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UNIFORMITY FOR WEAK ORDER CONVERGENCE OF
RIESZ SPACE-VALUED MEASURES

JUN KAWABE

The purpose of the paper is to show that weak order convergence of a net of Dedekind
complete Riesz space-valued o-measures is uniform over uniformly bounded, uni-
formly equicontinuous classes of functions. The paper ends with generalizing Ulam’s
theorem for tightness of positive, finite Borel measures to Riesz space-valued o-
measures.

1. INTRODUCTION

Let S be a completely regular space. Recall that a net {mg,}qer of positive finite
Borel measures on S is said to weakly converge to a positive finite Borel measure m on

S if / fdmg — / fdm for every bounded, continuous, real-valued function f on S.
s s
The fact, giving several conditions equivalent to this weak convergence, has been

called the Portmanteau Theorem and is among most powerful theorems in the theory of
weak convergence of measures; see Topspe (14, Theorem 11.8.1]. Further, it is known that
weak convergence of a sequence of positive finite measures on a separable metric space
S is uniform over uniformly bounded, equicontinuous classes of functions on S; see Rang
Rao [11, Theorem 3.1].

The definition of weak order convergence of Riesz space-valued o-measures can
be introduced naturally. A net {ua}aer of Dedekind complete Riesz space-valued
o-measures on S is said to weakly converge in order to such a o-measure p on S if

fdpa converges to / fdu in order for every bounded, continuous real-valued function

fson S. In [8, Theoregl 7] it has been proved that a version of the Portmanteau The-
orem remains valid for a net of Dedekind complete Riesz space-valued o-measures on a
completely regular space; see also Boccuto and Sambucini [4].

The purpose of the paper is to show that weak order convergence of a net of Dedekind
complete Riesz space-valued o-measures on a uniform space S is uniform over uniformly
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bounded, uniformly equicontinuous classes of functions on S§. The paper ends with gen-
eralising Ulam’s theorem for tightness of positive, finite Borel measures to Riesz space-
valued o-measures.

2. NOTATION AND PRELIMINARIES

All the topological spaces in this paper are supposed to be Hausdorff. Denote by R
and N the set of all real numbers and the set of all natural numbers respectively.

In this section, we recall some basic facts on Riesz spaces and Riesz space-valued
o-measures.

2.1. RIESZ SPACES. A Riesz space is said to be Dedekind complete if every non-empty
subset that is bounded above has a least upper bound. Every Dedekind complete Riesz
space is Archimedean; see Zaanen (20, Theorem 12.3].

Let V be a Riesz space. Given a net {ua}aer in V we write u, | u to mean that it
is decreasing and ;gg Uuq = u. The meaning of u, T u is analogous. A net {uq}aer in V is

said to converge in order to an element u in V and write uq — u or u = limr Uq if there
a€

exists a net {p, }eer in V with p, | 0 such that |u — u,| € po foralla € T.

In Zaanen [20, Lemma 10.1 and Theorem 10.2] some properties of order convergence
are formulated and proved for sequences in a Riesz space, but the analogous properties
are also valid for nets and their proofs are all elementary. We collect them in the following
proposition for the readers’ convenience.

PROPOSITION 1. LetV be a Riesz space. Let {uq}acr and {Vq}eer be nets in
V.

(i) Ifua{ u, then for any ag € I the subnet {uq}a3e, is also decreasing and
inf u, = u. The assertion holds for an increasing net.

azao

(i) Ifuad u,va | vandifa > 0,b >0 are real numbers, then au, + bu,
bau+bv, ug Ve uVvandug Ave § uAv. The assertion holds for
increasing nets.

(ili) If ua T u, then uo — u. Conversely, if {uq}acr is an increasing and
order bounded net and u, —+ u, then un 1 u. The assertions hold for a
decreasing net.

(iv) If uq 2y u, v, — v and if a, b are real numbers, then au, + bu,
25 au+ bv, ug V Ve — u Vv and g A Vo — u A .

In this paper, we need the notions of the limes superior and the limes inferior of a
net in a Riesz space. Let {u,}qer be an order bounded net in a Dedekind complete Riesz

space V. Then 4 := supu, exists in V for each 8 € I, and a net {zg}ger is decreasing
a8
and bounded below. By the Dedekind completeness of V, there is an element z € V
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such that zg |  and we write z := limsup u,. Similarly, we write y := lim inf u,, where
yg = 1r>1£ uq for all B €T and ys T y.
az

The proof of the following proposition is also elementary.

PROPOSITION 2. Let{uqs}aer and {va}aer be order bounded nets in a Dedekind
complete Riesz space V. Then liminf u, and lim sup u, exist and the following properties
hold.

lim inf u, < limsup uq.

)
(ii) wue —> u if and only if u = liminf u, = lim sup u,.

