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AN INDEFINITE BIBASIC SUMMATION FORMULA
AND SOME QUADRATIC, CUBIC AND
QUARTIC SUMMATION AND
TRANSFORMATION FORMULAS

GEORGE GASPER AND MIZAN RAHMAN
1. Introduction. Let
1, n=0,
@@n={d—a)l—aq)---(1—aq"™"), n=12,...,
[(1—agH(1 —ag®---(1—ag)]™, n=-1,-2,...
denote the g-shifted factorial,
o0
@ @)oo = [[(1—ad), gl <1,
k=0

and set

@1,a2,...,am @Qn = @1, D@25 P+ * * (A Py
(ala ayy ... Ay, Q)oo = (a;; Q)OO(GZ; Q)oo cee (am; Q)oo~

Recently, Gasper [7] showed that some bibasic summation formulas derived by
Carlitz [5], Al-Salam and Verma [1], and Wm. Gosper could be extended to the

indefinite bibasic summation formula

Z": (1 —ap*q" )1 —bp*q™)  (a,b;p)(c,a/bc; @ 4

~  (U—a)(l-b)  (q,aq/b:qu(ap/c,bcp;pk

_ (ap, bp;p)u(cq, aq/bc q)n
(q,aq/b; )nlap/c, bep; p)n’

n=0,1,2,...,

where p and ¢ are independent bases and a, b, c are arbitrary parameters. He
also showed that this formula could be used to derive a bibasic extension of
Euler’s transformation formula [7, (1.6)], a bibasic Lagrange inversion formula,
a bibasic extension of Verma’s g-analogue [13, p. 349] of the Fields and Wimp
expansion formula [6, (1.3)], and some quadratic, cubic, and quartic summation

formulas containing at least two parameters.
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2 G. GASPER AND M. RAHMAN

In particular, he derived the cubic summation formula

Zm:l—aq“" (@, b; Qu(q/b, ¢ /b; ¢*)(c, a®bc; 7
~ 1—a (¢*,aq’/b;q*)(abq, ab; ¢*)(aq/c,cq/ab; q)

L (ag,b9,1/b;9)o(c; @b’ /% 4o
c (ab7 CCI/abv GCI/C; q)oo(abz/cv aqS/b; q3)oo
ab*/c,a*b/c
o |
a*bg®/c
_ (aq,ab/c; @)oo(ab?, aq’ [bc; ¢°)oo
(ab,aq/c; @)oo(ab?[c,aq’ |b; ¢¥)oo’
and its hypergeometric limit case
3a,1+3a/4,3b,(1 — 3b)/2,1 — 3b/2,c,2a+b — ¢
3a/4,1+a—b,(1+3a+3b)/2,3(a+b)/2,1+3a—3c,1+3c~3a— 3b
_ T@Ba+3b)[(1+3a—3c)(a+2b—c)[(1+a—b)
T TGa+ DI Ba+3b—30)(a+20)(1+a—b—c)
' N sin 37b sin wc
sin3m(a + b — ¢) sinm(a + 2b)

(1.2)

lql <1,

(1.3) 7F6[

The ,¢; function in (1.2) is a special case of the ,¢; basic hypergeometric
series defined by

00

ajy... 4, (alv-“aar;q)n n n (5)11+s—r

(4 sl: ; 72] = — P 2 (—1)"g )
¢ bl?"-vbs 7 nz:;(qvblw--vbs;q)n q

with (;) = n(n — 1)/2. In (1.4) and all formulas containing infinite sums or
products it is assumed that |g| < 1. An ,F; hypergeometric series is defined by

aj,...,ar . = @n---(ardn n
(1 J}Lh”qu]_ZQMQOW“me

where the shifted factorial (a), is defined by

@n=[J@+n.

In their paper [9] on strange evaluations of hypergeometric series, Gessel
and Stanton were able to prove all of the “mysterious-looking evaluations” with
more than one parameter that were stated by Wm. Gosper in a letter to R. Askey
except for the evaluation

(16) 7F6[ a,a+1/2,b,1—b,c,2a+1)/3 —c,a/2+1
1/2,2a—b+3)/3,2a+b+2)/3,3¢,2a+ 1 — 3¢, a/2

B 2 F(C+ 3)F(C+ Z)F(2a~b+3 )r(2a+b+2)

_CEIY%ﬁﬁ@%%H&%hnﬁ%i)

r( 2+2L;—3(‘ )l—‘( 3+2§—3C) sin %(b + 1)
2+2a+b—3¢ 3+2a—b—3
(S0 [(F2557=¢)
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INDEFINITE BIBASIC SUMMATION FORMULA 3

Since the case b = 2a of (1.6) is a special case of (1.3), this raised the question

of whether (1.6) and a g-extension of it could be derived by extending the

method in [7] and it led the authors to look for extensions of (1.1) and (1.2).
In this paper we show that (1.1) can be extended to

n

(1 — adp*q")(1 — bp* /dg")
an 3 (1 — ad)(1 — b/d)
__ (a,b;p(c,ad’[bc; ) ¢
(dg,adq/b; q)(adp /c, bep [d; p)i 1
_ (I —a)(1 =b)1 — )1 —ad?/bc)
~ d(1 —ad)(1 —b/d)(1 — c/d)(1 — ad/bc)
. { (ap, bp; p)u(cq; ad’q/bc; q)n
(dg, adq/b; @)u(adp[c, bep /d; p)a
_ (c/ad,d/bc; pYmii(1/d, b/ad; @i }
(1/c,be/ad?; @mar(1/a, 1/b; p)mei

where n,m = 0,41,+2,..., and then use this formula to derive the cubic
summation formula

k=—m

i 1—alq*  (b,q/b;ula,aq; @l a%q/c P &
1—a® (¢ /b, a®bq?; ¢ (q* q; 4*(a*q/c3, 3 g
 (5,q/b, 49, ¢ a7/ G @ oo
(g, ¢3,a%q/c3; @Q)oo(bC? [a?, a*bq?, a*q? |b, c3q [ a?b; )
bl qla*b 5 4
: 2¢1 C6q2/a2 ’ 7q
_(@F,d¢, 3P, Pq)a? b q,bq, % /b, ¢ [b; ¢ )eo
(9,42 3q, 3¢, a’q [b,a’bq?, b [a?, c3q)atb; ) |

(1.8)
k=0

lg <1,

which contains Gospers’s sum (1.6) as a limit case. It should be noted that in
(1.7) and elsewhere we employ the standard convention of defining

n Ay + Apyy + -+ + ay, m<n,
(1.9) E a = (0, m=n+1,
k=m —(@ps1 +Ap2 ¥+ am_y), mMZn+2,

for n,m =0,%£1,£2,.... :

The bibasic sum (1.7) will also be used to derive a common generalization of
(1.2) and (1.8) and some rather general quadratic, cubic and quartic summation
and transformation formulas.

2. Derivation of (1.7). Let

(ap, bp; p)u(cq, ad®q/bc; q),

2.1 n =
@D s =G0 ada/b; yu(adp]c, bop [d: p),
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for n = 0,+1,%2,..., and define the difference operator A by
AS,, =Sn — Sp—1.

