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Abstract. We construct a Rankin Selberg integral to represent the exterior cube L function
L(m, A3, s) of an automorphic cuspidal module n of GLg(Af) (where F is a number field).
We determine the poles of this L function and find period conditions for the special value
L(n, A®, 1/2). We use the Siegal Weil formula. We also state an analogue of the Gross—Prasad
conjecture concerning a criterion for the nonvanishing of L(x, A*, 1/2).
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In this paper we study certain properties of the exterior cube L-function of GLg. If F
is a number field we let  be a cuspidal representation of GLg(Af) with central char-
acter w,. We let y be a character of F*\AJ. Let A? denote the third fundamental
representation of GL¢. The space of A’ is a 20-dimensional vector space and let
159 be the map of GL; = C* into GL,,(C) given by A — A - Iy. In this paper we
give a Rankin Selberg integral which represents LS(n ® 7, A> ® 10, s) — the twisted
partial L function associated to the automorphic representation n® y of
GLg x GL; and the representation A3 ® 15 of the L-group of GLg x GL; (which
is again GLg x GL;). Here S is a finite number set of places. To simplify notations
we write LS(n, A’ ® , s) for LS(n @ 1, A> ® lag, 5).

Our global integral involves the Siegel Eisenstein series of GSpg. Since the analytic
properties of this Eisenstein series are basically the same as the Siegel Eisenstein
series of Spg, we can apply the Siegel Weil formula as stated in [K-R]. Using [K-R]
we are able to study the analytic properties of LS(m, A> ® z,5) and the behavior
of this L-function at s = 1/2 (the center of symmetry of the functional equation).
In Section 3 we first prove that LS(n, A’ ® 7, s) can have at most a simple pole
at s = 1 (Theorem 3.2). Using [K-R] we can relate the existence of this pole to a
certain period (Theorem 3.3). In Section 4 we study the value of
L5, A* ® ,1/2). When w,> =1 we relate the nonvanishing of the partial L
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function with certain periods (Theorem 4.2). In fact, in Section 4 we make a precise
conjecture concerning the conditions similar to the Gross Prasad conjecture when
L5(n, A* ® %, 1/2) is nonvanishing.

To predict the criterion for the existence of a pole of LS(r, A*> ® 7, 5) we consider
more closely the representation of GLg in A3(C°). This is an irreducible GLs module.
In fact there is a nondegenerate symplectic form w on A3(C6) (obtained by the
obvious pairing A’ @ A® - A®=~ C) so that GL¢ embeds into GSp(w) =the
similitude group of w.

We heuristically consider a cuspidal automorphic representation of GLg x GL; as
being classified by a homomorphism p of the (conjectured) Langlands groups Ly into
GL¢ x GL;. Then the L-function associated to p and the representation Az ® 1y
should admit a pole at s = 1 if the image = (A® ® 159 o p)(Lr) admits a fixed vector
in A, In particular, this means that (A® ® 15) o p(Lr) is contained in the group

[((GL3 x GL3) X Zz) x GL1]0

which consists of all tuples ((gl, 22,6), i) so that
Adetg; = Adetg, =1 and ¢= =l

and

_ | (g1.g2. ) if =1,
A8, 82, e = {(gz,gl, ) if =1

We note here that the above subgroup embeds into GLg x GL; via the map

((gl,gz,e), )L>w>(<<§8 g02> v A),

with ¢ =I5 or ¢ = (2 {;) according to € = +1 or ¢ = —1. Also the above subgroup

in GL¢ x GL; is the fixator of a generic vector in A3(C®). We note that the L group
of GL3(K) (relative to restriction of scalars where K/F is a degree 2 extension)
is given by the semi-direct product (GL3(C) x GL3(C)) x Wr with Wg, the Weil
group of F' (where Wy acts on GL3 x GL3 by the map Wr — Wg/ Wk = Z, with
Z, flipping the two coordinates in GL; x GL3). In fact let ix : “\GL3(K) — GLg

given by sending (g1, g2) — (g‘ gz) and Wy — Z, as above. Thus we emphasize here

that L(A3 ® 159 0 p, s) has a pole at s =1 is equivalent to the fact that p factors
through the subgroup [ ]° above contained in ix(*\GL3(K)) x GL,.

