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AN INDEFINITE BIBASIC SUMMATION FORMULA 
AND SOME QUADRATIC, CUBIC AND 

QUARTIC SUMMATION AND 
TRANSFORMATION FORMULAS 

GEORGE GASPER AND MIZAN RAHMAN 

1. Introduction. Let 

( 1 , n = 0, 
{a;q)n= (l-a)(l-aq)---(l-aq"-1), n= 1,2,.. . , 

I [(1 - aq-{)(\ - aq-2) • • • ( ! - aq»)]"1, n =-1,-2...... 

denote the ^-shifted factorial, 

oo 

(a;q)oo = Y[a-a<f\ \q\ < 1, 

and set 

(ai,02, • • • 7am\ q)n = (aûq)n(a2; <?)„••• (am\ q)n, 

(a{, a2l..., am\ q)^ = (auq)oo(a2; q)oo'-- (am\ q)^. 

Recently, Gasper [7] showed that some bibasic summation formulas derived by 
Carlitz [5], Al-Salam and Verma [1], and Wm. Gosper could be extended to the 
indefinite bibasic summation formula 

(i-i) E 
(1 -apkqk)(l -bpkq k) (a,b\p)k{c,a/bc\q)k 

(l-a)(l-b) ( 

= (ap, bp\p)n(cq, ag/bc; q)n 

(q, aq/b; q)n(ap/c, bcp;p)n ' 

k=0 (1 ~ à)(l - b) (<7, aq/b; q\{apjc, bcp\p\ 

nn hrr n\.Arn. nn I he ri\„ 
= 0,1 ,2 , . . . , 

where p and q are independent bases and 0, Z?, c are arbitrary parameters. He 
also showed that this formula could be used to derive a bibasic extension of 
Euler's transformation formula [7, (1.6)], a bibasic Lagrange inversion formula, 
a bibasic extension of Verma's ^-analogue [13, p. 349] of the Fields and Wimp 
expansion formula [6, (1.3)], and some quadratic, cubic, and quartic summation 
formulas containing at least two parameters. 
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2 G. GASPER AND M. RAHMAN 

In particular, he derived the cubic summation formula 

(1.2) 
^ \-a 
k=0 

(a, b\ q)k(q/b, q2/b; q2)k(c, a2b/c\ q3)k 

(q3,aq3/b\ q3)k(abq, ab\ q2\(aq/c, cq/ab; q)k 

ab2 (aq, bq, \/b\ q)oo(c, a2bq3/c2', q3)^ 
c (ab, cq/ab, aq/c; q)00(ab2/c, aq3jb\ q3)oo 

' 2V>1 
ab2/c,a2b/c 3 3 

a2bq3/cr 

(aq, ab/c; q)00(ab2, aq2, /be; q3)Q 
M < i, (ab, aq/c; q)OQ(ab2/c, aq3 jb\ q3)& 

and its hypergeometric limit case 
3a, 1 + 3a/4,3b, (I- 3b)/2,1 - 36/2, c, la + b - c 

[3a/4,1 + a - b, (1 + 3a + 3b)/2,3(a + b)/2,1 + 3a - 3c, 1 + 3c - 3a - 3b 

T(3a + 3b)T(\ + 3a - 3c)T(a + 2b- c)T(\ +a-b) 

(1.3) iF6 ;1 

T(3a + l)T(3a + 3b- 3c)T(a + 2b)T(\ +a-b 
sin 3nb sin TTC 

1 + 

c) 

sin 3ir(a + b — c) sin 7r(<z + 2b) 

The 2</>i function in (1.2) is a special case of the 
series defined by 

basic hypergeometric 

(1.4) r<t>s ax,...,ar 

b\,...,b, 
\<l,z = E (a\,...,ar\q)n 

(q,bu...,bs;q)n 
zn[(-l)nq^>] n(?)-il+s-r 

with ( p = n(n — l)/2. In (1.4) and all formulas containing infinite sums or 
products it is assumed that \q\ < 1. An rFs hypergeometric series is defined by 

(1.5) rFs 
ai,...,a, 
b\,...,b. 

\z E 
n=0 

(a\)n'"(ar)n 
n\(bx)n • • • (bs)n* 

where the shifted factorial (a)n is defined by 

(a)n = ]J(a + k). 
k=0 

In their paper [9] on strange evaluations of hypergeometric series, Gessel 
and Stanton were able to prove all of the "mysterious-looking evaluations" with 
more than one parameter that were stated by Wm. Gosper in a letter to R. Askey 
except for the evaluation 

a,a+ \/2,b,\ -b,c,(2a+ l)/3-c,a/2+ 1 
(1.6) 7^6 1/2, (2a - b + 3)/3, (2a + b + 2)/3, 3c, 2a+\- 3c, a/2 ' 

2 r(c+\)T(c+i)r( 2a~b+3 W( 2a+b+2 
3 

y/3 T(^)T(^)TC-^)T(3-^) 

r ( 2 ± 2 o ^ ) r ( 3 ± 2 £ ^ 3 £ ) s m | ( £ + 1 } 

T(2+2a+
3
b-3c)T( 3+2a-b-3c 
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INDEFINITE BIBASIC SUMMATION FORMULA 3 

Since the case b = 2a of (1.6) is a special case of (1.3), this raised the question 
of whether (1.6) and a ^-extension of it could be derived by extending the 
method in [7] and it led the authors to look for extensions of (1.1) and (1.2). 

In this paper we show that (1.1) can be extended to 

(1-7) E 
(l-adpkqk)(l-bpk/dqk) 

(l-ad)(l-b/d) 

(a,b;p)k(c1ad2/bc;q)k k 

(dq, adq/b; q)k(adp/c, bcp/d;p\ 

_ (1 - g)(l - b){\ - c){\ - ad2/be) 

~ d(l- ad)(l - b/d)(l - c/d)(l - ad/be) 

(ap, bp;p)n(cq, ad2q/bc; q)n 

(dq, adq/b; q)n(adp/c, bcp/d;p)n 

_ (c/ad,d/bc;p)m+i(l/d,b/ad;q)m+i 

(l/c,bc/ad2;q)m+i(l/a, l/b;p)m+ï J 

where n,m — 0, ± 1 , ± 2 , . . . , and then use this formula to derive the cubic 
summation formula 

(1.8) £ 
2„4k 1 - azq (ft, q/b; q)k(a, aq; q2)k(c

3,a2q/c3; q3)k 

k=0 

' 2<P1 

1 - a2 (a2q3/b, a2bq2; q3)k(q
2, q; q2\(a2q/c\ c3; q)k 

(fr, q/b, a2q; q)oo(c3, q3, a2g/c3
1 c6q2/a2; q3)^ 

(q, c3, a2q/c3\ q)oo(bc3 /'a2, a2bq2
1 a2q3/b, c3q/a2b; q3)oo 

be3 /a2
1c

3q/a2b 3 3] 
•6„2 ini ' a ' a 

c6q2/a2 

(a2q2, a2q3
1 c3/a2, c3q/a2, bc3q1 bq, q2/b1 c3q2/b; q3)^ 

(q, q2, c3q, c3q2, a2q3 /b, a2bq2, be3/a2, c3q/a2b; q3)^ M < i, 

which contains Gospers's sum (1.6) as a limit case. It should be noted that in 
(1.7) and elsewhere we employ the standard convention of defining 

n ( am + am+i + • • • + # „ , 

(1.9) J > * = JO, 
k=m { —(an+\ + an+2 + --+al 

mû n 

m 
m-\)i 

n + 1, 
w + 2, 

for n1 m = 0, ± 1 , ± 2 , . . . . 
The bibasic sum (1.7) will also be used to derive a common generalization of 

(1.2) and (1.8) and some rather general quadratic, cubic and quartic summation 
and transformation formulas. 