Then

22 D An=s— s

k=—m
and

(2.3)  Asp = sp — Sk

_ (ap, bpip)-i(cq, ad’q/be; g

(dq, adq/b; q)i(adp [c, bcp [d; p)i
{1 = ap")(1 — bp*)(1 — cg*)(1 — ad*q" /bc)

— (1 — dg*)(1 — adg® [b)(1 — adp® [c)(1 — bep* /d)}
_d(1 = c/d)(1 —ad/bc)(1 — adp*q*)(1 — bp* /dg")
B (1 —a)(1 = b)(1 — c)(1 — ad?/bc)
_(a,b;pl(c,ad’ [be; gug*

(dg,adq [b; q)i(adp[c,bcp [d; p)i

for k = 0,+£1,%2,.... Hence

“~ (1 — adp*q*)(1 — bp* /dq")
CONEDY (1 — ad)(1 — b/d)

. (a, b; p)(c,ad® [bc; @) ;
(dq, adq]b; qyladp]c, bep [ds pyi !
(I —a)(1 —b)(1 — o)1 — ad?[bc)
~ d(1 —ad)(1 — b/d)(1 — ¢/d)(1 — ad]bc)
(=& —b)(1 — o)1 —ad?/bc)
~d(1 —ad)(1 — b/d)(1 — c/d)(1 — ad/bc)
' { (ap, bp; p)a(cq, ad®q/bc; @)y
(dq, adq/b; )n(adp /¢, bep [d; p)n
_ (c/ad,d/bc;py(1/d, bfad; ghmer }
(1/¢,befad?; @)par(1/a, 1/b; Pl

k=-—m

{Sn - Sfm—l}

for n,m = 0,£1,+£2,..., which completes the proof of (1.7). In (2.4))we used
the fact that

(—q/a)”q(;)
2.5 g, = —L T
@3) @9 (q/a; @)n
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Observe that (1.1) is the case d = 1, m = 0 of (1.7) and that, just as in (1.1),
the series in (1.7) is partially of well-poised type in the sense that

a(dq) = b(adq/b) = adq and

c(adp/c) = (ad*[bc)(bep /d) = adp.

It is these observations and the simplification that occurred on the right side of
(2.3) which motivated the choice of s, in (2.1).

If |p| < 1 and |g| < 1, then by letting n or m tend to infinity we find that (1.7)
also holds with n or m replaced by co. In particular, this gives the following
evaluation of a bilateral bibasic series

i (1 — adp*q*)(1 — bp* /dq")
(1 —ad)(1 —b/d)
. (a,b; Q) (c, ad’ [bc; @)
(dg, adq/b; q)i(adp/c, bep [d; p)i
(1 —a—=b)(1 - —ad*/bc)
~d(1 —ad)(1 —b/d)(1 — c/d)(1 — ad /bc)
‘ { (@p, bp; p)oo(cq, ad*q/bc; @)oo
(dq, adq/b; @)oo(adp [c, bep [d; p)oo
(c/ad,d[bc; p)so(1/d, blad; q)oo
(¢, befad?; @)oo(1/a, 1/b; p)oo } ’

(2.6)

k=—00

where |p| < 1 and |gq| < 1.
In the following sections we shall use the m = 0 case of (1.7) in the form

2”: (1 — adp*q*)(1 — bp* /dg")
— (1—ad)(1 —b/d)

_ (a,b;p(c,ad’ [be; g

(dq,adq/b; q)(adp [c, bep [d; )i
_ (1—a)1 = b)(1 — o)1 — ad*/bc)
~d(1 —ad)(1 —b/d)(1 — c/d)(1 — ad[bc)
___(ap, bp; p)alcq, ad’q/bc; @),

(dg, adq/b; q)x(adp[c, bep [d; )y

(1 — d)(1 — ad/b)(1 — ad/c)(1 — bc/d)

 d(1 — ad)(1 — b/d)(1 — c¢/d)(1 — ad[bc)’

There is no loss in generality because, by setting k = j — m in (1.7), it is
easily seen that (1.7) is equivalent to (2.7) with n,a,b,c,d replaced by n +
m,ap~™, bp™",cq™"™,dq™", respectively. We shall also use the special case ¢ =

https://doi.org/10.4153/CJM-1990-001-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-001-5
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q ", n=0,1,2,..., of (2.7) in the form
n

(1 — adp*q*)(1 — bp* Jdq")
@8 (1 —ad)(1 — b/d)

_(a,bip)(g",ad’q" [bi gk "

(dg, adq/b; q)(adpq”, bp /dq"; p)
(1 —d)(1 —ad/b)(1 — adq")(1 — dq" [b)
~ (1—ad)(1 —d/b)(1 — dg")(1 — adg"]b)’

k=0

n=0,1,2,....

3. g-extensions of Gosper’s sum (1.6). In view of our previous observation
that the case b = 2a of (1.6) is a special case of the sum (1.3), it is natural
to try to use the bibasic sum (2.8) to extend the proof in [7] of the g-analogue
(1.2) of (1.3) to derive a summation formula which contains both (1.3) and (1.6)
as limit cases. Therefore, let us set ¢ = p? in (2.8), replace d by c, and then
change p to g to obtain the sum

n

(1 — acg*)(1 — b/cg*)
@1 Z (1 —ac)(1 —b/c)

k=0
(@b ac’q by g 3
(cq®, acq? [b; g nacq™ T, bl g |
(1= o)1 —ac/b)(1 — acg®)(1 — cq™ [b)
(1 —ac)1 —c/b)1 — cg®)(1 — acg> [b)’
which reduces to [7, (5.18)] when ¢ = 1.
Multiply both sides of (3.1) by
(ac®b; ¢*)n(c [b; @)3n
(@3 ¢*)nlacq; g)3n
and sum over n to get

=0,1,2,...,

e 9}

@c?/b; )ucq/bi @z (1 — )1 — ac/b)
(32) Z (q3;q3)n(aC; Q)3n (1 — Cq3n)(l _ va3"/b) n

n=0

_ i Z (1 — acg*)(1 — b/cg™) (a,b; @)
(I —ac)1 —bfe)  (cq*,acq® [b;g*n

) (acz/b; q3)n+k(C/b§ 9)3n—k k(k+1) (f)k A
(@3 )i (acq; @)3nsk b/ "

e 9]

B Z (1 — acg*)(1 — b/cg™)
N (1 — ac)(1 — be)

n=0 k=0

k=0

(@, b @ac® [b; ¢)u(c /by ok ) (g)k
(cq®, acq® | b; g*)lacq; q)ax b

_ i (acq™ [b; ¢*)(cq™ /b )y
(@ )lacg™ gy

J=0

https://doi.org/10.4153/CJM-1990-001-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-001-5

INDEFINITE BIBASIC SUMMATION FORMULA 7

Now choose

4 _ L=acq™/b (d, e;6°)n ,
"7 1—ac®/b (ac’q}[bd,ac’q} [be; ¢*),

n

to obtain the expression

(3.3)  1Wolac?/b;c,d, e ac/b,cq/b,cq*/b,cq’ [b; ¢, z)

_x~ (L —acg*®)(1 = b/cg™)
B Z; (1 —ac)(1—b/c)
(a, b; @u(ac®q |b; ¢*)a(c /b; @)k
T (eq? acq’ [bi g lacq; g
. (d7e;q3)k k(k+1) (f_)kzk
(ac*q’/bd, ac’q? [be; ¢3) b
. gW7(aC2q6k/b;dq3k,eq3k, chk/b,chk”/b, ('q2k+2/b;q3, Z),

where we let

(3.4) riWea by, by .. by 25 q,2)

— l¢ a,q\/E, '—CI\/C_17b17b27--'7br—2 'q Z]
" Va, —+/a,aq/by,aq/bs,. .. aq /by’ "

Observe that if e = a’bcg™, z = ¢*, and d = ¢, n = 0,1,2,..., then the
gW7 in (3.3) can be summed by Jackson’s sum [12, (3.3.1.1)]

(3.5)  sWila;b,c,d,e,q " q,9)
_ (aq,aq/bc,aq/cd,aq/bd;q),

- =0,1,2,...,
(aq/b,aq/c,aq/d,aq/bcd; @), o
where a’q™! = bcde, giving the formula
n 4k
1 —acq
3.6 et
(36) Z 1 —ac
k=0
' (a, b; Qr(cq/b; Pul@®beq®, g ¢ 4
(cq?, acq® [b; ¢*)(ab; @ar(1/abg® =", acg®™*1; q)i
_ (acq; @)zn(ab® [c; ¢*)n

" (ab; @)anlac q® |b; ¢)n
- 10Wo(ac? /b; c,ac[b,cq/b,cq* [b,cq’ |b,a*beq™, 7" 4, 4°)

forn=20,1,2,....
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If b = q/a, then the above oWy reduces to an gW7 that can also be summed
by (3.5), giving the cubic summation formula

3n+1

37 - 1- acq‘”‘ (d, q/‘I; q)k(llC; q)zk(va 7q_3"; q3)k
6D Z 1— 3 a2ca- ol B TR YT
k=0 ac (cq’,a*cq” @ )(q; Pulq™", acqg>™"; g
_ (aq,q*/a, acq?, acq®; ¢*)n
(g, 9% a*cq?, cq®; ¢*)n

, n=0,1,2,...,

which is a g-extension of the terminating case of Gosper’s sum (1.6).
To derive a nonterminating extension of (3.7), we first set e = a*bc /d and
z = ¢ in (3.3) to obtain

(3.8)  10Wlac?/b;c,d,ac/b,a*bc/d, cq/b, cq*/b,cq’ |b; 4, q°)

B i“’: (1 — acg*)(1 — b/cqg*)
N (1 —ac)(1 —b/c)

k=0
) (a,b; Q)k(ac‘2q3/b; 43)2k(6/b; @k k(k+4) (i)k
(cq®, acq® | b; ¢*)(acq; @)k b
(d,a*bc/d; ¢* )
' (ac’q? [bd, cdg? [ab®; ¢)x
. gW7(aczq6k/b; quk’aZqu‘jk/d7 CqZk/b, CqZkH/b, Cq2k+2/b; q3,q3).

