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Abstract By using Lebesgue’s dominated convergence theorem and constructing a suitable Lyapunov
functional, we study the following almost-periodic Lotka–Volterra model with M predators and N prey
of the integro-differential equations

ẋi(t) = xi(t)
[
bi(t) − aii(t)xi(t) −

N∑
k=1,k �=i

aik(t)
∫ t

−∞
Hik(t − σ)xk(σ) dσ

−
M∑

l=1

cil(t)
∫ t

−∞
Kil(t − σ)yl(σ) dσ

]
, i = 1, 2, . . . , N,

ẏj(t) = yj(t)
[
−rj(t) − ejj(t)yj(t) +

N∑
k=1

djk(t)
∫ t

−∞
Pjk(t − σ)xk(σ) dσ

−
M∑

l=1,l�=j

ejl(t)
∫ t

−∞
Qjl(t − σ)yl(σ) dσ

]
, j = 1, 2, . . . , M.

Some sufficient conditions are obtained for the existence of a unique almost-periodic solution of this
model. Several examples show that the obtained criteria are new, general and easily verifiable.

Keywords: predator–prey system; Lyapunov functional; almost-periodic solution
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1. Introduction

The Lotka–Volterra system is a rudimentary model in mathematical ecology. The asymp-
totic behaviour of the Lotka–Volterra competition system with almost-periodic (periodic)
coefficients has been studied extensively in [1,2,5,6,8–11,14,15,18–20,24,28]. Some
sufficient conditions are obtained for the uniform persistence, existence and uniqueness
of the asymptotic stable almost-periodic (periodic) solution for the Lotka–Volterra com-
petition system.
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The two-species predator–prey Lotka–Volterra system has been investigated exten-
sively in [3, 16, 17], and the references cited therein. Some results were obtained for
checking existence of the periodic solution and the asymptotic behaviour of these sys-
tems. However, few papers have considered the multi-species model. Yang and Xu [25]
studied the following periodic system with M predators and N prey:

ẋi(t) = xi(t)
[
bi(t) −

N∑
k=1

aik(t)xk(t) −
M∑
l=1

cil(t)yl(t)
]
, i = 1, 2, . . . , N.

ẏj(t) = yj(t)
[
−rj(t) +

N∑
k=1

djk(t)xk(t) −
M∑
l=1

ejl(t)yl(t)
]
, j = 1, 2, . . . , M.

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(1.1)

where xi(t) denotes the density of prey species Xi at time t, and yj(t) denotes the
density of predator species Yj at time t. The coefficients bi, rj , aik, cil, djk and ejl

(i, k = 1, . . . , N ; j, l = 1, . . . , M) are non-negative continuous periodic functions defined
on R. If (1.1) is autonomous, that is, if these coefficient functions are constants, then bi is
the intrinsic growth rate of prey species Xi, rj is the death rate of the predator species Yj ,
aik measures the amount of competition between the prey species Xi and Xk (k �= i,
i, k = 1, . . . , N), ejl measures the amount of competition between the predator species Yj

and Yk (k �= j, j, k = 1, . . . , M), and the constant k̃ij � dij/cij measures how many of the
prey species Xi convert into predator species Yj (i = 1, . . . , N ; j = 1, . . . , M). Sufficient
conditions for existence and global attractivity of a unique positive periodic solution of
system (1.1) were obtained in [25].

Recently, Zhao and Chen [27] have investigated system (1.1) again, allowing the intrin-
sic growth rate of the prey species to be negative while the total intrinsic growth rate
in a period is positive. By using differential inequalities and constructing a Lyapunov
function, some sufficient conditions were obtained for existence and global attractivity of
a unique positive periodic solution of (1.1). Recently, Xia et al . [23] studied (1.1) with
almost-periodic coefficients. Sufficient conditions were obtained for existence and global
attractivity of a unique positive almost-periodic solution of (1.1).

The system (1.1) with delay has not been studied so often. Wen [21] considered sys-
tem (1.1) with several delays, that is

ẋi(t) = xi(t)
[
bi(t) − ai(t)xi(t) −

N∑
k=1

aik(t)xk(t − τik) −
M∑
l=1

cil(t)yl(t − σil)
]
,

i = 1, 2, . . . , N,

ẏj(t) = yj(t)
[
−rj(t) − ej(t)yj(t) +

N∑
k=1

djk(t)xk(t − ξjk) −
M∑
l=1

ejl(t)yl(t − ηjl)
]
,

j = 1, 2, . . . , M.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(1.2)
By means of the comparison theorem and the Lyapunov functional, some sufficient con-
ditions were obtained for existence of the global attractivity of a unique positive periodic
solution of system (1.2).
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Recently, Xia and Cao [22] have considered the almost-periodic Lotka–Volterra model
with M predators and N prey by ‘pure-delay type’, that is

ẋi(t) = xi(t)
[
bi(t) −

N∑
k=1

aik(t)xk(t − τik(t)) −
M∑
l=1

cil(t)yl(t − σil(t))
]
,

i = 1, 2, . . . , N,

ẏj(t) = yj(t)
[
−rj(t) +

N∑
k=1

djk(t)xk(t − ξjk(t)) −
M∑
l=1

ejl(t)yl(t − ηjl(t))
]
,

j = 1, 2, . . . , M.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(1.3)
By using the concept of eventually uniform M -matrix and constructing a suitable Lya-
punov functional, a set of sufficient conditions for the existence and global attractivity
of a unique positive almost-periodic (periodic) solution of system (1.3) were obtained.

To the best of the authors’ knowledge, though Burton and Hutson [4] consider a
similar system, there is no paper considering the almost-periodic solutions of the multiple-
species predator–prey model with infinite delays. Therefore, in this paper, we consider
the almost-periodic Lotka–Volterra model with M predators and N prey of the integro-
differential equations

ẋi(t) = xi(t)
[
bi(t) − aii(t)xi(t) −

N∑
k=1,k �=i

aik(t)
∫ t

−∞
Hik(t − σ)xk(σ) dσ

−
M∑
l=1

cil(t)
∫ t

−∞
Kil(t − σ)yl(σ) dσ

]
, i = 1, 2, . . . , N,

ẏj(t) = yj(t)
[
−rj(t) − ejj(t)yj(t) +

N∑
k=1

djk(t)
∫ t

−∞
Pjk(t − σ)xk(σ) dσ

−
M∑

l=1, �=j

ejl(t)
∫ t

−∞
Qjl(t − σ)yl(σ) dσ

]
, j = 1, 2, . . . , M.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(E)

By using Lebesgue’s dominated convergence theorem and constructing a suitable Lya-
punov functional, some sufficient conditions are obtained for the existence of a unique
almost-periodic solution of system (E).