(2.1) 

2. Derivation of (1.7). Let 

(ap, bp;p)n(cq, ad2q/bc; q)n 
Sn (dq, adq/b; q)n(adp/c, bcp/d;p)n 
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4 G. GASPER AND M. RAHMAN 

for n = 0, ± 1 , ± 2 , . . . , and define the difference operator A by 

Then 

(2.2) ] P As* = s„ - s_m_i 
k=—m 

and 

(2.3) As* = s* - .s>_i 

_ (ap1bp;p)k-i(cq1ad2q/bc;q)k-
(dq, adq/b; q)k(adp/c, bcp/d\p)k 

• {(1 - ap*)(l - &p*)(l - cqk)(\ - ad2qk/bc) 

- (1 - dqk)(\ - adqk/b)(l - adpk/c)(l - bcpk/d)} 

_ rf(l - c/d)(l - ad/bc)(\ - adpkqk)(\ - bpk/dgk) 

(1 - a)(l - b){\ - c)(\ - a d 2 / ^ ) 
(a, b;p)k(c, ad2 jbc\q\qk 

(dq, adq/b; q)k(adp/c, bcp/d\p)k 

forifc = 0 , ± l , ± 2 , . . . . Hence 

(2.4) 

{Sn- •S-m-\, 

^ (l-adpkqk)(l-bpk/dqk) 
^ (\-ad)(\-b/d) 

(a,b\p)k(c,ad2/bc\q)k k 

(dq, adqjb\ q)k(adp/c, bcp/d;p)k 

_ (1 - a)(\ ~ b)(l - c)(l - ad2/be) 
~ d(\ - ad)(\ - b/d)(\ - c/d)(\ - ad/be) 
__ (1 - a)(\ - b)(\ - c)(\ - ad2/be) 
~ d(\ - ad)(\ - b/d)(l - c/d)(l - ad/be) 

f (ap, bp\p)n(cq, ad2q/bc\ q)n 

\ (dq, adq/b\q)n(adp/c, bcp/d\p)n 

_ (c/ad,d/bc;p)m+i(\/d,b/ad;q)m+\ 

(1/c, bc/ad2; q)m+{(l/a, \/b\p)m+x 

for n, m = 0, ± 1 , ± 2 , . . . , which completes the proof of (1.7). In (2.4) we used 
the fact that 

(2.5) (œ,q)„n 
(-q/a)nq(") 

(q/a\ q)n 
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INDEFINITE BIBASIC SUMMATION FORMULA 5 

Observe that (1.1) is the case d = 1, m = 0 of (1.7) and that, just as in (1.1), 
the series in (1.7) is partially of well-poised type in the sense that 

a(dq) — b(adq/b) — adq and 

c(adp/c) = {ad2 J bc){bcp I d) = adp. 

It is these observations and the simplification that occurred on the right side of 
(2.3) which motivated the choice of sn in (2.1). 

If \p\ < 1 and \q\ < 1, then by letting n or m tend to infinity we find that (1.7) 
also holds with n or m replaced by oo. In particular, this gives the following 
evaluation of a bilateral bibasic series 

y , (l-adpk
q

k)(l-bpk/dqk) 
( ' ' J^ (\-ad){\-b/d) 

k—~oo 

(a,b;q)k(c,ad2 /bc;q)k k 

(dq, adq/b; q\(adp/c, bcp/d;p\ 
_ (1 - d)(\ - b){\ - c){\ - ad1 /be) 
" d{\ - ad)(l - b/d)(l - c/d)(l - ad/be) 

(ap, bp;p)oo(eq, ad2q/bc\ q)^ 
(dq, adq/b; q)oo(adp/c, bcp/d;p)< 
(c/ad, d/bc;p)oo(l/d, b/ad; q)c 

(1/c, bc/ad2; q)oo(l/a, l/b;p)0 } • 
where |p| < 1 and \q\ < 1. 

In the following sections we shall use the m = 0 case of (1.7) in the form 

^(l-adpkqk)(l-bpk/dqk) 
{ ' } f^Q (\-ad)(\-b/d) 

(a1b;p)k(c,ad2/bc;q)k k 

(dq, adq/b; q)k(adp/c, bcp/d;p\ 
_ (1 - a)(\ - b)(\ - c)(\ - ad1/be) 
~ d(\ - ad)(\ - b/d)(\ - cjd)(\ - ad/be) 

(ap, bp;p)n(cq, ad2q/bc; q)n 

(dq, adq/b; q)n(adp/c, bep/d; p)n 

(1 - d)(\ - ad/b)(\ - ad/c)(\ - bc/d) 
~ d(\ - ad)(\ - b/d)(\ - c/d)(\ - ad/be)' 

There is no loss in generality because, by setting k = j — m in (1.7), it is 
easily seen that (1.7) is equivalent to (2.7) with n,a,b,c,d replaced by n + 
m, ap~m, bp~m, cq~m, dq~m, respectively. We shall also use the special case c — 
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6 G. GASPER AND M. RAHMAN 

q~n, n = 0 ,1 ,2 , . . . , of (2.7) in the form 

^(l-adpkqk)(l-bpk/dqk) 
{ ' } f^ (l-ad)(l-b/d) 

(a,b;p)k(q-n,ad2q"/b;q)k ^ 

= 0,1,2, . . 

(dq, adq/b; q)k(adpqn, bpjdqn\p\ 
_ (1 - d){\ - ad/b)(\ - adqn){\ - dqn/b) 
~ (1 - ad)(\ - d/b)(l - dqn)(\ - adqn/£)' 

3. ^-extensions of Gosper's sum (1.6). In view of our previous observation 
that the case b = 2a of (1.6) is a special case of the sum (1.3), it is natural 
to try to use the bibasic sum (2.8) to extend the proof in [7] of the ^-analogue 
(1.2) of (1.3) to derive a summation formula which contains both (1.3) and (1.6) 
as limit cases. Therefore, let us set q — p3 in (2.8), replace d by c, and then 
change p to q to obtain the sum 

^(l-acq4k)(\-b/cq2k) 
(ÔA) ^ (\-ac)(l-b/c) 

(a,b-q)k{q-3n,ac2q3nlb-q\ 3k 

' (cq\ acq3/b; q3)k(acq3»+\b/cq3»-l;q)k
 q 

_ (1 - c)(l - ac/b){\ - acq3n)(l - cq3n/b) 
~~ (1 - ac)(l - c/b)(\ - cq3n)(l - acq3n/b)1 

which reduces to [7, (5.18)] when c — 1. 
Multiply both sides of (3.1) by ' 

(ac2/b;q3)n(c/b;q)3n 

(q3;q3)n(acq;q)3n 

and sum over n to get 
,,2 lu- ^3 

n = 0 ,1 ,2 , . . . , 

(32) s~y (ac2/b; q3)n(cq/b; q)3n (1 — c)(l — ac/b) 
^ (q3; q3)n(ac; q)3n (1 - cq3"){\ - acq3-/b) n 

= y > y ^ (1 ~ fl^Xl ~ b/cg2k) (a, b\ q\ 
j^j^ (1 - ac)(l - b/c) (cq3,acq3/b; q3)k 

(ac2/b;q3)n+k(c/b;q)3~ u /r\k 
(q3\q3)n-k(acq\q)3n+k 

)3n-k k(k-

* " ( ! ) ' * • 

= E 
k=0 

(l-acq4k)(\-b/cq2k) 
(l-ac)(\ -be) 

«• (Ï)' 
(a, b; q)k(ac2/b; q3)2k(c/b\ q)u 

(cqi,acq3/b;q?')k(acq;q)4k v Vft 

j ^ (qi;qi)j(acq^;qhj J+"' 
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INDEFINITE BIBASIC SUMMATION FORMULA 7 

Now choose 

An 

1 - ac2q6n/b (d,e\q3)n 

1 — ac2 jb (ac2q3 /bd, ac2q3 /be ; q3 )n 

to obtain the expression 

(3.3) \oWg(ac2 /b\ c, d, e, acjb, cq/b, cq2 //?, cq3/b; q3, z) 

_^(\-acq4k)(l-b/cq2k) 

~~ f^Q (l-ac)(\-b/c) 

(a, b; q)k(ac2q3/b; q^hkic/b; q)2k 

{cq3, acq3/b\ q3\(acq\ q)4k 

(d,e;q3)k 

^°(i)'= (ac2q3 /bd, ac2q3 /be \q3)k
n \b; 

• zW7(ac2q6k/b; dq3k, eq3k, cq2k /b, cq2k+l/b, cq2k+2/b; q\z\ 

where we let 

(3.4) r+[Wr(a; £ b 6 2 , . . . , br-2\ q, z) 

a, qjâ, -q\fa, bub2l..., br-2 
— r+\(j)r 

y/a, —y/â, aq/bi, aq/b2,..., aq/br^2 ' 
; <7>z 

Observe that He— a2bcq3n, z = q3, and d — q 3n, n = 0 ,1 ,2 , . 
8^7 in (3.3) can be summed by Jackson's sum [12, (3.3.1.1)] 

then the 

(3.5) 8W7(a;fc,c,</,«?,? n\q,q) 

_ (aq, aq/bc, aq/cd, aq/bd; q)n 

(aq/b, aq/c, aq/d, aq/bcd; q)n ' 

where a2qn+l = bcde, giving the formula 

1 — acq4k 

« = 0 , 1 , 2 , . . . , 

(3.6) £ • 
£=o 

1 — ac 

(a, fr; g)*(cg/fr q)2k(a
2bcq3\ q~3n; q3\ k 

(cq3,acq3/b; q3)k(ab', q)2k(\ / abq3n~l, acq3n+l ; <?)* q 

__ (acq;qhn(ab2/c;q3)n 

(ab;q)3n(ac2q3/b;q3)n 

l0W9(ac2/b; c, ac/fc, C<?/6, c a 2 / ^ ^ 7 ^ a 2 ^ 3 " , tf~3*; a3, ?3) 

for « = 0 , 1 , 2 , . . . . 
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G. GASPER AND M. RAHMAN 

If b = q/a, then thé above \0\V9 reduces to an 8Wv that can also be summed 
by (3.5), giving the cubic summation formula 