Next we apply Bailey’s nonterminating extension [12, (IV.15), p. 248] of (3.5)

(3.9)  sWia;b,c,d,e,f;q,9)
_(aq,b/a,aq/de,aq/ce,aq/cd,aq/cf,aq/df ,aq]ef; @)oo
~ (aq/c,aq/d,aq/e,aq/f ,bc/a,bd/a,be/a,bf |a;q)so
_ (bq/c,bq/d,bq/e,bq/f,aq,c,d,e.f,b]a;q)
(b*q/a,bc/a,bd/a,be/a,bf [a,aq/c,aq/d,aq/e,aq[f,a/b;q)s
- sW1(b*/a; b, bc/a, bda, be Ja, bf |a; q, q),

where a’q = bcdef , to the W5 in (3.8) to obtain

(310) 8W7(ac2q6k/b; dq3k,azb0q3k/d, quk/b’ Cq2k+1/b, Cq2k+2/b; q37q3)

_ @™ /b,bd[acq* de* [ab, dg* [ab, d* [ab, ab™ , abg**! abg?**%: )
- (cdq3k+3 /abz acqaul acq‘*‘z acq‘*” ab? /c, —k /ac dg'* /ac dqz-k /ac‘ qa)

bdq"“ (ac’q®+3 [b,a®beq* [d, cq® [b,cq®*! [b, cq®**? [b, bdg*~* [ac?, &’ [a*bc; ¢°)os
ac? (ac2g®*3 [bd, cdg®**3 [ab?, acqg**', acq**2, acq**3, ab? [c, bd’ @ [ac?; ¢*)oo

‘ (bqu+1/C, bqu+2/C, bqu+3/C;q )oo
(dg* [ac,dq'* [ac,dg** [ac; ¢*)eo
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- sWa(bd? Jac?; dg** ,ab? Jc,dq |ac,dg'™* Jac,dg** |ac; ¢*, ¢*)
_ (@c®q’|b,bd/ac’; ¢*) (dg/ab, ab; q)s,
" (ab?[c,cdq} |ab?; ¢®)o (acq, a/qc; @)oo
(cdg’ [ab®,ac’q [bd; ¢ lacq; arg 4D (b)
(ac?q® [ b; ¢*)u(ab; @)u(dgab, acq/d; g
bd (ac*q’ |b,a’be/d,d*q |a*be, bdq® Jac?; ¢*)oo(c /d, bdq/c; @)oo
ac? (ac’’ [bd, cdq? [ab?,ab? [c, bd?q? [ac?; ¢*)so(acq, d [ ac; @)oo
(cdq® [ab?,ac*q/bd, ac? [bd; ¢* )
@G [b; Pru(@be[d; P
| (acq Qg Db /o)t
(acq/d, bdq/c; @(c/b; )
- gWo(bd? Jac?; dg** ,ab? [c,dq™* Jac,dg'™* Jac,dq** |ac; q*, ¢).
Using (3.10) in (3.8), we find that

(3.11)  1oWe(ac? /b;c,d,ac/b,a*bc/d,cq/b,cq* /b, cq’ |b; ¢’ q*)
(ac*q® b, a*bc /d, d*q® [a®be, bd [ac?; ¢ )oo(c /b, bdg [ c; @)oo
(ac2 /bd, cdg? [ab?, ab? [c, bd?q? |ac?; ¢*)solacq, d Jac; ¢)so
Z (1 —acg*)(1 — b/cg®)
(1 —ac)1—b/c)
_ (@, b; @ (d, ac? [bd; ¢ ) 3t
(cq?, acq’ [b; P lacqd, bdqc; x|
- sW1(bd? Jac; dg**, ab® [c,dq™* Jac, dq'™* Jac,dg** Jac; ¢, )
_ (ac’q®/b,bd |ac*; ¢*)o(ab, dq]ab; q)so
T (ab? [c,cdg? [ab?; ¢*)oolacq, d fac; ¢)oo
i | —acg™ _ (a.bianqe/biuld abe/didn
“ 1—ac (cq’ acq’ [b;¢*n(ab; q)ulacq/d, dq/ab; g

Now observe that the sum over k on the left side of (3.11) is

(1 —acg®)1 —b/cg®)  (a,b;qk
(.12) Z (1 —ac)l—=b/c) (cq? acq®/b; ¢

. Z (bd*[ac?,ab? [c; ¢);
(¢, d*q* [a*be; ¢);

<1 — bdq¥ [ac®)(d; @ iwj(ac® [bd; ¢ +3k( & )’
(1 — bd?Jac?)acq/d; @u—3i(bdq ] c; Yess a’bc

_ i (bd?*ac?,ab? [c,d; ¢*);(1 — bd*q® [ac?)

- 0 (¢%,d*q? [a*bc, bdg® [ac?; ¢%)j(1 — bd? [ac?)
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‘ (dfac; @3
(bdq/c; q)3;

o0

Z (1 — acg*)(1 — b/cg*)
(1 —ac)1~b/c)
, (@, b3 q)u(dg¥, ac’q™Y /bd; ¢’ ) 3
(cq?,acq’ |b; ¢*)(acq' =Y [d, bdg™¥ [c; g)i
and that, by (2.7),

k=0

N (1 —acg™)(1 — b/cg™)

(3.13) z (1—ac)1—b/c)
(@, b; Quldq?, ac*q™ [bd; ¢*) 3
. (cq3, acq3/b;q3)k(06ql'3j/d, bdq'+3f/c; lI)k
(1 =)l —ac/b)(1 — bdg¥ [c)(1 — ac/dg*)
~ c(1—ac)1 —b/c)1 —dg¥ [c)(1 — ac/bdg¥)

(@, b; Q)ooldq¥, ac? [bdq”; ¢*)oo
(@, ac/b; ¢*)oolac /dg¥ , bdg¥ [ ¢; g)oo

(1 — o)(1 — ac/b)(1 — bdg¥)(1 — ac/dg¥)
(1 —ac)(1 = b/e)(1 —dg¥ [e)(1 — ac/bdgV)’

Hence the right side of (3.12) is

k=0

bd(1 — ¢)(1 — ac/b)
"~ ac?(1 —ac)(1 —b/c)
‘ i (bd?Jac?,ab? [c; ¢*);(1 — bd>qY¥ [ac?)
(43, d2¢? |a*bc; ¢¥)(1 — bd? Jac?)