This paper is organized as follows. In § 2 we use Lebesgue’s dominated convergence
theorem to show that there exists a bounded solution of system (E) on R. In § 3, by con-
structing a suitable Lyapunov functional, we shall prove that the solution of system (E)
is relatively totally stable. Then some sufficient conditions are obtained for the existence
of a unique almost-periodic solution of system (E). Finally, some suitable examples are
given to illustrate the main results of this paper.

Throughout this paper, we shall use the following notation.
We always use i, k = 1, . . . , N ; j, l = 1, . . . , M , unless otherwise stated.
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If f is an almost-periodic function defined on R, we set

f ι = inf
t∈R

f(t), fµ = sup
t∈R

f(t).

Denote

pi =
bµ
i

aι
ii

,

qj =
1

eι
jj

( N∑
k=1

dµ
jkpk − rι

j

)
,

αi =
1
aµ

ii

(
bι
i −

N∑
k=1,k �=i

aµ
ikpk −

M∑
l=1

cµ
ilql

)
,

βj =
1

eµ
jj

(
−rµ

j +
N∑

k=1

dι
jkαk −

M∑
l=1,l �=j

cµ
jlql

)
,

x∗ = max
i,j

{pi, qj}, x∗ = min
i,j

{αi, βj}.

It is obvious that if qj > 0, then αi < pi, and if qj > 0, αi > 0, then βj < qj .
We denote by R

N+M the (N + M)-dimensional real Euclidean space and by |x| the
norm of x ∈ R

N+M .
Let

B = {Φ = (φ, ψ) | Φ : (−∞, 0] �→ R
N+M ,

Φ(t) is a bounded and uniformly continuous function}

(see [12,13]). For Φ ∈ B, we set ‖Φ‖ = sups�0 |Φ(s)|.
For any Φ, Ψ ∈ B, we set

ρm(Φ, Ψ) = sup
−m�s�0

|Φ(s) − Ψ(s)|,

ρ(Φ, Ψ) =
∞∑

m=1

ρm(Φ, Ψ)
2m(1 + ρm(Φ, Ψ))

.

Obviously, ρ(Φn, Φ) �→ 0, as n → ∞, if and only if Φn(s) → Φ(s) as n → ∞ uniformly
on each bounded subset of (−∞, 0].

For any function x : R �→ R
N+M and t ∈ R, we define a function xt : (−∞, 0] �→ R

N+M

by xt(s) = x(t + s) for s � 0.
Throughout this paper, we suppose that the following conditions are satisfied.

(H1) bi, rj , aik, cil, djk and ejl are non-negative almost-periodic functions defined on R

with inft∈R aii(t) > 0, inft∈R ejj(t) > 0.
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(H2) Hik, Kil, Pjk and Qjl(t) are non-negative functions, and
∫ ∞

0
Hik(s) ds = 1,

∫ ∞

0
sHik(s) ds < ∞;

∫ ∞

0
Kil(s) ds = 1,

∫ ∞

0
sKil(s) ds < ∞;

∫ ∞

0
Pjk(s) ds = 1,

∫ ∞

0
sPjk(s) ds < ∞;

∫ ∞

0
Qjl(s) ds = 1,

∫ ∞

0
sQjl(s) ds < ∞.

2. Existence of bounded solutions

In the following we will state some lemmas that will be used in the proof of Theorem 2.4.
Since we are interested in the positive solutions of the system, we assume that system (E)
is supplemented with initial conditions of the form

xi(s) = φi(s) � 0, s � 0; sup
s�0

φi(s) < ∞; φi(0) > 0.

yj(s) = ψj(s) � 0, s � 0; sup
s�0

ψj(s) < ∞; ψj(0) > 0.

⎫⎪⎬
⎪⎭ (2.1)

Lemma 2.1. Both the positive and non-negative cones of R
N+M are invariant with

respect to (E).

Proof. Since

xi(t) = xi(t0) exp
{∫ t

t0

[
bi(s) − aii(s)xi(s) −

N∑
k=1,k �=i

aik(s)
∫ s

−∞
Hik(s − σ)xk(σ) dσ

−
M∑
l=1

cil(s)
∫ s

−∞
Kil(s − σ)yl(σ) dσ

]
ds

}
,

yj(t) = yj(t0) exp
{∫ t

t0

[
−rj(s) − ejj(s)yj(s) +

N∑
k=1

djk(s)
∫ s

−∞
Pjk(s − σ)xk(σ) dσ

−
M∑

l=1, �=j

ejl(s)
∫ s

−∞
Qjl(s − σ)yl(σ) dσ

]
ds

}
,

the assertion of Lemma 2.1 follows immediately, for all t ∈ [t0, +∞). �

Lemma 2.2. If a > 0, b > 0 and dx(t)/dt � x(t)[b − ax(t)], for t � t0, then

x(t) � b

a

[
1 +

(
b

ax(t0)
− 1

)
e−bt

]−1

, t � t0.

Moreover, if 0 < x(t0) � b/a, then 0 < x(t) � b/a.
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If a > 0, b > 0 and dx(t)/dt � x(t)[b − ax(t)], for t � t0, then

x(t) � b

a

[
1 +

(
b

ax(t0)
− 1

)
e−bt

]−1

, t � t0.

Moreover, if x(t0) � b/a > 0, then x(t) � b/a > 0.

Proof. We give a proof for the first case. From dx(t)/dt � x(t)[b − ax(t)], we have

dx−1(t)
dt

� a − bx−1(t),
d(ebtx−1(t))

dt
� aebt.

Hence, we have
ebtx−1(t) − x−1(t0) � a

b
(ebt − 1).

Moreover, we have

x−1(t) � e−btx−1(t0) +
b

a
(1 − e−bt) =

a

b

[
1 +

(
b

ax(t0)
− 1

)
e−bt

]
.

Therefore, we obtain

x(t) � b

a

[
1 +

(
b

ax(t0)
− 1

)
e−bt

]−1

.