\ 1 - acqAk (a, q/a; g)k(ac; g)ik(acq3nJrX ,q~3n; q3)k k 

' 0 

(aq, q2/a, acq2, acq3; q3)n 

(q,q2,a2cq2,cq3;q3)n 

k=Q - ac (cq3,a2cq2;q3)k(q;q)2k(q~3n,acq3n+l;q)k 

#1 = 0 ,1 ,2 , . . . , 

which is a ^-extension of the terminating case of Gosper's sum (1.6). 
To derive a nonterminating extension of (3.7), we first set e — a2bc/d and 

z — q3 in (3.3) to obtain 

(3.8) \oWg(ac2/b; c, d, ac/b, a2bc/d, cq/b, cq2/b, cq3/b; a3, q3) 

_^(l-acq4k)(l-b/cq2k) 
~f^ (l-ac)(l-b/c) 

(a,b;q)k(ac2q3/b;q3hk(c/b;q)2k k{k+4) /c_\k 

(cq3
1acq3/b;q3)k(acq;q)4k \b) 

(J, a2bc/d; q3)k 

(ac2q3/bd, cdq3/ab2; q3)k 

• %W1{ac2q6k/b; dq3k, a2bcq3k/d, cq2k /b, cq2k+x/b, cq2k+2/b; q3, q3). 

Next we apply Bailey's nonterminating extension [12, (IV. 15), p. 248] of (3.5) 

(3.9) 8^7(0; b, c, d, ej; q, q) 

__ (aq, b/a, aq/de, aq/ce, aq/cd, aq/cf, aq/df, aq/ef; q)oo 

(aq/c, aq/d, aq/e, aq/f, be/a, bd/a, be/a, bf/a; q)oo 
(bq/c, bq/d, bq/e, bq/f, aq, c, d, e,f, b/a; q)^  

(b2q/a, be J a, bd/a, be/a, bf/a, aq/c, aq/d, aq/e, aq/f, a/b; q)^ 

• %W-]{b2 /a; b, be/a, bd/a, be/a, bf/a; q, q), 

where a2q — bedef, to the %Wi in (3.8) to obtain 

(3.10) %W1{ac2q6k/b; dq3k, a2bcq3k/d, cq2k/b, cq2M/b, cq2k+2/b; q3, q3) 

= (ac2?6**3/*, bdjaêq^M* M dq*+2/ab, d^^jab, abq2*, abq2**1, abq2**2; q3^ 
(cdq**+3/ab2, acq4***, acq4**2, acq"**, ab2/c, dq'k/ac, dqx~k /ac, aq2~k/ac; q^U 

bag-* (tfcV***/*, Jbc^/d, cqX/b, eg2*** jb, c^/b, bdq^k/ac2, d^/Jbc; q3)* 
+ ac2 (aciq^/bd, cdq^/ab2, acq***, acq4**2, acq4**, ab2/c, b&tf/ac2', q3)^ 

(bdqk+l/c, bdqk+2/c, bdqk+3/c; q3)^ 
(dq~k/ac, dql~k/ac, dq2~k/ac; q3)oo 
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INDEFINITE BIBASIC SUMMATION FORMULA 9 

• sW7(bd2/ac2; dq3k, ab2/c, dq~k/ac, dql~k /ac, dq2~k /ac; q3,q3) 

_ (ac2q3/b, bd/ac2; q3)^ (dq/ab, ab; q)^ 

(ab2/c, cdq3 /ab2; q3)œ (acq, a/qc; q)^ 

(cdq3/ab2,ac2q3/bd;q3)k(acq;q)m~k{k+l) (' b\k 

(ac2q3/b;q3)2k(ab;q)2k(dq/ab,acq/d;q\ \cJ 

bd (ac2q3/b, a2bc/d, d2q3 /a2bc, bdq3 jac2\ q3)oo(c/d, bdq/c; q)0 

ac2 (ac2q3/bd, cdq3/'ab2, ab2/'c, bd2q3/ac2; q3)oo(acq, d/ac; q)^ 

(cdq3 jab2,ac2q/bd, ac2 /bd; q3)k 

(ac2q3/b; q3)2k(a
2bc/d; q3)k 

(acq;q)4kq-^+l\b/c)k 

(acq/d, bdq/c; q)k(c/b; q)2k 

• sW7(bd2/ac2; dq3k,ab2/c, dq~k/ac, dql~k/ac, dq2~k/ac; q3,q3). 

Using (3.10) in (3.8), we find that 

(3.11) 10W9(ac2/b; c, d, ac/b, a2bc/d, cq/b, cq2/b, cq3/b; q3, q3) 

(ac2q3/b, a2bc/d, d2q3/a2bc, bd/ac2; q3)oo(c/b, bdq/c; q)^ 

(ac2 /bd, cdq3 /ab2, ab2 jc, bd2q3 /ac2; q3)OQ(acq, d/ac; q)oo 

Y ^ (1 - acqAk)(\ - b/cq2k) 

'f^ (\-ac)(\~b/c) 

(a,b;q)k(d,ac2/bd;q3)k 
-q 

,3* 
(cq3,acq3/b; q3\(acq/d, bdq/c; q)k 

• sW7(bd2/ac; dq3k, ab2/c, dq~k/ac, dql~k/ac, dq2~k/ac; q3, q3) 

_ (ac2q3/b, bd/ac2; q3)00(ab, dq/ab; q)^ 

(ab2/c, cdq3 jab2; q3)oo(acq, d/ac; q)^ 

Y^ 1 - acq4k (a, b; q)k(qc/b; q)2k(d, a2bc/d; q3)k k 

f^ l-ac (cq3,acq3/b; q3\(ab; q)2k(acq/d, dq/ab; q)k 

Now observe that the sum over k on the left side of (3.11) is 

^{\-acqAk){\-blcq2k) (a,b;q)k 

Ù> ( l - a c ) ( l - f t / c ) {cq\acq^b;q^k 

(bd2/ac2,ab2/c;q3)j 

£ .=0 (q3,d2q3/a2bc;q3)j 

(1 - bd2q6J/ac2)(d;q3)k+J(ac2/bd;q3)k.j 3f+3k (^ 

(1 - bd2/ac2)(acq/d; q)k^3j(bdq/c; )k+3j \a2bc 

Y> (bd2/ac2,ab2/c, d; q3)j(\ - bd2q6J/ac2) 

^ (q3,d2q3/a2bc,bdq3/ac2;q3)j(l - bd2/ac2) 

; ) ' 
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10 G. GASPER AND M. RAHMAN 

(d/ac;q)3j 3j-

(bdq/c; q)3j 

^(l-acq4k)(l-b/cq2k) 

'f^ (l-ac)(\-b/c) 

(a, b; q)k(dq3j, ac2q~3j/bd; q3)k 3k 

' {cq3,acq3/b;q3)k(acql-3J/d,bdqMi/c;q)k
q 

and that, by (2.7), 

n n . ^(l-acq4k)(l~b/cq2k) 

ti d-ac)(\-b/c) 
(a, b; q)k(dq3j, ac2q~3j /bd; q3)k 3k 

' (cq3,acq3/b;q3)k(acqx~3J/d,bdql+3J/c;q)k
q 

__ (1 - c)(l - ac/b)(l - bdq3J/c)(l - ac/dq3j) 

~ c{\ - ac)(\ - b/c)(\ - dq3J/c)(l - ac/bdq3J) 

(a, b; q^idq^.ac2 /bdq3j; a3)oo 

(c, ac/b; q3)oo(ac / dq3J, bdq3J/c; q)^ 

(1 - c)(l - ac/b)(\ - bdq3j)(l - ac/dq3J) 

c{\ - ac)(l - b/c)(\ - dq3J/c)(\ - ac/bdq^)' 

Hence the right side of (3.12) is 

(3.14) 
bd{\ - c)(l - ac/b) 

ac2(l-ac)(l-b/c) 

y > (bd2/ac2,ab2/c;q3)j(l - bd2q6J/ac2) 

' ^ (q3,d2q3/a2bc; q3)j(l - bd2/ac2) 

(d2q3/a2bcyq3j2 

' (1 -dq3J/c)(l-bdq3J/ac) 

(a, b; q)oo(d, ac2 /bd; q3)^ 

(c, ac/b; q3)oo(acq/d, bdq/c; q)oo 

b(\ - c)(l - ac/b)(l - bd/c)(\ - d/ac) 

~ c(\ - ac){\ - b/c)(\ - d/c)(l - bd/ac) 

• \oWg(bd2 /ac2; ab2/c, d/c, bd/ac, d, dq/ac, dq2/ac, dq3 /ac; q3 ,q3) 

and it follows from (3.11) that 

(3.15) mW9(ac2/b; d, c, a2bc/d, ac/b, cq/b, cq2/b, cq3/b; q3,q3) 

(1 - c){\ - ac/b) 
+ (\-d/c)(\-bd/ac) 