(@G by g’
(1 —dg¥ o)1 — bdg¥ Jac)
(@, b; @)oold; ac? [bd; ¢*)oo
(e, ac/b: )oolacq]d, bdg]c; g)o
b(1 — ¢)(1 —ac/b)(1 — bd/c)(1 —d/ac)
"~ (1 —ac)(1—b/c)1 —dJc)(1 — bd]ac)
. 10W9(bd2/ac2; abz/c, d/c,bd/ac,d,dq/ac, dqz/ac, dq3/ac; . q)

(3.14)

j=0

and it follows from (3.11) that

(3.15)  10Wolac?/b;d, c,a*bc/d,acb,cq/b,cq? [b,cq’ |b;q*,q°)
(1 =c)(1 —ac/b)
(1 —dJo)(1 — bd]ac)
(cq/b,bdc; @)oolac’q’ |b,a*bc [d, d*q? aPbe, bd [ac?; ¢*)oo
" ac, dq/ac; @)so(ac? [bd, cdg? [ab?,ab? [c,bd?q? [ac?; ¢*) oo
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- 10Wo(bd* Jac?; d, bd Jac,ab® [c,d[c,dq]ac,dq? |ac,dq’ |ac; ¢*, ¢°)
d(1 —c)(1 —ac/b)
ac(1 —d/c)(1 — bd/ac)
(a,b,¢q/b; @)oo(d, ac’q’® |b,a*bc [d, d*q* |a®be, bd [ac?; ¢ )oo
ac, d/ac,acq/d; q)so(c, ac /b, cdg? |ab?,ab? [c, bd*q? [ac?; )
_ i (bd? [ac?; ¢*);(1 — bd?q% [ac*)ab? [c,dc, bd/ac; ¢*);
= (§¢))(1 = bd® [ac®)(d?q* |a*be, bdg® [ac, dg’ [c; ¢°);

. ([ d2d? J
-q” (_221—)
a*bc

_ (ab,dq/ab; q)s(ac’q® /b, bd/ac?; ¢*)oo
 (acq,d/ac; g)oolab?/c, cdg? [ab?; ¢*)oo

i 1 — acg™
1 —ac

k=0

 (a,bqu(cq/b; Qud, abe/d; ¢’ ) 4
(cq®, acq’ [b; ¢ )i(ab; q)u(acq/d, dg/ab; q)
Using the transformation formula [7, (5.21)]

- (a, q\/c_l, _Q\/avdve,fﬂ])j (aqu)f i(i—1)
(3.16) . 29 ) 4
jzzo (q, \/av "\/a’ aq/da aq/e7GQ/f’ q);
_ (ag,aq/ef; ) 21 [ ef ., gg]
(aq/e,aq/f P’ Laq/d’ ™ ef

and Heine’s transformation formula [8, (1.4.5)]

_ (¢/b,bz; @)oo 5 [abz/c,b' c]

a,b
3.17 "7 g, iqy —
(3.17) a2 [ R Z] © 2D by 9 3

we find that the sum over j in (3.15) equals

(bd*q® Jac?,dq’ | a*b; ¢*)oo ab?[c,dfc  dq*]
(@q’ |a?be, bdg ac; @)oo [ dg’/c ' a?b |
(%, bd’¢ [ac’; ¢*)oo dfc,bdjac 5 ,

©@dqc, bdq3/ac;é13)ooz¢>l [d2q3/a2bc 49 ] :

Thus we have the cubic transformation formula

(3.19)  oWo(ac?/b;d, c,a’bc/d,ac/b,cq/b,cq® [b,cq’ |b; ¢, q°)
(1 = ¢)(1 —ca/b)
(1 —dJo)(1 — bdjac)
(cq/b,bd/c; @)olac’q’ |b,a*be/d, d*q® [a*be, bd [ac?; ¢*)oo
" ac, dq/ac; q)so(ac? [bd, cdg? [ab?, ab?[c, bd?q? [ac?; ¢3)oo

(3.18)
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- 0Wo(bd? Jac*; d, bd ac,ab? [c,d[c,dq/ac,dq® [ac,dq’ [ac; ¢, q)
(@, b,cq/b; @)oo
(ac, dq/aC7 ac/a,’; Doo

(¢*,d,ac*q’ |b,a*bc/d,d*q |a*be, bd [ac?; ¢*)oo

. (cq®,acq®/b,d/c,bd]ac, cdq? [ab?, ab? [c; ¢*)oo
d/c,bd/ac

201 [déq3/a2/bc;q’q]
_ (ab,dg/ab; @)oo(bd/ac’, ac’q’ [b; ¢*)o
~ (acq,d/ac; q)uo(ab? [c, cdg’ [ab?; %)

io: 1 — acg®
1—ac
k=0
 (@,b;q(cq/b; @uld, a*be[d; ') y
(cq3,acq’ |b; ¢*w(ab; @ulacq/d, dq/ab; g
Formula (1.2) follows from (3.19) by setting ¢ = 1 and then replacing d by
azb/c. To derive the cubic summation formula (1.8) which contains Gosper’s
sum (1.6) as a limit case, set b = q/a in (3.19) to get

(3.20) §Ws(a’c?/q;d,c,acq/d,a*c/q,acq; ¢, ¢°)
(1 = o) — d*c/q)
(1 —d/c)(1 —dg/a*c)
(a*c*q*, acq/d,d*¢? ac,dqa*c?; ¢ )oo
. (ac? [dg, acdq, ¢* ac, d*q* | ac?; ¢%)oo
-sWi(qd*Ja*c*;d,dq)a’c, q* Jac,d[c,dq? [ac; ¢, q°)
(@,9/a Poo
(ac,d,dq/ac; @)oo
(@, d,a*?q? acq/d,d*q* |ac,dq|a*c*; ¢*)oo
" (cq?, deq?, d/c,dq/a’c,acdq, q? [ac; ¢*)oo
d/c,dq/a*c
291 [ /d;qzq/{zc “d g
_ (4,d;9)0ldg/a*c?, P ¢P)oo
~ (acq,d/ac; Q)oo(q? [ac, acdgq; ¢*)oo

i 1 — acg™®
1—ac

k=0

- (a,9/a; 9lac; Qu(d, acq/d; ¢
(cq®,acq? @ (q; Qulacq/d, d; q) "

and then apply (3.9) to the above sum of two gW- series to get
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0 L Ak . . g3
321) le acg™ (a,q/a; q)lac; Qu(d,acq/d; @),

—ac (cq?,a’cq®; @h(q; Qulacq/d,d; gl 1

k=0
_ (acq’,acq’,d[ac, dq/ac, adq, aq, ¢* /a, d4* [a; ¢*)oo
 (4,4%,dg,dg?,acq?, cq?,dg /e, d[c; ¢P)oo
d(a, Q/d, acq; Q)oo(q3ada acq/d7 d2q2/aC; q3)oo
ac(q,d,acq/d; )oo(cq’, a*cq?,d[c, dg/a’c; ¢*)o
2
261 [d/dcz, tiq/a‘ C;q3,q3
q*[ac
Formula (1.8) follows from (3.21) by replacing a, ¢, d by b, a*/b, c*, respec-
tively, and using the identity (a; ¢)x = (a, aq; ¢* ).

To verify that Gosper’s formula (1.6) is a limit case of (3.21), replace a, b, c
in (3.21) by 4%, ¢°, ¢°, respectively, take the limit ¢ T 1 and use the limits [2],
[8, Chapter 1]

N C ) (G Pl =)'
(322) l(;ﬂl 1 =g Cn 13{? (@ Doo re),
Gauss’ formula [12, (II1.3), p. 243] and the identity I'(x)I'(1 —x) = 7r/ sin 7x to
find that

a,a+1/2,b,1 —b,c,2a+1)/3—c,a/2+1
1/2,2a—b+3)/3,Qa+b+2)/3,3c,2a+ 1 - 3c,af2’
_TGETE)L(c+3)T(e+3)T (2522)
r(32)r (33 r (352) 1 (=)
r ( 2a+3b+2 ) r ( 3c+l§—2a) r ( 3('+l—:;2a—-b)
S (BN T (2
TGl +2a — 3¢)I" (3=3ask) I (2a2b22)
T(HT(1 — bI (1 +2a)T ()T (24t=3)
T (2a—b+3) r (3c+l~2a—b) r (%)

(3.23) 1F¢

3 3
[ (352) T (35%2)

_TETE)C(c+35)T(c+3)T (25

TTET (BT ()T (BT ()

r ( 2a+3b+2 ) ( 3c— 2a+b ) ( 3c— 2a b+1 )
T ( 3L+2 b ) ( 36—211 ) ( 30——2a+1 )

B

with

r(30—2a)1—~(3c 2a+l)r(3+2a SC)F(2+2§ 3C)
3
rGra-5rEHrEd)
. sm——sm"(l—b)
sin §(3¢ — 2a) sin §(36—2a+1)'

324 B=1+
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Now observe that by setting & = b/3, and 8 = (3¢ — 2a)/3, and using trigono-
metric identities we have

. . ™ . . s
(3.25) sinw@sin (3— + wﬂ) + sin7a sin (§ - 7T(X)
= sinm(a + 3) sin g(l +8— )

= sin §(3c — 2a+b)sin g(l +3¢—2a—b).