) liminf (—u,) = — limsup u, and limsup (—u,) = — liminf u,.

) liminf u, + liminf v, < liminf (u, +v,) and limsup (w4 + ve) < limsup u,
+ limsup v,.
(v) If upy € vy for all o €T, then liminfu, < liminfv, and limsupu,

< lim sup v,.

(vi) Ifuq —> u, then liminf (uq+v,) = u+liminf v, and limsup (ug +v,) =
+ lim sup v,.

Propositions 1 and 2 are used frequently in this paper without mentioning explicitly.
See Aliprantis and Burkinshaw (1], Vulikh [16] and [20] for further information on Riesz
spaces and properties of order convergence.

2.2. RIESZ SPACE-VALUED 0-MEASURES. Let V be a Dedekind complete Riesz space.
Let (©2,.A) be a measurable space, that is, A is a o-field of subsets of the non-empty
set 0. Let p: A — V be a finitely additive set function. We say that u is positive if
u(A) > 0 for all A € A. Every finitely additive, positive set function is monotone and
finitely subadditive.

In this paper, we need the following notion of the countable additivity that is de-
fined by using only the order structure on the Riesz space; see Wright [18]: A finitely
additive, positive set function p : A — V is called a o-measure if it is o-additive
in the sense that whenever {Ap}nen is a sequence of pairwise disjoint sets in 4 then
,u( fj An) = sup Zn: 1(Ag). We emphasise that only measures taking positive values

n=1

neN k=1
are considered in this note. As in the scalar case, every o-measure has the monotone

sequential continuity from below and from above, in other words whenever {Ap}nen is an
o0
increasing (respectively a decreasing) sequence of sets in .4 then u( U A,,) = sup u(An)
o] n=1 neN
(respectively p,( N An) = inf u(A,)).
n=1 neN
In Wright [17, 19] a V-valued integral with respect to a o-measure 4 is constructed

and successful analogues of the monotone convergence theorem and the Lebesgue con-
vergence theorem are obtained. We shall use those results freely in this paper.
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3. UNIFORMITY FOR WEAK ORDER CONVERGENCE

Let S be a topological space and V a Dedekind complete Riesz space. Denote by
B(S) the o-field of all Borel subsets of S, that is, the o-field generated by the open subsets
of S. A o-measure u : B(S) = V is called a V-valued o-measure on S. The following
regularity notions for Riesz space-valued o-measures on a topological space are needed
in this paper.

DEFINITION 3: Let u be a V-valued o-measure on S.

(i) u is said to be 7-smooth if p(G) = zug,u(G,g) whenever {Gg}gen is an
€

increasing net of open subsets of S with G = |J Gg.
pen
(i1) p is said to be tight if there exist a net {pg}ges with pg | 0 and a net

{Kps}gen of compact subsets of S such that u(S — Kz) < pg for all B € A.

Every V-valued o-measure u on a topological space S with countable basis (in par-
ticular, on a separable metric space) is 7-smooth. This follows from the fact that the
union of an arbitrary family of open subsets of S coincides with the union of its countable
subfamily by the countability of basis of S. As to the tightness see Theorem 12 at the
end of the paper.

Let us denote by C(S) the space of all bounded, continuous, real-valued functions
on S. The following is a natural generalisation of the usual notion of weak convergence
of positive, finite, real-valued measures on S; see [14, page 40].

DEFINITION 4: We say that a net {go}aer of V-valued o-measures on S weakly
converges in order to a V-valued o-measure 4 on S, and write uo — pu, if for each

f € C(S) we have /Sfd,ua = /Sfdu.

DEFINITION 5: (Lipecki [9]) A V-valued o-measure x on S satisfies the countable
chain condition if every family D of pairwise disjoint sets in B(S) such that u(D) # 0
for all D € D, is countable.

If V is super Dedekind complete, in other words it is Dedekind complete and ev-
ery set in V possessing a supremum contains an at most countable subset having the
same supremum, then every V-valued o-measure on S satisfies countable chain condition.
A V-valued o-measure p on S is said to be dominated if there exists a finitely additive,
positive set function m : B(S) — R such that u(A) = 0 whenever A € B(S) and
m(A) = 0. Every dominated V-valued o0 measure on S also satisfies countable chain
condition.

For any subset A of S, A denotes the closure of A, A° its interior, and OA the
boundary of A, that is, 34 := A — A°. For a V-valued o-measure u on S, a Borel subset
A of S is called a u-continuity set if u(6A) =0.

The following is a version of the Portmanteau Theorem and was first proved in [4]
for a sequence of Dedekind complete Riesz space-valued means on a normal space. For
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the proof of Theorem 6 see [8, Theorem 7.