(cq/b, bd/c; q)OQ(ac2q3 /b, a2bc/d, d2q3 /a2bc, bd/ac2; q3)oo 

(ac, dq/ac; q)OQ(ac2/hd, cdq3 /ab2, ab2/c, bd2q3 /ac2; q3)oo 
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• \oWg(bd2/ac2; d, bd/ac, ab2 /c, d/c, dqjac, dq2 /ac, dq3/ac; q3, q3) 

d(l-c)(l-ac/b) 

ac(l-d/c)(l-bd/ac) 
(a, b, cq/b; q)00(d1 ac2q3 /b, a2bc/d, d2q3/a2bc, bd/ac2; q3)oo 

(ac, d/ac, acq/d; q)oo(c, acjb, cdq3 /ab2, ab2/c, bd2q3/ac2; q3)0 

y ^ (bd2/ac2; q3)j(\ - bd2 q^ / ac2)(ab2 / c, d/c, bd/ac; q3)} 

^ (q3;q3)j(l - bd2/ac2)(d2q3/a2bc,bdq3/ac,dq3/c;q3)j 

v (fl V 
\a2bc) 

- (afr? dq/ab; q)OQ{ac1q3/b, bd/ac2; q3)^ 
(acq, d/ac; q)OQ(ab2/c, cdq3 jab2; q3)œ 

•q 

E 
k=0 

1 — acq M 

ac 

(a, b; q)k{cq/b; g)lk(d, a2bc/d; q3)k k 

(cq3, acq3/b; q3)k(ab; q)2k(acq/d, dq/ab; q)k 

Using the transformation formula [7, (5.21)] 

^ 2 \J 
(3.16) Y, 

(a,qVâ,-qy/â,d,e,f;q)j 

jl£ (<2S Va, -y/â, aq/d, aq/e, aq/f \q)j\def ) 
J(J-D 

(aq,aq/ef;q) 
o <t>X ~2<P\ 

e,f aq_ 
aq/d'q' ef (aq/e,aq/f;q\ 

and Heine's transformation formula [8, (1.4.5)] 

(3.17) 2</>i 
a, b 

\q,z 
(c/b,bz;q)0 

29\ 
(c, z; q){ 

we find that the sum over y in (3.15) equals 

abz/c, b 
bz ' n 

,~^ (bd2q3/ac2,dq3/a2b;q3)00 ± 

(d2q3 ja2bc, bdq3 /ac; q3)0 

_ (q3,bd2q3/ac2;q\ 
h ~29\ 

ab2/c,d/c dq3 

dq3/c ''^aÛ 

d/c, bd/ac 3 3 

d2q3/a2bc ' q ,q (dq3 /c, bdq3 jac; q3){ 

Thus we have the cubic transformation formula 

(3.19) mW9(ac2/b; d, c, a2bc/d, ac/b, cq/b, cq2/b, cq3/b; q3, q3) 
(\-c)(\-ca/b) 

+ (\-djc)(\-bd/ac) 
(cq/b, bd/c; q)00(ac2q3 /b, a2bc/d, d2q3/a2bc, bd/ac2; q3)0 

(ac, dq/ac; q)OQ(ac2/bd, cdq3 /ab2, ab2/c, bd2q3/ac2; q3)^ 

https://doi.org/10.4153/CJM-1990-001-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1990-001-5


12 G. GASPER AND M. RAHMAN 

• ioW9(bd2/ac2; d, bd/ac, ab2/c, d/c, dq/ac, dq2 /ac, dq3/ac; q3,q3) 

_ (a, b, cq/b; q)^ 

(ac, dq/ac, ac/d; q)^ 

(q3, d, ac2q3/b, a2bc/d, d2q3/a2bc, bd/ac2; q3)^ 

(cq3, acq3 /b, d/c, bd/ac, cdq3/ab2, ab2/c; q3)^ 

\ d/c,bd/ac 
•29 i [ d2q3/a2bc ' q,q 

(ab, dq/ab; q)OQ(bd/ac2, ac2q3/b; q3)c 

(acq, d/ac; q)OQ(ab2/c, cdq3 fab2; q3)0 

1 — acq4k 

^ 
k=0 ac 

(a, b; q)k(cq/b; q)2k(d, a2bcjd\ q \ k 

(cq3,acq3/b; q3\(ab; q)2k(acq/d, dq/ab; q)k 

Formula (1.2) follows from (3.19) by setting c = 1 and then replacing d by 
a2b/c. To derive the cubic summation formula (1.8) which contains Gosper's 
sum (1.6) as a limit case, set b — q/a in (3.19) to get 

(3.20) %Wi(a2c2 jq\ d, c, acq/d, a2c/q, acq; q3,q3) 

(l-c)(l-a2c/q) 

(\-d/c)(\-dq/a2c) 

(a2c2q2, acq/d, d2q2/ac, dq/a2c2; q3)^ 

(a2c2 /dq, acdq, q2 /ac, d2q4/a2c2; q3)oo 

• %W1(qd2 /a2c2; d, dqja2c, q2/ac, d/c, dq2 /ac; q3, q3) 

_ (a, q/a; q)^ 

(ac, d, dqjac; q)^ 

(q3,d, a2c2q2, acq/d, d2q2/ac, dq/a2c2; q3)oo 

(cq3, a2cq2, d/c, dq/a2c, acdq, q2 /ac; q3)oo 

h '291 
d/c, dq/a2c 3 3 

d2q2/ac ;q iq 

(q, d; q)OQ(dq/a2c2, a2c2q2; q3)^ 
(acq, d/ac; q)OQ(q2/ac, acdq; q3)^ 
^ -i Ak 

1 — acq™ 
ac 

(a, q/a; q)k(ac; q)2k(d, acq/d; q3)k 

s^ 1 — ac 

v. {cqi,a2cq1\ q3)k(q; q)2k(acq/d, d; q)k 

and then apply (3.9) to the above sum of two gWj series to get 
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(3.21) 
k=0 

1 - acq4k (a, q/a; q)k(ac\ qhk(d, acq/d; q \ k 

• ac (cq3, a2cq2; q3)k(q\ q)2k(acq/d, d\ q)k 

_ (acq2, acq3, d/ac, dq/ac, adq, aq, q2/a, dq2/a; q3)0 

(q, q2, dq, dq2, a2cq2, cq3, dq/a2c, d/c\ q3)oo 
d(a, q/a, acq; q)oo(q3, d, acq/d, d2q2/ac; q3)^ 

ac(q, d, acq/d; q)oo(cq3, a2cq2, d/c, dq/a2c; q3)œ 

•291 
d/c, dq/a2c 3 3 

L d2q2/ac ''q ' q 

Formula (1.8) follows from (3.21) by replacing a, c, d by b, a2/b, c3, respec­
tively, and using the identity (a;q)2k = (a,aq;q2)k. 

To verify that Gosper's formula (1.6) is a limit case of (3.21), replace a, b, c 
in (3.21) by qa,qb,qc, respectively, take the limit q ] 1 and use the limits [2], 
[8, Chapter 1] 

{q\q)oo{\-q)l-x 

(3.22) hm - = (*)„, lim 
*Ti 

roo, 
gn(l-q)n tfi (qx;q)oo 

Gauss' formula [12, (III.3), p. 243] and the identity r(x)T(l —x) = 7r/sin7rjc to 
find that 

(3.23) 7^6 
a, a + 1/2, b,\-b, c, (2a + l)/3 - c, a/2 + 1 

1/2, (2a - b + 3)/3, (2a + b + 2)/3,3c, 2a + 1 - 3c, a/2 

r(i)r(f)r(c + i)r(c + l ) r ( ^ ^ ) 
r (î ta) r (^) r (^) r (^^) 

r ( 2 ^ ± 2 ) r ( 3c+b-2a ) r ( 3c+l-2a-b\ 

r (è*Mç) r (^i) r (2=*) r (&$=*) 
r(3c)r(l + la - 3c)r.(3s=fat*) r (2^±2) 

T{b)T{ 1 - b)T{ 1 + 2a)r(c)r ( ̂ ±t^£ ) — 

r (2^±3)r ( 3 c + ' - 2 a - f c ) r ( i fg) 

r(^)rpf^) 
r(j)r(f)r(c + j)r(c + j ) r ( ^ ) 
r (2f2) r (2f2) r {b-f) r (2=*) r ( ^ ) 

r (2^±2) r (2^|2±ft) r ( 3 c ~ 2 f + 1 ) 

r ( 3 ^ ) r ( 3 ^ ) r ( 
<3ç-2o+l 

with 

(3.24) 5 - 1 + 

= 1 + 

r(f)r(i-f)r(^)r(^) 
s i n ^ s i n f ( l - b) 

sin f (3c - 2a) sin f (3c - 2a + 1) 
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14 G. GASPER AND M. RAHMAN 

Now observe that by setting a = ft/3, and f3 = (3c — 2a)/3, and using trigono­
metric identities we have 

(3.25) sin 7T/3 sin ( - + TT/3 ) + sin ira sin ( - — 7ra J 

7T 

= sin7r(a + (3) sin - (1 + /3 — a) 
7T 7T 

= sin -(3c — 2a + ft) sin - (1 + 3c — la — ft). 