Therefore
(326) B = sin §(3¢ —2a+b)sin (1 + 3¢ — 2a — b)

) sin $(3¢c — 2a) sin (1 + 3¢ — 2a)

_ r (30;2(1) r (3+2§—3(r) r ( l+3(3—2a) r (2+2§—3(')
r (3C—§a+b) r (3+2a—3b——3c) r ( l+3t,—32a—b) r (2+Za;b—3c )

and thus
327) F a,a+ 3} —b,c,2a+1)/3—c,a/2+]1

. 766

1/2, (2a—~b+3)/3 (2a+b+2)/3,3¢,3a+1 -3¢ a/?_
F(3)T(G)T(c+3)T(c+3)T(*5)

(b+l) (z b) (2a+2)1-*(gg§+_3)r(3c+3b+l)

r(2a+;7+2) F(2+2a 3c) I"(3+2(;—3C)

'r(Sc+22-b) r(2+2a-§2—3c)r(3+2a;h——3c)

_ 2 T(c+3)T(c+3)T (2322) T (292)

VA TR T () TP T ()

r (2+2(;——3(‘) r (3+2(§—'3L‘) sin _13_r(b + 1)

r (2+20-03-b—3c) T (3+2a—;b—3c‘) ’

which gives (1.6).

4. Some consequences of formula (3.19). When d = a’bcg® and n =
0,1,2,..., (3.19) reduces to the transformation formula

"\ 1 — acg*
4.1) —_—
kz:;) 1—ac
(@, byqu(cq/b; @a(abeg™, g ¢ ) ’
(cq3,acq® [b; g*)i(ab; @) (q' =" [ab, acg®™*1; q); 1
_ (acq; @3u(ab?/c; ¢,
 (ab; q)3n(ac’q? [b; ¢P)n
. 10W9(acz/b; c,ac/b,cq/b, cqz/b, cq3/b, abeq®, a7 ¢, ).
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If we use Bailey’s [3, 8.5(1)] transformation

4.2) 1oWe(a;c,d,e,f,g,h,q " 9,9)
_ (aq,aq/fg,aq/fh,aq/gh; q),
(aq/f,aq/g,aq/h,aq/feh; q)n
‘10 Wo(o; 0c/a,0d/a,0e[a,f,g,h,q7"; q,9),

where 0 = a’q/cde,a’q* = cdefghg™ and n = 0,1,2,..., to show that the
10Wo in (4.1) equals

(ac*q’ |b,ab/q’,q' " [ab,q " [ab; ¢°),
(ac,acq,cq’=3" [ab?, g2 [ac; ¢*),

- 10Wolacq’; @, aq’, bq’, cq’ [b,cq’ |b,a’beg™ . a7 @, ),

then we find that (4.1) can be written in the equivalent form

T e i
(4.3) g 1—ac
(@, b; Q(cq/b; Qau(@beg™, g ¢ ) ¢
(o, acq [b; ¢ad; @il Jab, acg T g |
(- acg®)(1 — ab/q*)(1 — abg*")(1 — acq™™)
T (1 = acg?*?)(1 — abg®2)(1 — ab)(1 — ac)
n 1-— acq6k+2
' EL:S 1 — acq?
@aq’,bq*,cq’ [b,cq’ [b,@beq®, g "0

where n = 0,1,2,.... Notice the rather striking similarities and differences
between the two series in (4.3). The other equivalent forms of (4.1) which
follow by applying (4.2) are not as interesting and so will be omitted.

When b = ¢° /a, the first two terms on the left side of (3.19) give

@44) Wi /q*d,c acq? [d,a*c|q ac 4 @y ¢°)
(1 — o)1 —a’c/q’)
(1—=d/o)(1 — dq? |a?c)

(ac/q,dq? |ac; @)uol@®Pq, acq? [d, d*q ac, dq? [a*c?; ¢* oo
" (ac, dq/ac; @)eo(a?c?[dq?,acd /g, q* [ac, d?q® [a*c?; ¢P)oo
. gW7(d2q2/a2c2; d, dqz/azc, q4/ac, d/c,dq/ac; .q)
_ (@Pq,dqt [d*Pyad)q, ¢y aq’, dg)a, d, 4 a; ¢)oo
" (dPcq,acd]q, cq?,acq?, dq? atc, q* Jac,d [c,dq]ac; ¢ )oo
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by (3.9). Hence, we have the summation formula

00 4k
1 —acq
(4.5) ; ——
_(a,4*/a; @lac/q; @ud, acg® [d; )
(cq?, a*cq; ¢ (q?: @)alacq/d, d [ q; @)
(a,aq,aq%,¢*/a, 4> |a,q* |a,ac/q,acq,acq®,dac,d*q/ac; ¢*)oo
(¢%, q*,d/q,dq, ac/d,acq/d,dq? [ac,dq? [a’c, cq?, a%cq,d [ c; ¢*)oo
dfc,dg*[a*c 5 4
2¢l [ dzq/ac 9,9
_ (an, q4/a’ ad/Qa dq/a’ d/ac, dqz/aca acq, va3§ q3)00
(4%, 4% d/q,dq,d[c,cq’,a*cq,dq? [a*c; ¢*)oo

Replace a,c,d by b,a’ /b, c3, respectively, to get

0 1— an4k
(4.6) k};() ~

(b, @b @ 43 Dl PP

(@4 [b,a%bq; PG D @a] S, [ i |
_ (qu,q4/b, bCS/q, C3([/b, C3/(12, C3q2/02, an’ a2q3;q3)oo
(qZ, q4’ C3/q, ('-?)q7 bc3/a2’ a2q3/b’ aqu’ C3q2/02b; ‘13)00
B (b,bq,bq’, 4’ /b, ¢’ /b, q* /b, a*[q,d*q, ¢, ¢ [ @*, °q %, ¢*)w
(¢%, 9%, c3/q,c3q,a%[c3,a%q /3, 33 [a?, g2 [a*b, a®q3 |b, a*bq, bc3 [a%; gP)oo
“2¢1 [bCB/ai’ C3q22/azb;q |-
cbq/a

As in the derivation of (3.27), it can be shown that (4.6) has the ¢ T 1 limit case

a—1/2,a,b,2 —b,c,(2a+2—3c)/3,a/2+1
@7 7F6[ / ( )/3.a/ ]

3/2,2a—b+3)/3,2a+b+1)/3,3c — 1,2a+ 1 —3c,a/2’
_ TE)T@E)(e—3)T(c+3)T(*3*)
ST (BT (5T (BT () T ()

r (2a+3b+1) r (2a-§>c+3) r (Za—;cﬂ)

) T (z_c%;) T (2a~3§—h+3) T (2a~3§+b+1) .

It should be noted that the evaluation

1,(d—b+2)/2,(a+d +4)/4,a,b,c/3,(a+2d ~b —c)/3 .
(d—b)/2,(a+d)/4,(d+3)/3,(a+d+3—b)/3,a+d+1—c,b+c+1—d'
B abc(a+2a—b—c)

T (a+d)b—d)c—dYa+d—b—c)

(4.8)  +F [
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Ta+d+1—ol(b+c+1—dr (43)T (243=b)
[ (43) T (42489=b=¢) T + DI (b + 1)
dla+d—b)a+d—c)b+c—d)
(a+d)(b—d)d—c)Ya+d—b—rc)
and the corresponding trunctated series formula are limit cases of the g = p3
case of (2.7).

