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The purpose of this note is to characterize maximal right ideals of Ty(G),
the (left) mear-ring of transformations from a group (G, +) into itself which
leave zero fixed. Using this characterization, we answer some questions raised
by Heatherly (1972).

Definitions of (left) near-ring, right ideal of a near-ring, and T,(G) can be
found in either of the references.

_ We use the following notation. Let G be a group and let C be a subset of G.
The cardinality of C is denoted by !C | The complement of C in G is the set
G-C={geG | g ¢ C}. Let A(C) denote the annihilator right ideal of C; that is,
A(C) = {ne TH(G) | (c)x = 0, for all ¢eC}. Finally, using the notation of
Johnson (1973), if Be To(G), let By = {xe G [(x)B = 0}.

The following lemma is a restatement of results of Johnson (1973).

LEMMA 1. Let S be a right ideal of To(G). Then aeS if and only if
AB)c S..

LeMMA 2. Let S be a right ideal of Ty(G). Let o, S. Then there exists
d€S such that B; = B, N\ By.

ProOF. By Lemma 1 the annihilator right ideals 4(B,) and A(B,) are con-
tained in S. Define maps y, € To(G) by (x)y = x if xe G—B,, (x)y = 0if xe B,;
(x)n = x if xeB,—By, (x)n =0 if x¢ B,—B,. Since ye A(B,) and neA(BB),
then y,neS. Hence y +neS and B,,, = B, N B,.

Let# = {R IR is a right ideal of Ty(G) and B, N By is infinite, for all @, feR}.
If G is infinite, # is nonempty, and by Zorn’s Lemma, £ contains maximal
elements.

THEOREM 3. S is a maximal right ideal of T,(G) if and only if either
S = A({x}) for some nonzero x € G or S is a maximal element in the collection .
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Proor. Heatherly (1972) has shown that if x is a nonzero element of G,
then A({x}) is a maximal right ideal of Ty(G).

Now suppose S is a maximal element of % . Let K be a right ideal of To(G)
which properly contains S. Then there exist elements «, € K such that B, N B,
is finite, and hence by Lemma 2 there exists d € K such that By is finite.

Let lBﬁl =n. Suppose n>1. Let yeB;, y # 0. Define we To(G) by
(o =y, (x)o =0 if x # y. The mapping w is an element of the right ideal
A(G - {y}). It is easy to show that S + A(G—{y})e #. Since S is maximal in
R,then S = S+ A(G—{y}) and so we S. Hence § + we K and |B,,+m| =n—1.
Repeating the above process, we find an element A€ K such that B, = {0}. But
then by Lemma 1, K = T,(G). Therefore, S is a maximal right ideal of
To(G).

Conversely, suppose S is a maximal right ideal of T,(G) and suppose
S # A({x}) for any nonzero xe G. We show Se . Suppose there exists pe S
such that B, is a finite subset of G. For xe G, define 5, € To(G) by (x)1. = x,
(»n, = 0if y # x. Since S is not an annihilator right ideal, it is easy to show
that n.€ S, for all xe G. Then we can repeat the above inductive procedure
to find an element o e S such that B, = {0} and hence to show that S = Ty(G).
This is a contradiction, since S is a maximal right ideal. Therefore, using Lemma
2, B,N By is infinite, for all o, f S. Hence, S € % and since S is a maximal right
ideal, then S must be a maximal element of Z.

Heatherly (1972) considered the right ideal D = {ae TO(G)l lsupportal
< |G|}, where support o = {x €& G[(x)a # 0} and where G is an infinite group.
He raised the question: Is D a maximal right ideal of T,(G)? Using Theorem 3,
it is easy to see that the answer is no. De £, but D is not maximal in #. For let
H, K be subsets of Gsuchthat HNK = ¢, G = HUK U {0}, and lHI = |K|
= ] G I Then A(H) is a right ideal of To(G) and D+ A(H) is an element of £ which
properly contains D. The following theorem, which answers another question
of Heatherly (1972), shows that there is in fact a proper ascending sequence of
right ideals of T,(G) which contain D.

THEOREM 4. Right ideals of To(G) satisfy the ascending chain condition
if and only if G is finite.

Proor. Suppose G is an infinite group. Define a sequence of sets inductively
as follows. Let C; be a proper subset of G — {0} such that |C, | = |G| If C;
has been defined, let C;,, be a proper subset of C; such that [Ci+1 | = IGI and
|Ci— Civy| = |G|. Then {0} c A(C,) « A(C,) = -+ is an infinite proper as-
cending chain of right ideals of T,(G). Hence, if G satisfies the ascending chain
condition on right ideals, then G is finite.

Conversely, if G is finite, then Ty(G) is finite, and thus To(G) satisfies the
ascending chain condition on right ideals.
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