Therefore 

sin f (3c - la + b) sin f (1 + 3c - la - b) 
(3 26) B = 3 y 3 v i 

sin f (3c - 2a) sin f (1 + 3c - la) 

~~ p / 3c-2a+b \ p / 3+2a-fr-3c \ p / l+3c-2a-b \ p / 2+2a+fr-3c \ 

and thus 

(3.27) 7F6 
a, a + ^ , ft, 1 -f t ,c ,(2a + l ) / 3 - c , a / 2 + 1 

L1/2, (2a - ft + 3)/3, (2a + ft + 2)/3,3c, 3a + 1 - 3c, a/2 ' 

r ( i ) r ( l ) r (c + i)r(c + l)r(^^) 
r(^)r(^)r(^)r(^)r(^^) 
p ( 2 ^ ± 2 ) p (2±2|^3ç) p ( 3 j ^ p 3 ç ) 

' p f 3c+2-fr \ p / 2+2a+b-3c \ p / 3+2a-6-3c \ 

2 r(c + )̂r(c + |)r(^^)r(^p) 
~7! r(^)r(^)r(^)r(^p) 

P ( 2 + 2 ^ ) p (3±2|z3£) S i n |(fc + 1) 

' p /2+2a+fr-3c\ p /3+2a-fr-3c\ ' 

which gives (1.6). 

4. Some consequences of formula (3.19). When d — a2bcq3n and n — 
0,1 ,2 , . . . , (3.19) reduces to the transformation formula 

7~i l—ac 

(q, ft; q\(cqjb\ q)lk{a2bcq3n, q 3n; q \ 
V (ca3, acq3jb\ q3)k(ab; qhk(ql~3n/ab, acq3n+x\q)k 

_ (acq', qhn(ab2/c; q \ 

(ab;q)3n(ac2q3/b;q3)n 

l0W9(ac2/b; c, ac/b, cq/b, cq2 jb, cq3/b, a2bcq3\ q'3n; a3, a3). 
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If we use Bailey's [3, 8.5(1)] transformation 

(4.2) ioW9(a; c, d, e,f,g, h, q~n; q, q) 

= (<*?> <*<l/fg , Wlfh, aq/gh; q)n 

(aq/f, aq/g, aq/h, aq/fgh; q)n 

•io W9(a; ac/a, ad/a, ae/a,f,g, h, q~n; q, q), 

where a ~ a2q/cde,a3q2 — cdefghq~n and n = 0 , 1 , 2 , . . . , to show that the 
ioW9 in (4.1) equals 

(ac2q3/b, ab/q2, ql-3n/ab, q~3n/ab; q3)n 

(ac, acq, cq3~3n/ab2, q~3n~2/ac; q3)n 

• l0W9(acq2; q3,aq2, bq2, cq2/b, cq3/b, a2bcq3n, q~3n; q3\q3), 

then we find that (4.1) can be written in the equivalent form 

„4k 

(4.3) E^ acq" 
1 — ac 

k=0 
(a, b; q\(cq/b; q)2k(a

2bcq3n, q~3n; q \ k 

(cq3, acq3/b; q3)k(ad; qhk(ql~3n/ab, acq3n+[ ; q\ Q 

__ (1 - acq2)(l - ab/q2)(l - abq3n)(l - acq3n) 

(1 - acq3n+2)(l - abq3n~2)(\ - ab)(\ - ac) 

^l-acq6k+2 

^ 1 — acq2 

k=o H 

(aq2, bq2, cq2/b, cq3/b, a2bcq3n, q~3n; q \ 3k 

(cq3, acq3 /b, abq3, abq2, q5~3n Jab, acq3n+5 ;q3)k 

where n — 0 ,1 ,2 , Notice the rather striking similarities and differences 
between the two series in (4.3). The other equivalent forms of (4.1) which 
follow by applying (4.2) are not as interesting and so will be omitted. 

When b = q2/a, the first two terms on the left side of (3.19) give 

(4.4) sW7(a
2c2/q2; d, c, acq2jd, a2c/q2, ac/q; q3,q3) 

(l-c)(l-a2c/q2) 

(l-d/c)(l~dq2/a2c) 

(ac/q, dq2/ac; q)OQ(a2c2q, acq2 jd, d2q/ac, dq2/a2c2; q3)^ 

(ac, dq/ac; q)OQ(a2c2 jdq2, acd/q, q4/ac, d2q5/a2c2; q3)^ 

• $W7(d
2q2/a2c2; d, dq2/a2c, q4/ac, d/c, dq/ac; q3,q3) 

— (a2c2ff, dq2/a2c2,ad/q, q3,aq2, dq/a, d, q4/a; q3)^ 

(a2cq, acd/q, cq3, acq2, dq2/a2c, q4 /ac, d/c, dq/ac; q3)oo 
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16 G. GASPER AND M. RAHMAN 

by (3.9). Hence, we have the summation formula 

(4.5) 
OO . 

E l — a 

1 -

acq 

ac 

Ak 

(a, q2/a\ q)k(ac/q\ q)2k(d, acq2/d\ q \ k 

(cq3, a2cq\ q3)k(q
2\ q)lk(acqfd, djq\ q)k 

(a, aq, aq2, q2/a, q3/a, q4'/a, ac/q, acq, acq2'% d/ac, d2q/ac\ q3)^ 

(q2, q4, d/q, dq, ac/d, acq/d, dq3/ac, dq2/a2c, cq3, a2cq, d/c; q3)D 

•291 
d/c,dq2/a2c 3 3 

d2q/ac ' * ' * . 

_ (aq2, qA /a, ad/q, dq/a, d/ac, dq2/ac, acq, acq2; q3)0 

(q2,cf, d/q, dq, d/c, cq3, a2cq, dq2/a2c\ q3)^ 

Replace a,c,d by b,a2/b,c3, respectively, to get 

(4.6) 
1 - alq E 1 - " k 

I-a 

2„Ak 

fc=0 

(ft, q2/b; q)k(a
2/q\ q)lk{c\ a2q2/c\ q3\ k 

(a2q3/b, a2bq\ q3)k(q
2; q)lk(a

2q/c3, c3/q\ q)k 

= (bq2, q4/b, bc3/q, c3q/b, c3/a2, c3q2/a2, a2q, a2q3; q3)^ 

(q2, q4, c3/q, c3q, be3/a2, a2q3/b, a2bq, c3q2/a2b\ q3)oo 

(b, bq, bq\ q2/b, q3/b, q4/b, a2/q, a2q, a2q3, c3/a2, c6q/a2; q3)^ 
(q2, q4, c3/q, c3q, a2/c3, a2q/c3, c3q3/a2, c3q2/a2b, a2q3/b, a2bq, be3 /a2; q3)^ 

\bc3ja2,c3q2/a2b m 

'2<Pl 
3 3 

c6q/a2 

As in the derivation of (3.27), it can be shown that (4.6) has the q f 1 limit case 

(4.7) 7^6 
a - 1 / 2 , a , b , 2 - b,c,(2a + 2 - 3c) /3 ,a/2 + 1 

3/2, (2a - b + 3 ) /3 , (2a + b + l ) / 3 ,3c - 1,2a + 1 - 3c, a/2 
;1 

r(|)r(t)r(c-i)r(c^)r(^±3) 
r (^±i) r (*=*) r (^pi) r ( ^ ^ ) r ( ^ ) 
r(2a^)r(22=|£±3)r(22^£±i) 

It should be noted that the evaluation 

(4.8) 7̂ 6 
1,(d - b + 2)/2,(<* + </ + 4)/4,a,ft,c/3,(a + 2d-b- c)/3 

[ (^-6) /2,(a + J)/4,(^ + 3)/3,(a + ^ + 3-ft)/3,a + ^ + l - c , ^ + c + l - J 

a &c(a + 2a — & — c) 

(a + d)(ft - d)(c - d)(a + d-b-c) 

;1 
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T(a + d + 1 - c)T(b + c + 1 - d)T ( ̂  ) T ( ̂ ± ^ ) 

r (^) r («±2^z^£) r(a + i)T(b +1) 
d(a + d- b)(a + d- c)(b + c - d) 

+ (a + d)(b - d)(d ~ c)(a + d~ b - c) 

and the corresponding trunctated series formula are limit cases of the q — p3 

case of (2.7). 
By reversing the order of summation of the series on the left side of (4.1) this 

series is converted to a series which is truncated at the (n + l) t h term. Another 
transformation formula for such a series in terms of a 10W9 series can be derived 
by proceeding as follows. Use (2.7) and (3.5) to obtain 

(1 - aq4k)(l - bq~2k) 
(4-9) £ 

(l-b) 

(a,b;q)k(c,a/bc;q3)k 
1 ^ 

(q3,aq3/b;q3)k(aq/c,bcq;q)k
 J 

{aq,bq\q)n(cq3,aq3 /bc;q\ 

3k 

« = 0 ,1 ,2 , . . . , 
(aq/c, bcq\ q)n(q

3,aq3 jb\ q3)n ' 

and 

(4.10) sW7(a/b; aq", a^X, aqk+1, \/ab\ q~3k; q3, q3) 

= (aq3/b, q-2k/ab, q^/ab, q2-2k/ab; q3)k 

(q~3kja2b, b~lql~k, b~lq2-k, b~xq3~k\ q3\ 

_ (aq3/b;q3)k(l/ab;q)k(abq\q)2k 

(a2bq3\ q3)k{b\ q)k(q/b; q)2k 

Hence 

(1 - aq4k)(l - bq~2k) 

k = Q,\,2,. 