Then it is not difficult to derive that if 0 < x(t0) � b/a, then 0 < x(t) � b/a. This
completes the proof of Lemma 2.2. �

Lemma 2.3. Let Φ = (φ, ψ) ∈ B satisfy αi � φi(s) � pi, βj � ψj(s) � qj for all s � 0,
and F = (x, y) be the solution of (E) through (t0, Φ). If (E) satisfies αi > 0, βj > 0 and
qj > 0, then

αi � xi(t) � pi, βj � yj(t) � qj , for all t � t0.

Proof. From the first equation of system (E), we have ẋi � xi(b
µ
i − aι

iixi), so if

0 < xi(t0) � pi,

then from Lemma 2.2 we have
xi(t) � pi. (2.2)

From (2.2) and the second equation of system (E), we obtain

ẏj � yj

[
−rι

j +
N∑

k=1

dµ
jkpk

∫ t

−∞
Pjk(t − σ) dσ − eι

jjyj

]
.

Since ∫ t

−∞
Pjk(t − σ) dσ =

∫ ∞

0
Pjk(s) ds = 1,

we obtain

ẏj � yj

[(
−rι

j +
N∑

k=1

dµ
jkpk

)
− eι

jjyj

]
.

https://doi.org/10.1017/S0013091504001233 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091504001233


Almost-periodic solutions for an ecological model 235

Hence, if
0 < yj(t0) � qj ,

then from Lemma 2.2 we have
yj(t) � qj . (2.3)

Now the first equation of (E), (2.2), (2.3) and (H2) lead to

ẋi � xi

[
bι
i −

N∑
k=1,k �=i

aµ
ikpk

∫ t

−∞
Hik(t − σ) dσ −

M∑
l=1

cµ
ilql

∫ t

−∞
Kil(t − σ) dσ − aµ

iixi

]

= xi

[
bι
i −

N∑
k=1,k �=i

aµ
ikpk

∫ ∞

0
Hik(s) ds −

M∑
l=1

cµ
ilql

∫ ∞

0
Kil(s) ds − aµ

iixi

]

= xi

[(
bι
i −

N∑
k=1,k �=i

aµ
ikpk −

M∑
l=1

cµ
ilql

)
− aµ

iixi

]
,

which implies that if xi(t0) � αi holds, from Lemma 2.2 we have

xi(t) � αi. (2.4)

If αi > 0, then from (E), (2.2), (2.3) and (H2), by a similar discussion to that above, we
obtain

ẏj � yj

[(
−rµ

j +
N∑

k=1

dι
jkαk −

M∑
l=1,l �=j

eµ
jlql

)
− eµ

jjyj

]
,

which implies that if yj(t0) � βj holds, from Lemma 2.2 we obtain

yj(t) � βj . (2.5)

If αi > 0, βj > 0 and qj > 0, it is obvious that 0 < αi < pi, 0 < βj < qj . Therefore,
we have αi � xi(t) � pi, βj � yj(t) � qj , for all t � t0. This completes the proof of
Lemma 2.3. �

We denote by S(E) the set of all solutions F = (x, y) of (E) on R satisfying αi �
xi(t) � pi, βj � yj(t) � qj for all t ∈ R.

Theorem 2.4. If (E) satisfies

(H3) αi > 0, βj > 0, qj > 0,

then S(E) �= ∅.

Proof. By (H1), there exists a sequence {tn}, tn → ∞ as n → ∞, such that

bi(t + tn) → bi(t),

rj(t + tn) → rj(t),

aik(t + tn) → aik(t),

cil(t + tn) → cil(t),

djk(t + tn) → djk(t),

ejl(t + tn) → ejl(t),

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

as n → ∞ uniformly on R.
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Let F = (x, y) be a solution of (E) through (t0, Φ) ∈ R × B satisfying αi � xi(t) � pi,
βj � yj(t) � qj for all t � t0, whose existence was ensured by Lemma 2.3. Obviously, the
sequence {F (t + tn)} is uniformly bounded and equicontinuous on each bounded subset
of R. Therefore, by Ascoli’s theorem and a diagonalization procedure, we may assume
that the sequence {F (t + tn)} converges to a continuous function U(t) = (u(t), v(t)) =
(u1(t), . . . , uN (t), v1(t), . . . , vM (t)) as n → ∞ uniformly on each bounded subset of R.
Let a τ ∈ R be given. We may assume that tn + τ � t0 for all n. For t � t0, we have

xi(t + tn + τ) − xi(tn + τ)

=
∫ t+tn+τ

tn+τ

xi(s)
{

bi(s) − aii(s)xi(s) −
N∑

k=1,k �=i

aik(s)
∫ s

−∞
Hik(s − σ)xk(σ) dσ

−
M∑
l=1

cil(s)
∫ s

−∞
Kil(s − σ)yl(σ) dσ

}
ds

=
∫ t+τ

τ

xi(s̄ + tn)
{

bi(s̄ + tn) − aii(s̄ + tn)xi(s̄ + tn)

−
N∑

l=1,l �=i

ail(s̄ + tn)
∫ s̄+tn

−∞
Hik(s̄ + tn − σ)xk(σ) dσ

−
M∑

k=1

cik(s)
∫ s̄+tn

−∞
Kik(s̄ + tn − σ)yk(σ) dσ

}
ds̄, (2.6)

yj(t + tn + τ) − yj(tn + τ)

=
∫ t+tn+τ

tn+τ

yj(s)
{

−rj(s) − ejj(s)yj(s) +
N∑

k=1

djk(s)
∫ s

−∞
Pjk(s − σ)xk(σ) dσ

−
M∑

l=1,l �=i

ejl(s)
∫ s

−∞
Qjl(s − σ)yl(σ) dσ

}
ds

=
∫ t+τ

τ

xi(s̄ + tn)
{

−rj(s̄ + tn) − ejj(s̄ + tn)yj(s̄ + tn)

+
N∑

k=1

djk(s̄ + tn)
∫ s̄+tn

−∞
Pjk(s̄ + tn − σ)xk(σ) dσ

−
M∑

l=1,l �=j

ejl(s)
∫ s̄+tn

−∞
Qjl(s̄ + tn − σ)yl(σ) dσ

}
ds̄. (2.7)

We note that∫ s̄+tn

−∞
Hik(s̄ + tn − σ)xk(σ) dσ =

∫ ∞

0
Hik(σ̄)xk(s̄ + tn − σ̄) dσ̄,

Hik(σ̄)xk(s̄ + tn − σ̄) → Hik(σ̄)uk(s̄ − σ̄) as n → ∞,
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and that

|Hik(σ̄)xk(s̄ + tn − σ̄)| � Hik(σ̄)pk for σ̄ � t0, s̄ ∈ [τ, t + τ ].