In this paper we give a period condition for the existence of a pole for
L5(n, A* ® 1, 5) at s = 1. We require that w,y? has order 2; thus we can determine
a quadratic field K/F. The period condition in Theorem 3.3 is determined in terms
of the quadratic field K as stated above.
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We note here that if 7 is an automorphic cuspidal representation of GL3(Ak) then
if we apply the induction functor ix to 7 (defined above) we get by [A-C] that ix(7) is
an automorphic representation of GLg(Af). Thus we compute

LS(ig(0), A’ ® 7. 9) = Ex s(@: 0 155, YL (1) @ T° ® 15/ ),

where o, = central character of 7, yx,r = yo Normg,r, 17 is the Galois twist of <
associated to ¢ in Gal(K/F), LS(A’(1) ® 1" ® k/F5) 18 the partial Rankin product
of A’(1) ® 17 = o711V ® 17 twisted by xk/r and Zi is the usual partial zeta function

associated to the field K. Then we see that LS(ix(7), A’ ® 7, 5) admits a pole at
s=11if and only if w; 0 yg,p =1 Or W)k, p1” =1 (Or 17 = (a)TxK/F)_lr). The last

statement implies that w,. = wf(wr}gK/F)3 or (wfo/F)3 o+ = 1. Thus it follows that
fava

if & is some automorphic character on A% so that §° =1 and § = g r O Af

then for f an automorphic character on A} satisfying /ﬁﬁ/a = 5_]erK/F we have
that (t® )’ =2t ® . Thus ix(t ® ff) (and hence ix(r) itself) is an noncuspidal
representation for GLg(F) (i.e. equivalent to an Eisenstein series). Thus
L5(ix(1), A* ® ¥, s) admits a pole at s = 1 if and only w, o Ixp =1

At this point we also note that the meromorphic properties of L(r, A> ® y, s) can
be determined by the Langlands Shahidi method. In contrast to the latter approach,
the advantage of the method presented here is that we give this precise location of the
possible poles and a period condition for the existence of the pole!

1. The Global Integral

Let F be a global field and A its ring of adéles. Let 7 be a cusp form on GLg(A) with a
central character w,. We know that = is generic. Namely, let N be the maximal
standard unipotent subgroup of GLg¢. Thus N consists of all upper unipotent
matrices. Given a nontrivial additive character {y of F\A we define a character
Yy of N by

V() = Y(nin + noz 4 n3g — nas + nse),

where n = (n;;) € N. Thus to say that « is generic means that the space of functions
generated by

W, (g) = / () (n)dn
N(F)\N(A)

is not identically zero. Here ¢ € mw and g € GL¢(/\). We call the space of functions of
the above form the Whittaker model of = and denote it by W(=, ).

Our construction uses the Siegel Eisenstein series on GSpg as constructed in [G].
To describe it let

GSps = (¢ € GLs : 'gJg = u(g)J, u(g) a scalar},
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where

Let Q = (GL; x GL3)R denote the Siegel parabolic on GSpg. In terms of matrices we
identify GL; x GL3 with

(Ot,g)—><0‘g g*) o« e GL;, ge GL3,

where g* is such that the above matrix is in GSpg. R can be identified with
1 1
<I Y): YeM; and 'Y 1 ): 1 Y.

! 1 1

Define a character y, of Q(A) as follows. Let y be a unitary character of F*\A*.
Define y, on GLi(A) x GL3(A) as

1x((2 8)) = (@)@ @rr*)(det g),

where o € GL(A) and g € GL3(A). We extend y, to Q(A) by letting it act trivially
on R(A). Given s € C set
_ GSps(A) ¢s
I(s, y) = lndQ(Af)’ 5an,

where d¢ is the modular function Q. Given f; € I(s, x,,) we define the Siegel Eisenstein
series as (at least for Re(s) large)

E@fs: 709 = ) _ornasor/<8) & € GSP6(A) .

Denote by

€ GSpg

- o
O =

1

and set j(g) = wgw™! for g € GSps. Our global integral is

(. fs. 1, 8) = / o(j(2)E(g. /5. 7. 5)dg .