By reversing the order of summation of the series on the left side of (4.1) this
series is converted to a series which is truncated at the (n+ 1) term. Another
transformation formula for such a series in terms of a ;oW series can be derived
by proceeding as follows. Use (2.7) and (3.5) to obtain

N (1 — ag*)(1 — bg~%)
(4.9) Z T
k=0

@b albe @y g
(4%,aq [b; ¢*)i(aq/c, beg; g

_ (aq,bq; Pulcq®,aq’ [bc; ¢*)s

 (aq/c,bcq; (g, aq? [b; %),

=0,1,2,...,

and
(4.10)  §Wq(a/b;aq*,aqd"' ,agd"**, 1/ab®, a4, 4*)
3 (aq3/b, quk/ab’ql-Zk/ab’ qz_z"/ab;q3)k
(g3 Ja2b,b~1q!~* b=1g2~k b=1g3~k; g3),

_ (aq’ [b; ¢*)i(1/ab; @)(abq; g
(@*ba®; @b g /b; Do’

k=0,1,2,....

Hence
n

(1 — ag*)(1 — bg™2)
4.11) k}; T oi=h

__(a,1/ab; g)labg; @u(c,a/be; @ h 5
(4%, a%bg*; ¢ )(q/b; @lag/c, begq; @
_ Z (1 —ag*)(1 —bg™*) (c,a/be; N 3
—~  (I-a)1-b) (ag/c,bcq:qx

k

5 (@/b;¢*)(1 — aq” [b)(@; Qs
= @ @%-i@% 0)(@q’ [b: ¢
(bq™¥; g)(1/ab?; g*);(—1) g ¥u+D/2
" (q/b:9)3(@®bg’: ¢¥);(1 —a/b)
_ Z (a/b:¢*)i(1 — aq¥ /b)(1/ab®; ¢*),
j=0

(@3 ¢);(1 — a/b)(@®bq’; ¢*)j(aq? | b; )y

@ 9ai(bg " q)i(c, a/bes ),
(q/b; 9)3j(aq/c, beg; 9);
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(1 —aq¥)(1 — bg™¥)
T (d-a(1-b)

A (1 — ag¥™m)(1 — bg¥~2m)
= (I -ag)(1-bg )

(a4, bqg™ ¥ m(cq”, aq” [bS; ¢Im 3
(@045 [b; @) ¢, beg™ s m |
_ (aq,bg; @u(cq’,aq’ [bc; ¢y
 (aq/c,beq; @n(@?, ag? [b; ¢P)n
n (d/b, l/abz,aq"+1,aq"+2,aq"+3,q“3;q3)j
’ j:ZO (@, a®bq?,q~" /b, ql—n/b’ q2—n/b, aq3n+3/b; q3),-

(1 —ag¥ /b)(1 — c)(1 — a/bc) 3
(1 —a/b)(1 — cqg¥)(1 — aq¥ [bc)
by (2.7), which yields the transformation formula

(—1y q3j(j+l)/2+3j

n

(1 — ag*)(1 — bg=%)
4.12) g T—a0=h

_(a,1/ab; q)(abg; @u(c,a/be; @ 5
(4%, a*bq?; ¢*)(q/b; Qalag/c, beg; g
_ (aq,bq; Qu(cq®,aq’ |be; ¢)n
 (ac/q,beq; @n(q, aq? [b; 4P
. 10W9((1/b; l/abz,c, a/bc, aqn+1,aqn+2’aqn+3’q~3n;q3’q3)7

where n =0,1,2,....

5. A quadratic transformation formula with five parameters. In [7,
(5.15)] and [10, (4.7)] special cases of (2.8) were used to derive the quadratic
summation formula

5.0 il—aqy‘ @,b,9/b; (e, d, q/cds x
’ 1—a (qz,aqz/b,abq;qz)k(aq/c,aq/d,cd/a;q)kq

3 aq(aq, b, q/b; Qoo(c, d, @@ [cd?, &G [P d; )
cd(aq/c,aq/d, cd/a; q)oo(abg, abg/cd, aq? /b, ag? | bed; g*) oo
abq/cd,a*q/cd,aq® |bcd , ,
“3¢2 [ @4 Jed, P |d 4759
_ (aq,aq/cd; q)s(abg/c,abq/d, aq* [bc, aq? [bd; ¢%)
 (aq/c,aq/d; q)s(abq, abq/cd, aq*[b, aq? [bcd; G*)oo
and this formula was used to derive a quadratic summation formula [7, (5.1)]

stated earlier by Gosper. Here we show how (2.8) can be used to extend (5.1)
to a quadratic transformation formula containing five arbitrary parameters.

k=0
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Take ¢ = p? in (2.8) and then change p and d to ¢ and ¢ to get

nor kv k
52) Z(l acg™)(1 — b/cq")

(1 —ac)1—=b/c)
(@ bygilg " ac’q [b; ¢ ) A
(cq?,acq?[b; ¢*(acq** !, bg' =" [c; q)

1 — o)1 — ac/b)(1 — acg®)(1 — cq* /b)

(1 —ac)(1 —c/b)(1 — cg?")(1 — acq?*" [b)’

Multiply both sides of (5.2) by
(ac? |b; ¢)u(c [b; @)an

(4% g*)nlacq; @)an
and sum over » to obtain

k=0

n

o (ac? [b; ¢Pu(eq /b g)an(l — )1 — ac/b)
53 n
e ;(qz;qz)n(ac;q)zn(l-—cqz”)(l-acqz”/b)
B i Z (1 = acg®)(1 — b/cqb)
&4 (T-ao(l-bfe)
(@, by q(ac® /by qPnai(c /b5 @2ni (gg)"q(;)c
(cq*,acq® [b; °)i(q%; 4)n-k(acq; Qnek \ b "
B i": (1 —acg®)(1 — b/cq")
C & (I—ao(1-b/o)
(@, b; @lac? [b; ¢Fulc /b g (C_q)" (%)
(cq?,acq® [b; q*(acq; @)z \ b
o= @bk Pmeqt b @)am
(P Pl g
Choose
54 €, = —1=ac’q"/b)Xd, e,f:Dn(a’q [ def )

(1 — ac? /b)(ac*q? /bd, ac*q* [be, ac*q? |bf ; 4*)n
Then (5.3) gives
(5.5 wWolac?/biac/b,c,cq/b,cq’ [b,d,e.f;¢*,a*c*q’ [def)
_ i (1 —acg*)(1 — b/cq")
pore (1 —ac)1—=b/c)
(@, b, c/b; @u(ac’q [b; ¢
(cq?, acq? [b; ¢*)i(acq; )
(d,e,f:q"w(a*c*q" [bdef )* (k )
(ac*q?/bd, ac?q* [be,ac*q* |bf ; ¢* 9\ »

. 8W7(002q4k/b; qu/b, qu+l/b, quk, elIZk,fCIZk;qZ, a2C2q3/def).
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Now assume that
(5.6) a*c’q =def.
Then we can apply (3.9) to the gW5 in (5.5) to get

(5.7)  sWilac’q™ [b;cq* [b,cgd™ [b,dq™, eq™ fi**: ¢, )
 (ac2q™*2 [b, bf Jac’q*, abg®*, acg*?/d, acd*?/e; oo
- (acq3k+2’ acq3k+l’ aczq2k+2/bd, ach2k+2/be’ bef/acz; qZ)OO
(acg**' /d, acq**! Je,ac’q* [bde; oo
' (bdf ac?, f [acg*, f[acg"";q*)oo
bfg*(ac?q%*2 [b, gt [b, cg** /b, dg?* , eq™,: ¢P)eo
ac2 (@ g2 [bf , acq™?, acg™, ac’q®*? [bd, ac’¢**2 [be; oo
. /e, fa |d, > Jac?, bfg**! fe, bfd ™ c; ¢)oo
(bef [ac?, bdf [ac?, bf*q? [ac?, [ [acqF, f[acgd" ;Moo
- sWa(bf? [ac%; fg*, bdf |ac?, bef [ac,f |acd", f Jacd*™"; 4%, ¢*)
which, combined with (5.5), gives
(5.8) ng(acz/b; c,d,e,f,ac/b,cq/b, cqz/b; Ve
_ (ac’q’|b,ac’q’ |bde, abq, bf |ac*; ¢*)s(acq/d, acq/e; @)oo
(ac*q?/bd, ac*q? [be, bdf [ac?, bef [ac?; ¢*)solacq, f ac; o
= (1 —acg®™)(1 = b/eq")
2 (1 —ac)(1 —b/c)
, (@,b,c/b; qu(d, e.f3 q* 2%
(cq?,acq? /b, abg; ¢*)(acq/d, acq/e,acq/f;q)kq
bf (ac*q*/b,d, e,fq*|d,fq* e, bfg* |ac*; ¢*)oo

k=0

+
ac(acq? [bf ,ac’q?[be,ac’q? [bd, bdf |ac?, bef [ac?, bf?q* [ac?; ¢*)os

(Bfg/c,c/b; @)oo
(acq,f [ac; @)oo
‘ i (1 —acg*)(1 — b/cqr)
—~ (1 —ac)(1—b/c)
. (@, b; @(ac® [bf . f 3 4* )k g
(cq?, acq® [b; g ) (bfq/c,acq[f gk
. gW7(bf2/ac2;fq2", bdf/acz, bef/acz,f/ach,f/ach”; 7, ¢%).
The last sum over k is
i (bf?/ac*,f, bdf |ac?, bef [ac®,f [ac,fq]ac; ¢%),
= (@ bfajac,fq* [d,fq? [e, big* [c, bla]<; 4);
(- bf?a% [ac?)
(1 — bf?/ac?)

