.3 mm, strained at the
nominal rate of 10-3 S-I. (a) 2.58 X 10 4 < E < 3.34 X 10-4; (b) 3.34 X 104 < E < 4.5 X 10-4; (c) 4.5 X 10-4 < E <
5.22 X 10-4; ( d) 5.22 X 10-4 < E < 6.0 X 10-4; ( e) all cracks, with s..vmbolsthe same as.for ( a-d). 'Temperature-100 C.

Strain
Fig. 8. Observed (solid lines) and hypothetical (dashed
lines) crack-densil)' distribution .for stress = 0.6lvfPa,
s = 0.62; En = 10 3, 1, S = 0.385; En = 10 5, I,

S = 1.25. Grain-size ';:::j3 mm; temperature -9.5" C Jor the
constant-load condition and -10" C jar the constant-strain-
rate conditions.

distribution, it would be of interest to investigate the degree
of independence between that portion of the strain-energy
distribution giving rise to grain-boundary cracks and that
portion giving rise to transcrystalline cracks. This question
is relevant to the assumption that the statistical nature of the
crack-forming processes is determined by the random crys-
tallographic orientation and other properties of the ice built
in at the time the ice is formed. Exploring such questions

orientation and properties of the stress singularities would
result in a randomly variable internal strain-energy ficld.
The observations made in the experiments should give
information on the component of the strain-energy field
that is available for the [ormation of cracks and hm\! it
evolves under the applied load in a manner that depends
on the stress, strain, rate o[ strain, temperature and the
shape, size and relative orientation of the grains. The indu-
cing of cracks is an experimental means of making manifest
the statistical characteristics of the underlying variable
strain-energy distribu-tion, at least to the extent that the
crack length is a reasonable measure of that energy.

The spatial distribution of cracks formed in a small
range of strain indicated interaction between stress singula-
rities in the same shear band, as shown in Figure 7. This
interaction, however, appears not to have had much effect
on the distribution [unctions determined from the crack-
length and crack-density analysis. This would be expected
if the interaction is small, as the observations werc grouped
in successive increments of crack length or strain. VVithin
each increment of length or of strain, the order in which
the cracks form is not important for defining the distribu-
tions. It is clear, however, from this work and that of others
(e.g. Schulson, 1990; Daley, 1992; Jordaan and Xiao, 1992),
that the failure event depends on the way deformation-in-
duced damage evolves and that the evolution of the damage
is very dependent on the stress conditions imposed on the
boundaries of the ice body.

If the crack-forming process is truly random, then there is
justification for exploring the possible use of set theory for
calculations involving crack populations. In addition, a log-
normal distribution for the total crack population implies a
log-normal distribution for the grain-boundary and trans-
crystalline populations (Cramer, 1966). If the crack popula-
tions are a valid measure of the underlying strain-energy
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could provide additional insight into the stress, strain, strain
rate and temperature dependence of deformation mechan-
isms for ice and their clependence on grain-size, shape and
crystallographic orientation. It would be of interest, in this
regard, to explore cavity formation and the factors on which
it depencls as part of the continuum of deformation behavior.

6. CONCLUSIONS

The log-normal distribution function provides a reasonable
description of the statistical nature of the strain dependence
of the crack density for columnar-grain ice subject to uni-
axial stress perpendicular to the long direction of the grain
boundaries. The spatial distribution of the cracks was found
to deviate from random for grain-size less than 5 mm and
total strain less than 50 x 1O~4.The formation of a crack
may favor the initiation of other cracks in a common shear
band, but this docs not appear to affect the statistical distri-
butions for the crack density or the crack length. Random
crystallographic orientation and structural properties of
the columnar grains, built in at the time the ice was formed,
are probably the reason for the observed random process of
crack formation.
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