THEOREM 6. (The Portmanteau Theorem) Let S be a completely regular space
and V a Dedekind complete Riesz space. Let {pq}acr be a net of V-valued o-measures
on S which is uniformly order bounded, that is, there is an element ©w € V such that
ta(S) € uforall a €. Let u be a V-valued o-measure on S. Assume that p is
r-smooth. Then the following conditions (a)-(c) are equivalent.

() pa = p.

(b) w(G) < liminf uo(G) for every open subset G of S and p.(S) —= u(S).

(c) limsup pa(F) < u(F) for every closed subset F of S and p,(S) — u(S).
Each of the above conditions implies the condition

(d) pa(A) = u(A) for every u-continuity Borel subset A of S.

Further, if p satisfies countable chain condition, then all four conditions given above
are equivalent.

If S is a uniform space, then we can add the following condition equivalent to con-
ditions (a)—(c).

(e) / fdpe —— / fdu for every bounded, uniformly continuous, real-valued
flfnction f on g’
REMARK 7. If S is a metric space, then the assumption that p is T-smooth is not
necessary in Theorem 6; see [15, Theorem 1.3.5).

Denote by U(S) the Banach space of all bounded, uniformly continuous real-valued
functions on a uniform space S with norm |[f|| := sug! f(s)|- We now state and prove

s€

our main result.

THEOREM 8. Let S be a uniform space with the uniformity U. Let V be a
Dedekind complete Riesz space. Let {fq}acr be a uniformly order bounded net of V-
valued o-measures on S. Let yu be a V -valued o-measure on S. Assume that p is tight. Let
F be any uniformly bounded, uniformly equicontinuous family of real-valued functions
on S. If po =% 11, then po —> p uniformly on F, in other words

sup{'/sfdpa—/sfdulzfef}—%o.

PROOF: By the tightness of u, there are a net {pg}sea with ps | 0 and a net
{Kps}gen of compact subsets of S such that

(1) u(S — Kp) < pp
for all B € A.
Fix € > 0 and 8 € A. We first claim that there is an open set D € U such that
(2) sup |f(s) —g(s)| < 3¢
s€Ka(D)
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holds for all f, g € F satisfying

(3) sup | f(s) — g(s)| <&,
s€EKg

where Kg(D) := {s € §: (s,t) € D forsomet € Kz}. In fact, there is an open set
D € U such that suplf(s) - f(t)| < € whenever (s,t) € D. Take functions f,g € F such
feF

that (3) holds. Let s € Kg(D) and take t € K with (s,t) € D. Then

|£(s) — 9(8)| < |£(s) = F@)] + /(&) — 9(®)] + |9(t) — g(5)] < 3¢,
which implies (2).
Next we claim that

(4) , limesr}xp ta (S — Ks(D)) < pp.

Indeed, since Kjg(D) is an open subset containing the compact set Kg, there exists
g € U(S) vanishing on Kpg such that 0 < g £ 1 and g = 1 on S — Kg(D)
(adapt the proof of [7, Proposition 11.5]). The positive o-measures p, and pu satisfy

pa(S — Kg(D)) < /gdua and / gdp < p(S — Kp). It follows from p, —> u applied to
s s

g € U(S) that /gdua =2 /gd;t. Hence, limsup po (S — K(D)) < p(S — Kp) < pp,
which establishess (4). 3 oer

Now, the set of functions F restricted to Kp is uniformly bounded and uniformly
equicontinuous in U(Kj), so that it is a relatively compact subset of U(Kjp) by the
Arzela-Ascoli theorem. In other words, there is a finite subset Fy of F such that for
any f € F there is a function fy € Fy with sup] f(s) — fo(s)l < €, and we have

sup |f s) — fo(s)l 3e by (2).

s€Kg(D
Let f € F and take f, € Fy as above. Then

| [ sana— [ 1au] < [ 1= foldua+ sup| [ nda — [ ha| + [ 150~ ridn
) S ) heFo ) S
Further, if we put M := sup{||f|| : f € F}, then

- d o = - d (] - d a
(© = s [l [ 17 = gl

< 2Mﬂa(S - KB(D)) + 3epa(S)

and
) /s \fo = fldu < 2Mu(S - Kz) +ep(S)
< 2Mpg + £p(S5).
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It follows from (5)-(7) that

®  sup| [ fdua~ [ fdu] < 201 (5 = Ka(D)) +3500(5)

feF
/ hdpe — / hd,u‘.
S S

+ 2Mpg + eu(S) + sup
heFo

Now an appeal to p1o — i gives pta(S) — p(S) and

/hd,ua—/hdpl 40,
S S

sup
h€Fo

and hence by (4) and (8) we have

limsup supl/ fdpe ~ / fdu’} < 2M limsup po (S — Kp(D)) + 3ep(S) + 2Mpg + eu(S)
a€l feF S a€rl

£ 4Mpg + 4ep(S).