By (H2) and Lebesgue’s dominated convergence theorem, it follows that

lim
n→∞

∫ ∞

0
Hik(σ̄)xk(s̄+ tn − σ̄) dσ̄ =

∫ ∞

0
Hik(σ̄)uk(s̄− σ̄) dσ̄ =

∫ s̄

−∞
Hik(s̄−σ)uk(σ) dσ.

(2.8)
Similarly, by (H2) and Lebesgue’s dominated convergence theorem, we obtain

lim
n→∞

∫ s̄+tn

−∞
Kil(s̄ + tn − σ)yl(σ) dσ =

∫ ∞

0
Kil(σ̄)vl(s̄ − σ̄) dσ̄

=
∫ s̄

−∞
Kil(s̄ − σ)vl(σ) dσ, (2.9)

lim
n→∞

∫ s̄+tn

−∞
Pjk(s̄ + tn − σ)xk(σ) dσ =

∫ ∞

0
Pjk(σ̄)uk(s̄ − σ̄) dσ̄

=
∫ s̄

−∞
Pjk(s̄ − σ)uk(σ) dσ, (2.10)

lim
n→∞

∫ s̄+tn

−∞
Qjl(s̄ + tn − σ)yl(σ) dσ =

∫ ∞

0
Qjl(σ̄)vl(s̄ − σ̄) dσ̄

=
∫ s̄

−∞
Qjl(s̄ − σ)vl(σ) dσ. (2.11)

From (2.8)–(2.11), and letting n → ∞ in (2.6) and (2.7), respectively, we have

ui(t + τ) − ui(τ)

=
∫ t+τ

τ

ui(s̄)
{

bi(s̄) − aii(s̄)ui(s̄) −
N∑

k=1,k �=i

aik(s̄)
∫ s̄

−∞
Hik(s̄ − σ)uk(σ) dσ

−
M∑
l=1

cil(s̄)
∫ s̄

−∞
Kil(s̄ − σ)vl(σ) dσ

}
ds̄,

(2.12)

vj(t + τ) − vj(τ)

=
∫ t+τ

τ

vj(s̄)
{

−rj(s̄) − ejj(s̄)vj(s̄) +
N∑

k=1

djk(s̄)
∫ s̄

−∞
Pjk(s̄ − σ)uk(σ) dσ

−
M∑

l=1,l �=j

ejl(s̄)
∫ s̄

−∞
Qjl(s̄ − σ)vl(σ) dσ

}
ds̄,

(2.13)

for all t � t0. Since τ ∈ R is arbitrarily given,

U(t) = (u(t), v(t)) = (u1(t), . . . , uN (t), v1(t), . . . , vM (t))
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is a solution of system (E) on R. It is clear that αi � ui(t) � pi, βj � vj(t) � qj for
all t ∈ R. Thus, U(t) ∈ S(E). This completes the proof of the theorem. �

By repeating almost the same argument as in the proof of Theorem 2.4, we can also
prove the following theorem.

Theorem 2.5. Let U(t) ∈ S(E), and let a sequence {tn}, tn � 0, be given. Suppose
that, for some functions b̄i, r̄j , āik, c̄il, d̄jk and ējl,

(i) bi(t + tn) → b̄i(t), rj(t + tn) → r̄j(t), aik(t + tn) → āik(t), cil(t + tn) → c̄il(t),
djk(t + tn) → d̄jk(t), ejl(t + tn) → ējl(t), as n → ∞, uniformly on t ∈ R;

(ii) U(t + tn) → Ū(t) as n → ∞ uniformly on a subset of R.

Then Ū(t) ∈ S(Ē), where S(Ē) is the set of solutions W = (w, z) of the system

ẇi(t) = wi(t)
[
b̄i(t) − āii(t)wi(t) −

N∑
k=1,k �=i

āik(t)
∫ t

−∞
Hik(t − σ)wk(σ) dσ

−
M∑
l=1

c̄il(t)
∫ t

−∞
Kil(t − σ)zl(σ) dσ

]
,

żj(t) = zj(t)
[
−r̄j(t) − ējj(t)zj(t) +

N∑
k=1

d̄jk(t)
∫ t

−∞
Pjk(t − σ)wk(σ) dσ

−
M∑

l=1,l �=j

ējl(t)
∫ t

−∞
Qjl(t − σ)zl(σ) dσ

]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(Ē)

on R satisfying αi � wi(t) � pi, βj � zj(t) � qj for all t ∈ R.

When (i) and (ii) hold, we write (Ū , Ē) ∈ Ω(U, E). Based on Theorems 2.4 and 2.5,
we will discuss the existence of the almost-periodic solution of system (E) in § 3.

3. Existence of a unique almost-periodic solution

We now state some definitions and lemmas which will be used in the proof of our main
theorem (Theorem 3.8). The method is as follows: by using a series of definitions (espe-
cially the concept of asymptotic almost-periodicity), we prove first that system (E) has
an asymptotic almost-periodic solution and then that system (E) has a unique almost-
periodic solution.

Definition 3.1. A function U ∈ S(E) is said to be relatively uniformly stable (RUS)
in Ω(E) if, for any ε > 0, there exists a δ(ε) > 0 with the property that, for any
t0 � 0, any (Ū , Ē) ∈ Ω(U, E) and any W̄ ∈ S(Ē) satisfying ρ(Ū t0 , W̄ t0) < δ(ε), we have
ρ(Ū t, W̄ t) < ε for all t � t0.