(4-11) E « O-'Xi-ft) 
(a,l/ab;q)k(abq;q)2k(c,a/bc;q3)k 3k 

{q3,a2bq3; q3)k(q/b; q)k(aq/c, bcq; q)k 

= y , (1 - aq4k)(l - bq~2k) (c,a/bc;q3)k 3k 

j ^ (l-a)(\-b) (aq/c,bcq;q)k
q 

E (a/b;q3)j(l - aq3j / b)(a; q)k+3j 

j=o (q3; q3)k.j(q
3;q3)j(aq3/b; q3)k+J 

(bq~3J; q)k(l/ab2; q3)j(-iy q3J^/2 

(q/b;q)y(a2bq3;q3)j(l-a/b) 

(a/b;q3)j(l-aq3J/b)(l/ab2;q3)j 

' ^ (q3;q3W-a/b)(a2bq3;q3)j(aq3/b;q3)2j 

(a; q)4j(bq~3n; q)j(c, a/bc; q3)j 

(<llb; qhj(aq/c, bcq; q)j 
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18 G. GASPER AND M. RAHMAN 

(l-a4*>Xl-bq-V) 

(1 •o)( l - f t ) 

")d 

(_iy^3/y+l)/2+3; 

' ) (1 - aq4j+4m)(\ - bq-2j-2m 

(I - aq*J)(l - bq-V) 

( V , ft<T2;; gUcg3'", fl^Vfcc; q3)m 3m 

(g3, ag^3/b; g3)m(agj^ /c , 6c^'+1 ; <?)„, * 

= (aq, bg\ q)n(cq3, aq3/bc; g3)n 

(ag/c, beg; q)n(q
3, ag3/b; q3)n 

yy (a/b, l/ab2,aqn+l,aqn+2,aqn+3,q-3\q3)j 

7=0 
(q3, a2bq3, q~n/b, ql~n/b, q2~n/b, aq3n+3/b; q3)j 

(l-aq3J/b)(l-c)(l-a/bc) 3j 

' (1 - a/b)(\ - cq3J)(l - aq3J/bc)q 

by (2.7), which yields the transformation formula 

aq4k)(l - bq~2k) 
(4-12) E 

(1 

*=o 
( 1 - * ) ( ! - & ) 

(a, 1/afr; g)k(abg; g)2k(c, a /be; g3)k 3k 

(q3, a2bg3;g3)k(g/b; g)2k(ag/c, bcq; q)k 

= iaq, bq\ g)n(cg3,ag3/bc; q3)n 

(ac/q, bcq; q)n(q
3, ag3/b; g3)n 

wW9(a/b; l/ab2, c, a/be, aqn+l, aqn+2, aq^3,q-3n;q3,q3\ 

where n = 0,1,2,. 

5. A quadratic transformation formula with five parameters. In [7, 
(5.15)] and [10, (4.7)] special cases of (2.8) were used to derive the quadratic 
summation formula 

(5.1) 
k=0 

M (a, b, g/b; g)k(c, d, a2g/cd; q2)k 

• 392 
2 2 

\q ,q 

l - a (<?2,0<?2/£, afr<?; q2)k(aq/c, ag/d, cd/a; q)k 

aqjaq, b, q/b; g^jc, d, a2q3/cd2, a2g3/c2d; q2)^ 

cd(ag/c, ag/d, cd/a; g)OQ(abg, abg/cd, ag2/b, ag2 /bed; g2)0 

abg/cd, a2g/cd, ag2 /bed 

a2g3/cd2, a2g3/c2d 

_ (ag, ag/ed; g)oo(abg/c, abg/d, ag2/be, ag2/bd; a2) 

(ag/c, ag/d; g)OQ(abg, abg/cd, ag2/b, ag2 /bed; g2)oo 

and this formula was used to derive a quadratic summation formula [7, (5.1)] 
stated earlier by Gosper. Here we show how (2.8) can be used to extend (5.1) 
to a quadratic transformation formula containing five arbitrary parameters. 
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Take q = p2 in (2.8) and then change p and d to q and c to get 

(5 2) y » ( l -oc^Xl - f t / eg*) 
^ ( l -ac ) ( l - f t / c ) 

(a,b;q)k(q-2n,ac2q2n/b;q2)k u 

' (cq2, acq2lb; q2)k(acq2n+i, bql~2n/c; q)k
 q 

_ 1 - c)(l - ac/b){\ - acq2")(\ - cq2n/b) 

~ (1 - ac)(l - c/b){\ - cq2"){\ - acq2n/by 

Multiply both sides of (5.2) by 
{ac2/b;q2)„{c/b;q)2„ 

{q2\q2)n(acq;q)2n 

and sum over n to obtain 

(5 3) yy (ac2/b; q2)„(cq/b; q)2n(\ - c)(l - ac/b) 

à (<?2; ̂ 2)"(ac; ^ ) 2« ( 1 - c ^ 2 " ) ( 1 ~ acq2njb) " 
^y^y^(l-acq3k)(l-b/cqk) 

hh a-«xi-*A) 
(a,fr;q)k(ac2jb\q2)n+k(c/b;q)ln-k fcq\k (k

2)c 

{cq2, acq2/b; q2)k(q
2\ q2)n-k(acq\ q)2n+k U / 

_ y> (1 - ac<73*)(l - 6/c^) 
~ £ ^ ( l - a c ) ( l - ô / * ) 

(a,fr;q)k(ac2jb\q2)2k(c/b;q)k /cq\k (*) 
(cq2, acq2/b\ q2)k(acq\ q)3k \b ) 

E (ac2q4bk; q2)m(cqk/b; q)2m 

(q2;q2)m(acq3k^q)2m
 Lk+m' 

: 0 ,1 ,2 , . . . . 

m=0 

Choose 

5 (1 - ac2g4n/b)(d, e,f; q2)n(a
2q3/defy 

{ ' } n (1 - ac2/b)(ac2q2/bd, ac2q2/be, ac2q2/bf; q2)n ' 

Then (5.3) gives 

(5.5) i0W9(ac2/b; ac/b, c, cq/b, cq2/b, d, e,f; q2, a2c2q3/def) 

_^(l-acq3k)(l-b/cqk) 
~f^ (\-ac){\-b/c) 

(a, b, c/b; q)k(ac2q2/b; q2)2k 

(cq2, acq2/b; q2)k(acq\ q)3k 

(d,e,f;q2)k(a
2c3q4/bdef)k 

(ac2q2/bd, ac2q2/be, ac2q2/bf; q2)k 

• sW7(ac2q4k/b; cqk/b, cqM/b, dq2k, eq2k,fq2k; q2, a2c2q3/def). 
<i) 
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Now assume that 

(5.6) a2c2q = def. 

Then we can apply (3.9) to the 8W7 in (5.5) to get 

(5.7) MiacV'/b', cqk/b, cqk+l/&, dq2k, eq2k,fq2k; q2, q2) 

_ (ac2q4k+2/b, bf/ac2q2k, abq2k+\acqk+2/d, acqk+2/e; q2)^ 

~ (acq3k+2, acq*M, ac2q2k+2/bd, ac2q2k+2/be, bef jac2\ q2)^ 

(acqM /d, acqk+l je, ac2q2/bde; q2)^ 

(bdf/ac2, f/acqk, f / acqk~^ q2)^ 

bfq-2k(ac2q4k+2/b, cqk/b, cqM /b, dq2k, eq2k, ; q2)^ 
+ ac2(ac2q2k+2/bf, acq3k+2, acq3M, ac2q2k+2/bd, ac2q2k+2/be', q2)^ 

(fq2/e, fq2jd, bfq2-2k/ac2, bfqM/c, bfqk+2/c; <?2)oo 

(bef/ac2,bdf/ac2,bf2q2/ac2, f/acqk, f /acqk-l;q2)oo 

• sW^bf/ac2', fq2k, bdf/ac2, bef /ac2,f /acqk, f/acqk~l ; q2, q2) 

which, combined with (5.5), gives 

(5.8) mW9(ac2/b\ c, d, e,f, ac/b, cq/b, cq2/b\ q2, q2) 

_ (ac2q2/b, ac2q2/bde, abq, bf jac2\ q^ooiacq/d, acq/e; q)^ 

(ac2q2/bd, ac2q2 /be, bdf /ac2, bef' jac2\ q2)oo(acq,f jac\ q)oo 

^(\-acq3k)(l-b/cqk) 

' ^ (\-ac)(\-b/c) 

(a,b,c/b;q)k(d,e,f;q2)k 2k 

(cq2, acq2/b, abq\ q2)k(acq/d, acq/e, acq/f; q)k 

+ bf(ac2q2/b, d, e,fq2/djq2/e, bfq2/ac2; q2)^  

ac2(ac2q2/bf, ac2q2/be, ac2q2/bd, bdf /ac2, bef /ac2, bf2q2 jac2\ q2)0 

(bfq/c, c/b\ qOoo 
(acqj/ac;q) 

CO 

(l-acq3k)(l-b/cqk) 

k=o (l-ac)(l-b/c) 

(a,b;q)k(ac2/bf,f;q2)k 2k 

(cq2, acq2/b; q2)k(bfq/c, acq/f; q)k 

• &W7(bf2/ac2;fq2k, bdf/ac2, bef j ac2 J j acqk J j acqk~x ; q2, q2). 