(5.9
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o0

3 (1 — acg®*)(1 - b/cqb)
(1 —ac)1—b/c)
. (a,b; Q)e(ac? [btg  fa%; ) 2
(cq?, acg? [b; P bfg?* [c,aca D [f; i |
B i (bf*/ac®,f, bdf |ac?, bef |ac’,f |ac,fg/ac; ¢%);
5 @ bajac fq [d.fq? [e, bfa? [c, bfa [ c; 4,
~(1=bf?a¥/ac®) ,;
(1 —bf2fac?) !
S (d-od - ac/b)(1 — ac[fg¥)(1 — bfg¥ [c)
c(1 —ac)(1 —b/c)1 —fq%[c)(1 — ac/bfg¥)
_ { @b Doofg”,ac [bfg”; )0, }
(¢, ac/b; q¥)oolac [fq¥ , bfg¥ [ ¢; @)oo
_ (1= )1 —ac/b)(1 — f fac)(1 — bf /o)
(1= c/b)(1 — ac)(1 — £ Jo)(1 — bf Jac)
- 10Wobf [ac’; f, baf [ac?, bef [ac?, bf [ac,f [c,fq/ac,fq’ [ac; ¢, q*)
+ f(a,b; Do
ac(l —ac)(1 —¢/b)(1 —f [c)(1 — bf [ac)
_ (f,ac® [bf; ¢H)oo
(cq?, acq? [b; ¢*)oolacq [f , bfq/c; @)oo
' i (bf?/ac?, bdf [ac?, bef [ac?,f [c, bf [ac; ¢*);
=0

k=0

(4%,fq*/d, fq? | e, bfq? |ac, fq? | c; 4%);

- bf?q¥ |ac?) (_fq_z)j 7
(1 —bf?/ac?) ab

by the n = oo case of (2.7). Hence,

1wWo(ac®/bsc,d,e,f,ac/b,cq/b,cq’ [b;q*,q%)
__bfa-od —ac/b)
ac’(1 —f [c)(1 — bf Jac)

. (ac’q’[b,d, e,fq* [d,fq’ [e, bfe* [ac*; ¢P)oo
(bf2q*/ac?, ac*q? [be,ac?q? [bd, bdf [ac?, bef [ac?, ac?q* [bf ; ¢*)oo
(bf [c,cq/b; @)oo bf* bdf bef f bf fq fi* , ,

R W | 5= =5 T o e i 0 g

(ac,fq/ac; @)oo ac?’ ac?’ ac?’ ¢’ ac’ ac’ ac?’"’
_ (acq/d,acq/e; @)oo

© (acq.f [ac; @)oo

https://doi.org/10.4153/CJM-1990-001-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-001-5

22 G. GASPER AND M. RAHMAN

___(ac*q?[b, abgq, bf [ac?,ac’q® [bde; 4o
(ac*q?/bd, ac’q?[be, bdf [ac?, bef [ac?; ¢*)oo

, i 1 — acg* (a,b,cq/b; qu(d; e,f;q* ) &
— 1—ac (cq*,acq’[b,abg; q(acq/d,acq/e,acq/f: q)
bf*(a, b, cq/b; @)

T 23U 7O — bf Jac)ac,f [ac, acq]f 4w
(f,ac*/bf ,ac*q? [b,d, e,
: f4*/d,fq* [e, bfg* [ac*; 4P
(cq*,acq*/b,ac*q? |bf ,ac*q* /be,
ac’q? /bd, bdf |ac?, bef [ac?, bf*q? |ac*; 4P oo

_ {2 (bf*/ac?, bdf |ac?, bef |ac?,f [c, bf |ac; ¢*);
j=0

(¢*.fa* [d.fa? [ e, bfa* [ac,fq? [c; 4°);
(1 —bf%qY [ac?) 3 fiz / P
(1= bf?/ac?) ab ) 4
when (5.6) holds. By applying the transformation formula [7, (5.14)]

oo

(5.11) Z (av‘h/av_‘h/avcveadvf;q)j (_a2q2>1 (é)
fary (4, Va, _\/57 aq/can/dan/eaHQ/f;q)j cdef
_ (aq,aq/ef; Qoo p [aq/cd,e,f. @]
@qfe,aqff @)oo’ aq/aaq/d’q’ ef

to the sum over j in (5.10), we find that it equals
(@*, b Jac*; ), [f/c,bf [ac,ac’q? [bde 7 qz]
(bfg? [ac, fq? [¢; 4)oo féld.fg?le 77

and hence, by setting e = a’*c?q/df in (5.10), we obtain the quadratic transfor-
mation formula

(5.13)  1Ws(ac?/b;f,ac/b,c,cq/b,cq® /b, d,a*q/df; 4%, q%)
. (ac®q? /b, bf Jac?,ac /b, c,cq/b, cq? |b, bfg* |ac; ¢*)oo
(bf%q*ac?, ac? |bf ,ac*q? |bd, dfq/ab, bdf [ac?,abq]d, cq?; ¢*)os
(fg*[c, bf [c, bfg[c.fq* [d, df*q/a’c,d, a**q]df ; ¢)oo
. (acq?/b,f [c,bf |ac,ac,acq,fq]ac,fq? [ac; ¢*)oo
- 1Wo(bf? Jac’;f, bdf [ac?,abq/d.f [c, bf |ac,fq]ac,fq* |ac; ¢, q*)
__(a,b,cq/f; 90
(ac,ac/f,fq/ac; )oo
(f,d,d*c*q/df ,bf |ac?,ac*q* |b.fq* |d, df*q)d**, ¢*; 4o
' (bf Jac,f [c,cq?,acq® |b,ac?q? [bf , dfq/ab, bdf ac?,abq/d; ¢*)s
é f/c,bf ac,fq/ab 5 ,
02| fg2/d, df2gfarer > T

(5.12)

32 [
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_ (acq/d, df |ac; @)so(ac’q? /b, abq, bf |ac?, fq/ab; ¢*)o
 (acq, f/ac; @)olac?q? /bd, dfq/ab, bdf [ac?, abq/d; ¢*)s

00

Z 1 — d(,'q'y(
1 —ac

k=0

. (@,b,cq/b:qu(d.f,a’c*q/df ,¢*) y
(¢q?, acq? [b,abq; ¢*)i(acq/q,acq[f ,df [ac;q)~

Formula (5.1) follows from the case ¢ = 1 of (5.13) by applying Sears’
transformation formula [11, (5.2)] to the 3¢, series. If, as in the derivation of
(3.21) from (3.19), we set b = g/a in (5.13) and use (3.9), we obtain a quadratic
summation formula which can also be derived by replacing a, b, ¢, d in (5.1) by
ac,a,d, azczq/df , respectively. The quadratic transformation formula (3.12) in
[10] can be derived by multiplying both sides of (5.13) by (f /ac; q)oo and then
setting f = ac.