Definition 3.2. A function U ∈ S(E) is said to be relatively weakly uniformly asymp-
totically stable (RWUAS) in Ω(E) if U(t) is RUS in Ω(E), and if ρ(Ū t, W̄ t) → 0 as
t → ∞ for all (Ū , Ē) ∈ Ω(U, E) and all W̄ ∈ S(Ē).
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Definition 3.3. A function U ∈ S(E) is said to be relatively totally stable (RTS)
for (E) if, for any ε > 0, there exists a δ(ε) > 0 with the property that if t0 � 0,
ρ(F t0 , U t0) < δ(ε) and G = (f, g) : R �→ R

N+M is any continuous function satisfying
supt∈R

|G(t)| < δ(ε), then we have ρ(F t, U t) < δ(ε) for all t � t0, where F = (x, y) is any
solution of the system

ẋi(t) = xi(t)
[
bi(t) − aii(t)xi(t) −

N∑
k=1,k �=i

aik(t)
∫ t

−∞
Hik(t − σ)xk(σ) dσ

−
M∑
l=1

cil(t)
∫ t

−∞
Kil(t − σ)yl(σ) dσ

]
+ fi(t),

ẏj(t) = yj(t)
[
−rj(t) − ejj(t)yj(t) +

N∑
k=1

djk(t)
∫ t

−∞
Pjk(t − σ)xk(σ) dσ

−
M∑

l=1, �=j

ejl(t)
∫ t

−∞
Qjl(t − σ)yl(σ) dσ

]
+ gi(t)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(EG)
on R satisfying αi � xi(t) � pi, βj � yj(t) � qj for all t ∈ R.

Definition 3.4 (Fink [7]). A continuous function is asymptotic almost periodic if
and only if there is an almost-periodic function p and a continuous function q defined
on R

+ with limt→∞ q(t) = 0 such that

f(t) = p(t) + q(t).

Definition 3.5 (Fink [7]). For every sequence {hk}, where hk > 0 and hk → ∞ as
k → ∞, if there exists a subsequence {hkj} such that f(t + hkj) is uniformly convergent
on [0, +∞), then it is said that f has property L.

Lemma 3.6. If U ∈ S(E) is RWUAS in Ω(E), then it is RTS for (E).

Proof. We give the proof for completeness, although it is similar to the one for [18,
Lemma 4]. Suppose the contrary. There then exists an ε > 0, sequences {εn}, 0 <

εn < ε, and εn → 0 as n → ∞, {sn}, {tn}, tn � sn � 0, {Gn} and {Fn} such that
Gn : R → RN+M is a continuous function satisfying supt∈R

|Gn(t)| < ε and that

ρ(Usn , (Fn)sn) < εn, ρ(U tn , (Fn)tn) = ε, ρ(U t, (Fn)t) < ε, t ∈ [sn, tn), (3.1)

where Fn is a solution of (EGn) on R satisfying αi � (xn)i(t) � pi, βj � (yn)j(t) � qj

for all t ∈ R.
Furthermore, by (3.1) we can choose a sequence {τn}, sn < τn < tn, so that

ρ(Uτn , (Fn)τn) = 1
2δ( 1

2ε) (3.2)

and
1
2δ( 1

2ε) � ρ(U t, (Fn)t) � ε, t ∈ [τn, tn], (3.3)
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where δ(·) is the number given in Definition 3.1. We may assume that U(t + τn) → Ū(t)
as n → ∞ on each bounded subset of R for a continuous function Ū(t) and that
(Ū , Ē) ∈ Ω(U, E). Moreover, we may assume that Fn(τn + t) → W̄ (t) as n → ∞ uni-
formly on any bounded subset of R for a continuous function W̄ , since the sequence
{Fn(τn + t)} is uniformly bounded and equicontinuous on R. Then, the same argument
as in the proof of Theorem 2.4 shows that W̄ ∈ S(Ē). Now, suppose that tn − τn → ∞
as n → ∞. Letting n → ∞ in (3.3), we have 1

2δ( 1
2ε) � ρ(Ū t, W̄ t) � ε for all t � 0. On

the other hand, ρ(Ū t, W̄ t) → 0 as t → ∞, since U is RWUAS in Ω(E). This is a contra-
diction. Thus, taking a subsequence if necessary, we may assume that tn − τn → r < ∞
as n → ∞. Let n → ∞ in (3.2). We obtain ρ(Ū0, W̄ 0) = 1

2δ( 1
2ε) < δ( 1

2ε), and hence
ρ(Ū t, W̄ t) < 1

2ε for all t � 0, because U is RUS in Ω(E). On the other hand, from (3.1) we
have ρ(Ūr, W̄ r) = ε, which is a contradiction. This completes the proof of Lemma 3.6. �

Lemma 3.7 (see Chapter 1 in Fink [7] or Theorem 9.3 (1) in Burton and
Hutson [4]). The asymptotic almost-periodicity of f(t) is equivalent to f(t) having
property L.

We now state our main result on the existence of a unique almost-periodic solution of
system (E).

Theorem 3.8. If system (E) satisfies (H1)–(H3) and

(H4) there exist strictly positive constants si, θj such that

sia
ι
ii >

N∑
k=1,k �=i

skaµ
ki +

M∑
l=1

θlc
µ
li,

θje
ι
jj >

N∑
k=1

skdµ
kj +

M∑
l=1,l �=j

θle
µ
lj ,

then system (E) has a unique almost-periodic solution Q(t) in Ω(E).

Proof. Let U ∈ S(E). First of all, we shall prove that U is RTS for system (E). By
Lemma 3.6, it suffices to show that U is RWUAS in Ω(E). For arbitrary (Ū , Ē) ∈ Ω(U, E)
and W̄ ∈ S(Ē), let

V (t) = V (t, Ū(·), W̄ (·))

=
N∑

i=1

si

[
|ln ūi(t) − ln w̄i(t)|

+
N∑

k=1,k �=i

∫ ∞

0
Hik(s)

{ ∫ t

t−s

āik(s + σ)|ūk(σ) − w̄k(σ)| dσ

}
ds

+
M∑
l=1

∫ ∞

0
Kil(s)

{ ∫ t

t−s

c̄il(s + σ)|v̄l(σ) − z̄l(σ)| dσ

}
ds

]
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+
M∑

j=1

θj

[
|ln v̄j(t) − ln z̄j(t)|

+
N∑

k=1

∫ ∞

0
Pjk(s)

{ ∫ t

t−s

d̄jk(s + σ)|ūk(σ) − w̄k(σ)| dσ

}
ds

+
M∑

l=1,l �=j

∫ ∞

0
Qjl(s)

{ ∫ t

t−s

ējl(s + σ)|v̄l(σ) − z̄l(σ)| dσ

}
ds

]
.