The last sum over k is 

^ (bf2/ac2,f, bdf/ac2, bef/ac2,f/ac,fq/ac; q2)j 
U (<l2,bfq/ac2,fq2/d,fq2/e,bfq2/c,bfq/c;q2)j 

(l-bfW/ac2) 2j 

(l-bf2/ac2) q 

E 
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y > (1 - acqik){\ - b/cef) 
£-> (\-ac)(\-b/c) 
k=0 

(a,b;q\(ac2/b/q2i,/q2';q2)k 
-<t 

2k 

(cq2, acq2/b; q2)k(b/q2J+l /c, acq1-*//; q)k 

E
°° (b/2/ac2,/, bd//ac2, be//ac2,//ac,/q/ac; q2)j 

j=0 (<72> b/q/ac2,/q2/d,/q2/e, b/q2/c, b/q/c; q2)j 

(1 - b/2a4J/ac2) 2j 

(l-b/2/ac2) q 

(1 - c){\ - ac/b)(l - ac//g2Q(l - b/q2>/c) 

c(l - oc)(l - b/c)(l -/q2i/c){\ - ac/b/q2J) 

(a,b;q)00(/q
2J,ac2/b/qy;q2)0O l 

(c, ac/b; q2)œ(ac //q2j, b/q2J/c; q)^ 

(1 - c)(l - ac/frXl -//acM - b//c) 
(1 - c/b)(l - ac)(\ - / / c ) ( l - b/fac) 

• I O 

/ ( a , £;<?)< 

W9(b/2/ac2;/, bd//ac2, be//ac2, b//ac,//c,/q/ac,/q2/ac; q2, q2) 

+ ac{\ - ac){\ - c/b)(l - / / c ) ( l - b//ac) 

(/,ac2/b/;q2)œ  

(cq2, acq2 lb; q2)oo(acq//, b/q/c; q)^ 

(b/2/ac2, bd//ac2, be//ac2,//c, b//ac; q2)j 
^ (q2,/q2/d,/q2/e, b/q2 /acjq2 jc; q2)j 

(1 - fe /V i /ac 2 ) f f-2^1 c2) (_tf\ 
2) V ab) (1 - bp/ac2) 

by the n = oo case of (2.7). Hence, 

<r 

(5.10) ioW9(«c2/è; c, d, e,/, ac/b, cq/b, cq2/b; q2, q2) 

b/(\-c)(\-ac/b) 
ac2(\-//c)(\-b//ac) 

(ac1q1/b, d, e,/q2/d,/q2/e, b/q2/ac2; q \ 
(b/2q2/ac2, ac2q2/be, ac2q2/bd, bd//ac2, be//ac2, ac2q2/b/; q2)0 

b£ /_ bj_ /q_ tf_, 2 2\ 
ac1 c ac ac ac1 J 

(bf/c.cq/b^qU fbf2 bdf bef f bf fq fq 
T—, 10^9 I 9 ; 

(acjq/acq)^ \acl 

__ (acqld,acqle\q)oo 
(acqj/ac; q) 

o 
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(ac q2/b, abq, bf/ac2, ac q2jbde; q2)oo 
(ac2q2 /bd, ac2q2/be, bdf/ac2, bef /ac2; q2)0 

acq 
3k (a,b,cqjb;q)k(d,e,f;q2)k 

ac (cq2, acq2/b, abq; q)k(acq/d, acq/e, acq/f; q)k 

bf2(a,b,cq/b;q)00  

a2c3(l -f/c)(l - bf /ac)(ac,f /ac,acq/f;q)oo 

(f, ac2jbf', ac2q2/b, d, e, 
fq2ld,fq2/e,bfq2/ac2;q2)OQ 

(cq2, acq2 fb, ac2q2/bf, ac2q2/be, 
ac2q2/bd, bdf/ac2, bef/ac2, bf2q2/ac2; q2)0 

(bf2/ac2, bdf/ac2, bef/ac2,f/c, bf/ac; q2)j 

(q2Jq2/d,fq2/e, bfq2/ac,fq2/c; q2)j E 
7=0 
(l-bfqV/ac2) 

(-£)'• Ï (1 - bp/ac2) 

when (5.6) holds. By applying the transformation formula [7, (5.14)] 

(5.11) £ 
(a, qy/â, -qsfâ, c,e,d, f; q)j 

P ^ (<7, Va, -y/â, al/c, aq/d, aq/e, aq/f ;<?), V cdefj q 

(aq, aq/ef; q) 
O "3</>2 

aq/cd,e,f aq_ 
aq/c,aq/d' ' ef\ (aq/e, aq/f; q\ 

to the sum over y in (5.10), we find that it equals 

(5.12) 
(q2,bf2q2/ac2;q2)0 

(bfq2/ac,fq2/c;q2\ -3<h 
f/c, bf/ac, ac2q2/bde 2 2 

fq2/d,fq2/e ' * ' * . 

and hence, by setting e — a2c2q/df in (5.10), we obtain the quadratic transfor­
mation formula 

(5.13) {0W9(ac2/b;f, ac/b, c, cq/b, cq2/b, d, a2c2q/df; q2, q2) 

. (ac2q2/b, bf/ac2, ac/b, c, cq/b, cg2/b, bfq2/ac; q2)^ 

(bf2q2 /ac2, ac2/bf, ac2q2/bd, dfq/ab, bdf/ac2, abq/d, cq2; q2)oo 
(fq2/c, bf/c, bfq/c,fq2ld, df2q/a2c2, d, a2c2q/df; q2)^ 

(acq2/b,f/c, bf/ac, ac, acq,fq/ac,fq2/ac; q2)^ 
• l0W9(bf2/ac2;f, bdf/ac2, abq/d,f/c, bf/ac,fq/ac,fq2/ac; q2, q2) 
_ (a, b, cqjf; q)^ 

(ac^c/fjq/acq)^ 
(f, d, a2c2q/df, bf/ac2, ac2q2/b,fq2/d, df2q/a2c2, q2; q2)^ 

(bf/ac, f/c, cq2, acq2/b, ac2q2/bf, dfq/ab, bdf/ac2, abq/d; q2)^ 
, \f/c,bf/ac,fq/ab2 2] 

'^2[fq2/d,df2q/a2c2^^ 

https://doi.org/10.4153/CJM-1990-001-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1990-001-5


INDEFINITE BIBASIC SUMMATION FORMULA 23 

(acq/d, df/ac; q)OQ(ac2q2 jb, abq, bf /ac2Jq/ab; q2)œ 

(acq, f /ac; q)OQ(ac2q2/bd1 dfq/ab, bdf/ac2, abq/d; q2)0 

1 — acq3' Y ^ 1 — acJ 

(a, b, cq/b; g)k(dj, a2c2q/df; q2\ 

(cq2, acq2/b, abq; q2\(acq/q, acq/f", df/ac; q)k 
dk. 

Formula (5.1) follows from the case c — 1 of (5.13) by applying Sears' 
transformation formula [11, (5.2)] to the 3^2 series. If, as in the derivation of 
(3.21) from (3.19), we set b — q/a in (5.13) and use (3.9), we obtain a quadratic 
summation formula which can also be derived by replacing a, b, c, d in (5.1) by 
ac,a,d,a2c2q/df, respectively. The quadratic transformation formula (3.12) in 
[10] can be derived by multiplying both sides of (5.13) by (f/ac;q)oo and then 
setting f — ac. 