It should be observed that the first two terms on the left side of (5.13) contain-
ing the ;oWy series can be transformed to another pair of oWy series by applying
Bailey’s four term transformation formula [4, (7.2)]. Also, since the 3¢, series
in (5.13) is balanced (Saalschiitzian) it can be summed by [12, (3.3.2.2)] when-
ever it terminates. In addition, since (¢7"; @)oo = 0 for n =0, 1,2, ..., the case
d = g~%" of (5.13) gives

\ 3k

1 —acq

(5.14) —_

; 1 —ac

(@,b,cq/b; i, A If g7 ¢ ‘

' (cq?,acq? [b, abq; P)lacq[f ,f [acq™, acg™ 1 q);

_ (acq; @an(ac*q? [bf ,abq [f; ¢

 (acq/f: @)mlabg, ac’q? [b; ¢*),

: 10W9(acz/b;f,ac/b, ¢, Cq/”? C,q2/b,(12c2q2n+l /f» q—2n; C[2, qz)

n+l

and the case b = cq™"" gives
"1 —acg*
515 Y ———
= 1 —ac
d,f,a*q/df ; hla, cq"", g™ @ ‘

(acq/d,acq[f,df [ac; i (cq?, aq' =", acq™%; g2y

_ (a('qz/d7 (]/(1(‘, aC“i/fvde/dC; qz)n
(acq?,fq/ac,dq/ac,acq/df; q*),

- 10Wolacg™ Vs c,d,f,a*Pq/df yag™" ' 4" ", q 7" 47, ),

where n =0,1,2,....
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6. A quartic transformation formula with three parameters. By starting
with the special case

(1 —acg®™)(1 = b/cq™)
6. ; (1 —ac)(1—b/c)
 @bigug™*, ac’q" [big* ) .
(cq*, acq* [b; ¢*wlacq*™*', b/cg*"~; g
(1= —ac/b)] —acg”)(1 —cq™[b) 0.1.2
T A—ao( —c/b)1 — ™)1 —acg[by ' T

4k

of (2.8), multiplying both sides of (6.1) by

(1 — ac®q® /b)(ac? [b,a*b* |4%; ¢ )n(c [b; Qan 4n
(1 — ac?/b)(g*, c?q% [ab3; ¢*)n(acq; @)an ’

summing over n and changing the order of summation, we get the expansion
formula
62)  1Wolac? [b;a®b? |¢*,ac b, c,cq/b,cq? [b,cq’ [b,cq* |b; ¢, q*)

_ i (@, b; @b’ /% g W(ac® [b; ¢*)au(cq /b; @) ( c )k ;43()
prd (cq*,acq* /b, g [ab’; q*)i(ac; @)sk b

. 8W7(aC2q8k/b;azb2q4k/q2,Cq3k/b, Cq3k+l/b, Cq3k+2/b, cq3k+3/b; q4,q4).

Since the above gW; equals

©63) (@bg™; 9)oo(abg™ ™" @oolac’ g+ [b, ab® | *¢***; ¢*)oo
: (acq5k+l s abZ/qu+2; q)oo
_ (g /b, @b’¢" " [¢; 9)o(ac’ g™ [b, ab’ ¢ )

(vaSki-l, ab2/ch+2; q)oo(a3b5/cz, C2q4k+2/ab3; q4)oo
. 3W7(a3b5/6'2q4;azb2q4k'2,abz/Cq’H'z,abz/chﬂ,abz/ch,abz/ch_l;q4,q4)

by (3.9), it follows that

(6.4) 10W9(ac2/b; azbz/qz, ac/b,c,cq/b, cqz/b, cq3/b, cq4/b; q*,q"

_ (@b 9)o0(ab/q; 4" )o(ac’q* /b, ab’ [’ 4o

(acq,ab? [cq%; @)oo
i 1 — acq™*
= 1—ac
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_(a,b;@(cq/b,cq’ [b, g’ [b; @b’ [ g
(cq*, acq* [b; q*)(abq, ab, abq; q*)i(cq? [ab?; g
B (@*b? [cq, c[b; @)oolac’q* [b,ab’® | *¢%; oo
(acq,ab? [cq?; @)oo (@b’ |2, 2q? [ab®; ¢*)oo
. i (1 — &®b3g¥42)(@b5 |c2qt, ab? g%, ¢ (ab? [eq?; q)s; o
o A=a@D /g ab> [c2 q)(@h} [eq; @y

(e 9]

(1 —acg®)(1 — b/cq™)

2 (1 —ac)(1—b/c)

(@, b; Qu@®b’q¥ 2, 2 [ab’q gt
(e, acq’ [b; glcab>q 3, @b it

By (2.7), the above sum over k equals
(1 — o)1 —ac/b)(1 —a®b*q¥ =2 [c)(1 — ab*q¥ 2 /c)
(1 —ac)1 —c/b)(1 — a?b?¢%~2[c)(1 — ab3q¥~2/c)
ab’(@, b; )oo(a®b? 2, gt [ ab?; q4)oo(—a3b5/cz)"ql2(é)

22 (1 = ac)(1 — b/c)(cq? [ab?, ab3 [cq; @)oo(cq*, acq’ [b; 4o
_ (ab*q? [c*; q*)(a®b? [cq; q)s;

(1 —a?p2q¥ 2 [c)(1 — ab3q¥=2 [c)(a*b? [q*; q*)j(ab? [cq?; q)s)
and so, from (6.4) and the transformation formula [7, (5.27)], we obtain the
quartic transformation formula
(6.5)  10Wolac?/b;a*b* /4% ac/b,c,cq/b,cq*[b,cq’ [b,cq* Ib; ¢*, q*)

(1 — o)1 = ac/b)a*b® [cq?, cq/b; @)oo
(1 — a?b? [cq®)(1 — ab3 [cq*)(ab? [ cq, ac; @)oo
(ac’q*[b,ab’ |*¢%; Moo
) @032, 2 Jab; ")
< 10Wol@®b’ [crq*; *b? [ qF, aPb? [cq? ab® [cq?, ab? [cq, ab? [c,ab’q [c,ab?q* [c; ¢*, ¢*)
N ab*(a, b, cq/b; @)oo
cq*(1 — a?b?[cq*)(ac, ab? [cq?, cq® |ab%; @)oo
(ac?q* [b,ab? [q%, @B 4% ¢ )so
T @b’ /cq?, cq*,acq* [b; ¢*) o
2B /e’ ab’d?
o )
_ (@b @)oo(ab/q; )oolac’q* [b,ab’ /g% 4o
(acq,ab? [cq*; @)oo

k=0

11— acq*

) Z—; 1—ac

(a,b;q@leq /b, cq’ [by cq’ [b; u(@®b? |7 g 4
(cq, acq* [b; ¢*)i(abq, ab, ab | q; 4)(cq’ [ab%; O |
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When ¢ = 1, (6.5) reduces to the quartic summation formula [7, (5.28)].
When b = ¢* /a, the sum of the two 1(Wy series on the left side of (6.5) reduces
to a sum of two gW5 series which can be summed by (3.9) to give
i 1 — acg® (a,q*/a;q)(ac/q,ac,acq; @)@ 4 %

1—ac (cq*,a’cq? ¢* (@, 4%, q; 4*)lac [ q; )k

(6.6)
k=0
3 9°(a,4* [a, acq; 9)oo(q5 4*)oo
ac(l - qZ/C)(qza ac, q)oo(q, qz)oo(cq47 ach2? 44/026§ (14)00
191 q6/C’ 9 a2C
_ (acq’, ¢*/ac, aq, ¢* /@ ¢*)oo
(4, 8% ¢Poo(cq*, ¢* [c, a*cq?, ¢ [ac; 4o

It should also be observed that by multiplying both sides of (6.5) by (ab?/cq*; @)oo
and then setting ¢ = ab? /q2 we get the quartic transformation formula

00
1— aZquSk——Z

6.7) — 1
kz__—:; 1— aZbZ/q2

__(a,b;q)(ab/q,ab, abq; @ (@*b?/¢*; 9,
(abq?, a?bq?; ¢ (abq, ab, ab ¢, )@ i |

B (aq, b; 9)oo(@b**; 4*)oo

(g 9oo(abg; ¢P)oo(b, ab?q?, a2bg%; ¢*)so 191 [aq“

Additional summation, transformation, and expansion formulas will be con-
sidered elsewhere.

a
;q*, bq“] .
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