(3.4)

We denote
λ = min

i,j
{si, θj}, Λ = max

i,j
{si, θj}.

Calculating the right derivative D+V (t) of V along system (E)–(2.1), we obtain

D+V (t) =
N∑

i=1

si

{
sgn{ūi(t) − w̄i(t)}

×
[

− āii(t)(ūi(t) − w̄i(t))

−
N∑

k=1,k �=i

āik(t)
∫ t

−∞
Hik(t − σ)(ūk(σ) − w̄k(σ)) dσ

−
M∑
l=1

c̄il(t)
∫ t

−∞
Kil(t − σ)(v̄l(σ) − z̄l(σ)) dσ

+
N∑

k=1,k �=i

∫ ∞

0
Hik(s)āik(s + t) ds|ūk(t) − w̄k(t)|

+
N∑

k=1,k �=i

āik(t)
∫ t

−∞
Hik(t − σ)|ūk(σ) − w̄k(σ)| dσ

+
M∑
l=1

∫ ∞

0
Kil(s)c̄il(s + t) ds|v̄l(t) − z̄l(t)|

+
M∑
l=1

c̄il(t)
∫ t

−∞
Kil(t − σ)|v̄l(σ) − z̄l(σ)| dσ

]}

+
M∑

j=1

θj

{
sgn{v̄j(t) − z̄j(t)}

×
[

− ējj(t)(v̄j(t) − z̄j(t))

+
N∑

k=1

d̄jk(t)
∫ t

−∞
Pjk(t − σ)(ūk(σ) − w̄k(σ)) dσ
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−
M∑

l=1,l �=j

ējl(t)
∫ t

−∞
Qjl(t − σ)(v̄l(σ) − z̄l(σ)) dσ

+
N∑

k=1

∫ ∞

0
Pjk(s)d̄jk(s + t) ds|ūk(t) − w̄k(t)|

−
N∑

k=1

d̄jk(t)
∫ t

−∞
Pjk(t − σ)|ūk(σ) − w̄k(σ)| dσ

+
M∑

l=1,l �=j

∫ ∞

0
Qjl(s)ējl(s + t)|v̄l(t) − z̄l(t)|

+
M∑

l=1,l �=j

ējl(t)
∫ t

−∞
Qjl(t − σ)|v̄l(σ) − z̄l(σ)| dσ

]}

By simplifying, one obtains

D+V (t) �
N∑

i=1

[ N∑
k=1,k �=i

skaµ
ki +

M∑
l=1

θlc
µ
li − sia

ι
ii

]
|ūi(t) − w̄i(t)|

+
M∑

j=1

[ N∑
k=1

skdµ
kj +

M∑
l=1,l �=j

θle
µ
lj − θje

ι
jj

]
|v̄j(t) − z̄j(t)|

� −γ

[ N∑
i=1

|ūi(t) − w̄i(t)| +
M∑

j=1

|v̄j(t) − z̄j(t)|
]
, (3.5)

where

γ = min
i,j

{
sia

ι
ii −

N∑
k=1,k �=i

skaµ
ki −

M∑
l=1

θlc
µ
li, θje

ι
jj −

N∑
k=1

skdµ
kj −

M∑
l=1,l �=j

θle
µ
lj

}
.

From (H4), we know that γ > 0. Integrating (3.5) over [0, t], it follows that

V (t) + γ

∫ t

0

[ N∑
i=1

|ūi(s) − w̄i(s)| +
M∑

j=1

|v̄j(s) − z̄j(s)|
]

ds < V (0) < +∞ for t � 0. (3.6)

Consequently,

∫ t

0

[ N∑
i=1

|ūi(s) − w̄i(s)| +
M∑

j=1

|v̄j(s) − z̄j(s)|
]

ds < ∞.

Since the function
N∑

i=1

|ūi(t) − w̄i(t)| +
M∑

j=1

|v̄j(t) − z̄j(t)|
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is uniformly continuous on [0, +∞), we have

N∑
i=1

|ūi(t) − w̄i(t)| +
M∑

j=1

|v̄j(t) − z̄j(t)| → 0,

and thus ρ(Ū t, W̄ t) → 0 as t → ∞. Moreover, from (3.4) and (3.6), it follows that

N∑
i=1

|ln ūi(t) − ln w̄i(t)| +
M∑

j=1

|ln v̄j(t) − ln z̄j(t)|

� V (t)
λ

� V (t0)
λ

� 2x∗Λ

λ

n∑
i=1

[ N∑
k=1,k �=i

aµ
ik

∫ ∞

L

sHik(s) ds +
M∑
l=1

cµ
il

∫ ∞

L

sKil(s) ds

]

+
2x∗Λ

λ

M∑
j=1

[ N∑
k=1

dµ
jk

∫ ∞

L

sPjk(s) ds +
M∑

l=1,l �=j

eµ
jl

∫ ∞

L

sQjl(s) ds

]

+
1
λ

N∑
i=1

si

{
|ln ūi(t0) − ln w̄i(t0)|

+
N∑

k=1,k �=i

aµ
ik

∫ ∞

0
sHik(s) ds sup

t0−L�σ�t0

|ūk(σ) − w̄k(σ)|

+
M∑
l=1

cµ
il

∫ ∞

0
sKil(s) ds sup

t0−L�σ�t0

|v̄l(σ) − z̄l(σ)|
}

+
1
λ

M∑
j=1

θj

{
|ln v̄j(t0) − ln z̄j(t0)|

+
N∑

k=1

dµ
jk

∫ ∞

0
sPjk(s) ds sup

t0−L�σ�t0

|ūk(σ) − w̄k(σ)|

+
M∑

l=1,l �=j

eµ
jl

∫ ∞

0
sQjl(s) ds sup

t0−L�σ�t0

|v̄l(σ) − z̄l(σ)|
}

.