Since pg | 0, letting € — 0, the proof is complete. 0

When V is a normed Riesz space, we can introduce another notion of weak conver-
gence of vector measures by using the norm topology of V. Recall that a net {ga}ecr
of V-valued vector measures on a topological space S weakly converges in norm to a V-

valued vector measure y on S if the net { / fdua} . converges to / fdp in the norm
ag s

topology of V for every f € C(S); see Dekiesrt [5, Chapter IV]. Then, it follows from [8,
Example 9] that Theorem 8 does not necessarily hold for weak norm convergence even in
the case of positive vector measures.

Some conditions equivalent to weak norm convergence of vector measures are given
in [5, 13] for Banach space-valued vector measures or certain Banach lattice-valued
positive vector measures. In Mérz and Shortt [10] the Portmanteau Theorem for Banach
lattice-valued positive vector measures is shown with respect to a weaker type of weak
convergence that is defined by using the weak topology on the Banach lattice.

We end this paper by showing that every weakly o-distributive and Dedekind com-
plete Riesz space-valued o-measure is tight on any complete separable metric space;
see (3, Theorem 1.4] for the corresponding result in the case of probability measures,
which is called Ulam’s theorem. For the proof we need the following supplementary
notion. Denote by O the set of all mappings from N into N.

DEFINITION 9:  Let V be a Riesz space. A double sequence {r;;} in V is called a
regulator if it is order bounded and r;; { 0 for each 7 € N, that is, r;; 2 7i ;41 for each
i,j € Nand ilellg’r;‘,j =0 for each i € N.

J

The following lemma gives a way to control a sequence of regulators; see Fremlin (6,
Lemma 1C}, and Riecan and Neubrunn [12, Proposition 3.2.4] for the proof.
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LEMMA 10. (Fremlin’s Lemma) Let V be a Dedekind complete Riesz space.
Let {r};} (n = 1,2,...) be a sequence of regulators in V. Then for each fixed element
e € V with e > 0 there is a regulator {r;;} in V such that, for any 6 € © one has

en Z sup T B(i4n) Sup Ti,6(i+n)-
ne1
DEFINITION 11: A Dedekind complete Riesz space V is said to be weakly

o-distributive if whenever {r;;} is a regulator in V then inf sup Tig) = 0.
8€© ieN

The condition of weak o-distributivity is satisfied for many concrete Dedekind com-
plete Riesz spaces, for instance, the function spaces LP(2, 4,m) (0 < p < o0), where
(©, A, m) is any o-finite measure space, the spaces F(X) (respectively B(X)) of all real
functions (respectively bounded real functions) on an arbitrary non-empty set X, and
the corresponding sequence spaces. See [18] and a recent paper [2] for more information
on weakly o-distributive Riesz spaces.

We are now ready to give a Riesz space version of Ulam’s theorem.

THEOREM 12. Let S be a complete separable metric space. Let V be a Dedekind
complete Riesz space. Assume that V is weakly o-distributive. Then every V-valued
o-measure y on S is tight.

PROOF: Let {sx}ren be a countable dense subset of S. For each k,n € N, B(s, 1/n)
denotes the closed ball with center s, and radius 1/7n.

i
Fix n € N for a moment. Put p} := ,u(S— U B(sk, l/n)) for each j € N. It follows
=1

from S = U B(s,1/n) that p} 1 0. Put g}, := p} for each 4,5,n € N. Then {q;}nen

is a sequence of regulators in V| so that it follows from Fremlin’s lemma that there is a
regulator {r;;} in V such that, for any 6 € © one has

o0
©) H(S) A E SUP Ph(i4n) S SUP Tig()-
n=1 ieN ieN

Fix 6 € © and put jp(n) := min;en 6(2 + n) for each n € N. Then for each n € N

(10) p?o(") < Sfuppg(i+n)-
ieN
oo jo(n)
Put Ky := ] U B(sk,1/n). Then Kjis a compact subset of S. We first show
n=1 k=1
that
(11) (S — Kg) < SUP T4,806)-
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Indeed, for each m € N, it follows from (9) and (10) that

m Jo(n) Jo(n)
u(U(S— U _E(sk,l/n))) < /\Z,u(S U B(sk,1/n) )
n=1 k=1
S) A Zp?o(n)
n=1
< u(S) A ;silellgpz‘um

< SUpTie(),
ieN

so that (11) holds by the monotone sequential continuity of u.

Put py : sup Ti9i) for each 8 € ©. It follows from the weak o- dlStI‘lbuthIty of V

that 1nf pe = 0. Smce © is ordered and directed upwards by pointwise partial ordering,

{pg}gee is a decreasing net in V with py | 0. Thus, the tightness of x follows from (11). 0
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