It should be observed that the first two terms on the left side of (5.13) contain­
ing the 10W9 series can be transformed to another pair of 10W9 series by applying 
Bailey's four term transformation formula [4, (7.2)]. Also, since the 3^2 series 
in (5.13) is balanced (Saalschiitzian) it can be summed by [12, (3.3.2.2)] when­
ever it terminates. In addition, since (q~n; q)oo = 0 for n = 0 , 1 , 2 , . . . , the case 
d = q~2n of (5.13) gives 

n 1 3k 

(5.14) £ i f ^ 
t—J 1 — ac 
k=0 

(a, b, cq/b; q)k(f, a2c2q2"+l / / , q~2n; q2\ 

(cq2,acq2/b, abq; q2)k(acq/f',/' jacq2n, acq2n+l ; q)k 

= (acq', q)2n(ac2q2lbf1 abq/f; q2)n 

(acq/f; q)2n(abq, ac2q2/b; q2\ 

<t 

10 W9(ac2/b;f, ac/b, c, cq/b, cq2/b, a2c2q2n+l / / , q~2n; q2, q2) 

and the case b — cqn+l gives 

1 — acq3k 

(5.15) J^ 
1 — ac 

-ct 

k=0 

(dj, a2c2q/df; q2)k(a, cqn+l, q~n; q\ 

(acq/d, acq/f, df/ac; q\(cq2, aql~n, acqn+2; q2\ 

= (acq2/d, q/ac, acq/f, dfq/ac; q2\ 

(acq2,fq/ac, dq/ac, acq/df; q2)n 

• l0W9(acq-n-l;c, dj, a2c2q/df, aq-n-\ql'\ q~n; q2\ q2\ 

where n — 0 ,1 ,2 , 
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6. A quartic transformation formula with three parameters. By starting 
with the special case 

(*'l) ^ ( l - f l c ) ( l - & / c ) 

(a,b',q)k(q-An,ac2qAnlb;q\ 4k 
q (cq\ acq4/b; q4)k(acq4»+l, b/cq4^1 ; <?)* 

_ (1 - c)(l - ac/b)(l - acff4")(l - c^4V^) 
~ (1 - ac)(l - c/b)(\ - cq4n){\ - acq4n/b) 

of (2.8), multiplying both sides of (6.1) by 

« = 0 ,1 ,2 , . . . , 

(1 - ac2q*n/b)(ac2/b, a2b2jq\ q\(c/b; q\n An 

(1 - ac2/b)(q\ c2q^ab\ q4)n(acq; q)4n * ' 

summing over n and changing the order of summation, we get the expansion 
formula 

(6.2) 10W9(ac2/k; a2b2/q2, ac/b, c, cq/b, cq2/b, cq3/b, cq4/b; q\ q4) 

E (fl,b\q)k(a
2b2/q2;q4)k(ac2/b;q4)2k(cq/b;q)3k (c\k 4*+3(*) 

k=Q (cq4,acq4/b1c
2qyab^q4)k(ac;q)5k \b) q 

• 8W7(acY7&; a2b2q4k/q2, cq3k/b, cq3M /&, cq3k+2/b, cq3k+3/b; q\ q4). 

Since the above %Wi equals 

( 6 3 ) (abg2k; gUiabq2"-1 ; gUJacW^/b, afe3/c2«?4t+2; <?4)oo 
(acq5k+l, ab2 / cqk+2; q)oo 

(cg3k/b, a V g * - 1 /c; qUJac^^/b, ab*/c2q4k+2; <?)„ 
(ac<?5*+1, ab2/cqk+2; qU^tf/c2, c^^/atf; cf)^ 

• 8W7(a
3b5/c2<?4; a W * ~ 2 , ab2/c<?t+2, afc2/c^+1, ab2 / eg*, ab2 / ccf'1 ; <?4, <?4) 

by (3.9), it follows that 

(6.4) wW9(ac2/b; a2b2/q2,ac/b, c, cq/b, cq2/b, a?/b, cq^/b; q\ qA) 

_ (ab; q^jab/q; ^poÇacV/fe, ab3/c2q2; qr4)^ 

(acq,ab2/cq2\q) 

1 — acq5k 

• ^ 

*=o 
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(a, b\ q\(cq/b, cq2/b, eg3/b\ q3)k(a
2b2/q2; q4)k k 

(cq4, ac(fjb\ q4)k(abq, ab, ab/q; q2\(cq3/ab2\ q)k 

_ (a2b3/cq, c/b\ q)00(ac2q4/b, ab3/c2q2', q4)^ 

(acq, ab2/cq2; q)oo(a3b5 /c2, c2q2/ab3\ q4)^ 

~ (l-a3b5q^-4/c2)(a3b5/c2q4,a2b2/q2;q4)j(ab2/cq2;q)4j^ 

j=o 

E 
A:=0 

(1 - a 3 5 5 / c V ) ( ^ , ab3q2/c2\ q4)j(a
2b3/cq; q)4j 

(l-acq5k)(l-b/cq3k) 

(l-ac)(\-b/c) 

(a, b\ q)k(a
2b2q4J'2, c2/ab3q4^ q4)k J>k 

(cq4, acq4/^ q4)k(c/ab2q4J-3,a2b3q4^ jc\ q)k
H 

By (2.7), the above sum over k equals 

(1 - c)(l - ac/b)(l - a2b3q4J-2/c)(l - ab2q4J-2/c) 

(1 - ac)(l - c/b)(l - a2b2q4J~2/c){l - ab3q4J~2/c) 

ab3(a, b\ q)OQ(a2b2/q2, c2q2lab3\q4)OQ(-a3b5:/c2)V2(0 

" c2q2(\ - ac)(\ - b/c)(cq3 /ab2,a2fr>/cq; q^cq4, acq4 / b; q4)^ 

(ab3q2/c2;q4)j(a2b3/cq;q)4j  

' (1 - a2b2q4i-2jc)(\ - ab3q4J-2/c)(a2b2/q2;q4)j(ab2/cq2;q)4j 

and so, from (6.4) and the transformation formula [7, (5.27)], we obtain the 

quartic transformation formula 

(6.5) l0W9(ac2/b; a2b2/q2, ac/b, c, cq/b, cq2/b, cq3/b, cq4' jb\ q4, q4) 

(1 - c)(l - ac/b)(a2b3/cq2, cq/b; q)^ 

(1 — a2b2/cq2)(l — ab3 jcq2)(ab2 /cq, ac; q)^ 

(ac2q4/b,ab3/c2q2;q4)00 

' (a3b5/c2,c2q2/ab3;q4)QO 

• wW9(a
3b5/c2q*; aW/q2, a2b2/cq2, ab3/cq2, ab2/cq, ab2/c, ab2q/c, ab2q2/c\ q4, q4) 

ab2(a, b, cq/b; q)^  

cq2(\ — a2b2 /cq2)(ac, ab2 /cq2, cq3 /ab2; q)çyo 

(ac2q4/b, ab3/c2q2, a2b2/q2; q4)^ 

!</> 

(ab3/cq2,cq4,acq4/b;q4)0 

a2b2/cq2
 4 ab3q2^ 

a2b2q2/c^ ' c 

(ab; q)OQ(ab/q; q2)O0(ac2q4 /b, ab3/c2q2; q4)0 

(acq,ab2/cq2;q) 
o oo n 

E 1 acq 
5k 

k=0 ac 

(a, b; g)k(cq/b, cq2/b, cq3jb; q)k(a
2b2/q2; q4\ k 

(cq4, acq4/b; q4)k(abq, ab, ab/q; q2)k(cq3 / ab2; q)k 
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When c = 1, (6.5) reduces to the quartic summation formula [7, (5.28)]. 
When b = q2/a, the sum of the two 10W9 series on the left side of (6.5) reduces 
to a sum of two %W-] series which can be summed by (3.9) to give 

(6-6) E^T 
1 - acq5k (a, q2ja\ q)k(ac/q, ac, acq; q3)k(q

2; q \ 

k=0 - ~ ac (cq4, a2cq2; q4)k(q
3, q2, q; q2)k(ac/q; q)k 

q2(a, q2/a, acq', q)oo(q2\ q4)oo  
ac{\ - q2/c)(q2, ac; q)oo(q\ q^ooicq4, a2cq2, q4/a2c; q4)0 

\q2/c 4 q
s 

[qb/c alc 

= (acq2, q2/ac, aq, <?3 A*; q2)oo 
(q, q3; q^ooicq4, q2/c, a2cq2, q4/a2c; q4)^ ' 

It should also be observed that by multiplying both sides of (6.5) by (ab2/cq2; q)0 

and then setting c = ab2/q2 we get the quartic transformation formula 

°° 1 n2h2n5k~2 

(6.7) E V ^ 
*=o 

1 - a2b2/q2 

t 
(a, b; q)k(ab/q, ab, abq; q3)k(a

2b2/q2; q4\ 
(ab2q2, a2bq2; q4\(abq, ab, ab/q; q2)k(q; q\ 

= (aq,b\q)OQ(a2b2q2\q4)00 

0?; q)oo(abq; q2)oo(b, ab2q2, a2bq2; q4)^ l laq4 
a ; <74, bq 

Additional summation, transformation, and expansion formulas will be con­
sidered elsewhere. 
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