(3.7)

for all t � t0 � 0, and all L � 0. For each ε > 0 we set

δ̄(ε) = inf
{ N∑

i=1

|lnui(t) − lnwi(t)| +
M∑

j=1

|ln vj(t) − ln zj(t)| : |U − W | � ε

and αi � ui(t), wi(t) � pi, βj � vj(t), zj(t) � qj

}
. (3.8)
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Obviously, δ̄(ε) > 0. We select a number L > 0 so large that

{
2x∗Λ

N∑
i=1

[ N∑
k=1,k �=i

aµ
ik

∫ ∞

L

sHik(s) ds +
M∑
l=1

cµ
il

∫ ∞

L

sKil(s) ds

]

+ 2x∗Λ
M∑

j=1

[ N∑
k=1

dµ
jk

∫ ∞

L

sPjk(s) ds +
M∑

l=1,l �=j

eµ
jl

∫ ∞

L

sQjl(s) ds

]}
< 1

2λδ̄(ε),

which is possible by (H2). Moreover, we select a δ(ε) ∈ (0, ε) so that

N∑
i=1

si

[
|lnφi(0) − ln ξi(0)| +

N∑
k=1,k �=i

aµ
ik

∫ ∞

0
sHik(s) ds sup

t0−L�σ�t0

|φk(σ) − ξk(σ)|

+
M∑
l=1

cµ
il

∫ ∞

0
sKil(s) ds sup

t0−L�σ�t0

|ψl(σ) − ηl(σ)|
]

+
M∑

j=1

θj

[
|lnψj(0) − ln ηj(0)| +

N∑
k=1

dµ
jk

∫ ∞

0
sPjk(s) ds sup

t0−L�σ�t0

|φk(σ) − ξk(σ)|

+
M∑

l=1,l �=j

eµ
jl

∫ ∞

0
sQjl(s) ds sup

t0−L�σ�t0

|ψl(σ) − ηl(σ)|
]

< 1
2λδ̄(ε),

whenever ρ(Φ, Ψ) < δ(ε). Hence, if ρ(Ū t0 , W̄ t0) < δ(ε), we have

N∑
i=1

|ln ūi(t) − ln w̄i(t)| +
M∑

j=1

|ln v̄j(t) − ln z̄j(t)| < δ̄(ε).

By (3.7) and (3.8), consequently, |Ū(t) − W̄ (t)| < ε for all t � t0. Thus, if ρ(Ū t0 , W̄ t0) <

δ(ε), then

ρ(Ū t, W̄ t) �
∞∑

n=1

ρn(Ū t0 , W̄ t0) + ε

2n(1 + ρn(Ū t0 , W̄ t0) + ε

�
∞∑

n=1

2−n ρn(Ū t0 , W̄ t0)
(1 + ρn(Ū t0 , W̄ t0) + (ε/(1 + ε))

� δ(ε) + ε

< 2ε,

for all t � t0. Note that δ(·) is independent of the particular choice of Ū , W̄ ∈ S(Ē).
Therefore, each U ∈ S(E) is RWUAS in Ω(E).

Next, we shall prove that each U ∈ S(E) is asymptotically almost periodic. Let {tn}
be any sequence satisfying tn → ∞ as n → ∞. We may assume that the sequence
{U(t + tn)}∞

n=1 is uniformly convergent on each bounded subset of R and that the
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sequences

{bi(t + tn)}∞
n=1, {rj(t + tn)}∞

n=1, {aik(t + tn)}∞
n=1,

{cil(t + tn)}∞
n=1, {djk(t + tn)}∞

n=1, {ejl(t + tn)}∞
n=1

are uniformly convergent on R. Set Um(t) = U(t + tm), t ∈ R, for each positive integer m.
Clearly, Um is a solution of the system

ẋi(t) = xi(t)
[
bi(t + tm) − aii(t + tm)xi(t) −

N∑
k=1,k �=i

aik(t + tm)

×
∫ t

−∞
Hik(t − σ)xk(σ) dσ −

M∑
l=1

cil(t + tm)
∫ t

−∞
Kil(t − σ)yl(σ) dσ

]
,

ẏj(t) = yj(t)
[
−rj(t + tm) − ejj(t + tm)yj(t) +

N∑
k=1

djk(t + tm)

×
∫ t

−∞
Pjk(t − σ)xk(σ) dσ −

M∑
l=1,l �=j

ejl(t + tm)
∫ t

−∞
Qjl(t − σ)yl(σ) dσ

]

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(Em)
on R and it is RTS for system (Em) with the common number δ(·), since U is RTS for
system (E) with the common number δ(·). For any positive integers m and n, we define
a continuous function Gmn : R → RN+M by

Gmn(t) = (fmn1(t), . . . , fmnN (t), gmn1(t), . . . , gmnM (t)),

where

fmni(t) = ui(t + tn)
[
bi(t + tn) − bi(t + tm) − (aii(t + tn) − aii(t + tm))ui(t + tn)

−
N∑

k=1,k �=i

(aik(t + tn) − aik(t + tm))
∫ t

−∞
Hik(t − σ)uk(σ + tn) dσ

−
M∑
l=1

(cil(t + tn) − cil(t + tm))
∫ t

−∞
Kil(t − σ)vl(σ + tn) dσ

]
,

gmnj(t) = vj(t + tn)
[
−(rj(t + tn) − rj(t + tm)) − (ejj(t + tn) − ejj(t + tm))vj(t + tn)

+
N∑

k=1

(djk(t + tn) − djk(t + tm))
∫ t

−∞
Pjk(t − σ)uk(σ + tn) dσ

−
M∑

l=1,l �=j

(ejl(t + tn) − ejl(t + tm))
∫ t

−∞
Qjl(t − σ)vl(σ + tn) dσ

]
.

Now, for any ε > 0 there exists a positive integer n0(ε) such that supt∈R|Gmn(t)| <

δ(ε) and ρ((Um)0, (Un)0) < δ(ε) if m, n � n0(ε). Then, the fact that Um is RTS for
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system (Em) implies that ρ((Um)t, (Un)t) < ε for all t � 0 if m, n � n0(ε), since Um

is a solution of system (Em
Gmn

) on R and αi � (un
i )(t) � pi, βj � (vj)n(t) � qj for

all t ∈ R. Thus, the sequence {U(t + tn)}∞
n=1 is uniformly convergent on [0,∞), which

shows that U(t) is asymptotically almost-periodic, by Lemma 3.7, that is, U(t) is the
sum of an almost-periodic function Q(t) and a continuous function γ(t) defined on R

such that U(t) = Q(t) + γ(t), t ∈ R, and γ(t) → 0 as t → ∞.
Finally, we show that Q is a unique almost-periodic solution in S(E). We choose a

sequence {sn}, sn → ∞, as n → ∞ such that

bi(t + sn) → bi(t), rj(t + sn) → rj(t), aik(t + sn) → aik(t), cil(t + sn) → cil(t),

djk(t + sn) → djk(t), ejl(t + sn) → ejl(t), Q(t + sn) → Q(t),

as n → ∞ uniformly on R. Then, Q ∈ S(E) by Theorem 2.4. Let Q̄ be another almost-
periodic solution in S(E). Since Q ∈ S(E) is RWUAS in Ω(E), as was shown in the first
paragraph of the proof of the theorem, we obtain ρ(Qt, Q̄t) → 0 as t → ∞ and hence
|Q(t) − Q̄(t)| → 0 as t → ∞. Hence, Q ≡ Q̄ on R, by the almost-periodicity of Q and Q̄.
Thus, system (E) has Q as a unique almost-periodic solution in S(E). This completes
the proof of Theorem 3.8. �

Corollary 3.9. Under the assumptions (H2)–(H4) and supposing that bi, rj , aik, cil,
djk and ejl are all ω-periodic, system (E) then has a unique ω-periodic solution in S(E).

Proof. By Theorem 3.8, let F be the unique positive almost-periodic solution of
system (E), but in the periodic case, bi, rj , aik, cil, djk and ejl are all ω-periodic.
Therefore, F (t + ω) is also an almost-periodic solution of system (E). By the uniqueness
of almost-periodic solutions, it follows that F (t) = F (t+ω) for all t ∈ R. This completes
the proof of Corollary 3.9. �

When M = 0, system (E) degenerates to the Lotka–Volterra competition system

xi(t) = xi(t)
[
bi(t) − aii(t)xi(t) −

N∑
k=1,k �=i

aik(t)
∫ t

−∞
Hik(t − σ)xk(σ) dσ

]
, i = 1, . . . , N,

(3.9)
which was considered by Gopalsamy [11].

Corollary 3.10. If system (3.9) satisfies the conditions

(i) bi, aik are all periodic with bι
i > 0 and aι

ii > 0,

(ii)
∫ ∞

0
Hik(s) ds = 1,

∫ ∞

0
sHik(s) ds < ∞, i �= k,

(iii) bι
i >

N∑
k=1,k �=i

aµ
ik

(
bι
k

aµ
kk

)
,
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(iv) there exist strictly positive constants si such that

si min
t∈[0,ω]

aii(t) >

N∑
k=1,k �=i

(
max

t∈[0,ω]
skaki(t)

)
,

then system (3.9) has a unique ω-periodic solution.

Remark 3.11. Gopalsamy [11] has studied system (3.9). It has been proved that if
(i)–(iii) hold and

min
t∈[0,ω]

aii(t) >

N∑
k=1,k �=i

(
max

t∈[0,ω]
aki(t)

)
, (3.10)

then system (3.9) has a unique ω-periodic solution. Obviously, the results in [11] are a
special case of Corollary 3.10. In fact, we take si ≡ 1; the result in [11] follows. Therefore,
this result generalizes and improves the main results in [11]. In particular, when N = 1,
M = 0, we also generalize the results in [19].

4. Some examples

Example 4.1. We consider the following system:

ẋ1(t) = x1(t)
[
5 + sin 2t − 2x1(t) − 1

2

∫ t

−∞
exp{−(t − u)}x2(u) du

− 1
4 (1 + sin

√
3t)

∫ t

−∞
exp{−(t − u)}y1(u) du

]
,

ẋ2(t) = x2(t)
[
5 + cos 2t − 1

2

∫ t

−∞
exp{−(t − u)}x1(u) du − 2x2(t)

− 1
4 (1 + sin

√
3t)

∫ t

−∞
exp{−(t − u)}y1(u) du

]
,

ẏ1(t) = y1(t)
[
−1 + sin 3t

20
+ 1

2

∫ t

−∞
exp{−(t − u)}x1(u) du

+ 1
2

∫ t

−∞
exp{−(t − u)}x2(u) du − y1(t)

]
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.1)

Corresponding to system (E), we have b1(t) = 5 + sin 2t, b2(t) = 5 + cos 2t, r1(t) =
1
20 (1 + sin 3t), a11(t) = a22(t) = 2, d11(t) = d12(t) = 1

2 , c11(t) = c12(t) = 1
4 (1 + sin

√
3t)

and e11(t) = 1. It is easy to verify that our result applies to (4.1). In fact,

(i) α1 = α2 = 1
2 > 0, q1 = 3 > 0, β1 = 2

5 > 0,

(ii) letting s1 = s2 = 1, θ1 = 3
2 , we can obtain

s1a
ι
11 = 1 × 2 > s2a

µ
21 + θ1d

µ
11 = 1 × 1

2 + 3
2 × 1

2 ,

s2a
ι
22 = 1 × 2 > s1a

µ
12 + θ1d

µ
12 = 1 × 1

2 + 3
2 × 1

2 ,

θ1e
ι
11 = 3

2 × 1 > s1c
µ
11 + s2c

µ
12 = 1 × 1

2 + 1 × 1
2 .
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Thus, Theorem 3.8 applies, and shows that there is a unique almost-periodic solution
of (4.1).

Example 4.2. Consider the following system:

ẋ1(t) = x1(t)
[
5 + sin t − 2x1(t) − 1

8 (1 + sin t)
∫ t

−∞
exp{−(t − u)}x2(u) du

]
,

ẋ2(t) = x2(t)
[
9 + cos t − 2

∫ t

−∞
exp{−(t − u)}x1(u) du − 2x2(t)

]
.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(4.2)

Corresponding to system (E), we have b1(t) = 5+sin t, b2(t) = 9+cos t, a11(t) = a22(t) =
2, a12(t) = 1

8 (1 + sin t), a21(t) = 2 and H12(t) = H21(t) = exp(−t).
Since inft∈R a11(t) = 2 = supt∈R

a21 = 2, we cannot apply [11, Theorem 2.1] to sys-
tem (4.2). However, it is easy to verify that our result applies to (4.2). In fact, putting
s1 = 1 and s2 = 1

2 yields

s1a
ι
11(t) = 1 × 2 > s2a

µ
21(t) = 1

2 × 2,

s2a
ι
22(t) = 1

2 × 2 > s1a
µ
12(t) = 1 × 1

4 .

Thus, from Corollary 3.10, the system (4.2) has a unique periodic solution.
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