Z(A)GSps(F)\GSps(A)
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Here Z is the center of GSpg which is also the center of GLg. Finally define

1

X(r)=

We have:

PROPOSITION 1.1. The integral 1(, f;, 3, s) converges absolutely for all s € C
except for those s for which the Eisenstein series has a pole. For Re(s) large we have

Ko, fs 1, 8) = f

Z(A)V(AN\GSpg(A)

ﬁ W (X @) )irds.

where V' is the maximal unipotent of GSpg such that V C N.
Proof. The standard argument using the cuspidality of ¢ allows us to assert that
the integral

/ 0G| Eg. 5)ldg
Z(A)GSpg(F)\GSpg(A)

is finite provided Re(s) is sufficiently large. Then we can proceed with the standard
unfolding of the Eisenstein series in the integral to obtain

(@, fs 1.8) = / P (j(2))/s(g)dg

Z(A)QF)\GSpg ()

- / / o (ir9)fi(g)drdsg.
Z(A)GL(F)R(A\GSps(A) J R(F)\R(A)

Consider the Fourier expansion

Lo, [ 1, 9) =

m /71 0 0 0 7

1 0 0 X1

. 1 0 X2 X3
[ [ ols re| [ + B +px) filg)dnidrdg,
o, f,yeF (F\A)3 1

1
L 1 i

where r and g are integrated as before.
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We note here that by standard estimates given in [M-W] and [J-R] the series

/ o(i([& 7 e) pzwz
Ms3(k)\Ms5(A) 3

is dominated by a finite sum of terms of the form

2
(L X

o / (DX *(p)[]( )g}
; Mas\Mss() | 0 5

where D, is some element in the enveloping algebra of G here (with each ¢, > 0)
depending only on the K., types in ¢. Thus using the fact that DX * ¢ remains
cuspidal when ¢ is cuspidal we have that for any m positive integer

(%) =

WeMs3(k)

172

dx ,

(DL, 0)9)| < sup(l, 50(e)} ",

where d¢ is the modular function associated to the parabolic Q.
Thus we deduce that the series (%) is dominated by (for m sufficiently large)
sup{l, dp(g)}~" and in turn the integral

f sup(1. 3o(9)) " 1fi(@)Idg
Z(A)QF)R(A)\GSpg(A)

is finite for Re(s) sufficiently large!

Thus we can replace ¢ by its Fourier expansion in the integral above.

The group GL; x GLj acts on the root spaces xj, x; and x3 modulo elements in R,
with two orbits. The trivial one contributes zero by cuspidality. Indeed, we obtain

Jomn U)o

as an inner integral. The other orbit contributes

I(p, fs, 1, 5)

(1 X
-/ / QD(J<< )g))wl(xm(g)dxdg,
Z(AGLa(F)L(F)RIANGSpe(A) I My(F\M3(A) I

where 1 is defined as follows. If

X1 X2 X3
X=|xs x5 x|,
X7 Xg Xg

then ;(X) = (x4 — x3). The stabilizer in GL; x GL;3 of ; is GL,L which is
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embedded in GSpq as

1 r r
lg] 10
g 1
g* 1 0 —m | (1.1
1 1 —r
1

where g € GL, and r|, r; € F. Let L; be the unipotent subgroup of GL¢ consisting of
the matrices Js + myess + moess where my, my € F and e, is the 6 x 6 matrix with one
at the (i,j) position and zero otherwise. In I(¢,fs, 3, s) consider the Fourier
expansion along Li(F)\L;(A) (we can substitute again the Fourier expansion by
similar arguments as used above) The above GL,(F) acts on the character group
of Li(F)\L;(A) with two orbits. It is easy to see that the trivial one contributes zero

to (o, fs, %, 5). Let Ny =L- Ll(l )1{) where X € M;. Define a character of N; as
W, (1) = W (ni2 + nog — n3s + nsg),

where n = (n;). Notice that (1 f) = (X). Thus

Ho iz = [ / 0 (1)), (1)i(@)dndg
Z(A)GL; (F)La(F) V1 (ANGSpe(A)  J N (F)\N1(A)
Here GL; - L, is the stabilizer of yyy, in GL,L. Thus GL; - L, is embedded in GSpg as
o 1
o 1 p
1 1
., 1 —p xaeGL;, BeF. (1.2)
1 1
1 1

Also V; is the unipotent subgroup of V' defined by

1
1 0 *
1
V1: 10 b
1

where * indicates that the above matrix is an arbitrary GSpg matrix.
Let N, = L,N;. Thus

(. fs: 1, 8) = /

Z(A)GLI(F)V(AN\GSps(A)

/ (1), (n)f(g)drdg .
No(F)\N2(A)
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Here yy, is a character on NV, trivially extended from y/, . In the above inner integral
consider the Fourier expansion with respect to the unipotent group j(I + me,3). Thus

/ o (i), (m)dln
No(F)\N2(A)

— j dmdn,
/N o 2 /F UK )y

where X;(m) = I + mey3. Let N3 be the unipotent subgroup of N, for which ns4 = 0.

Thus
1
1
N> = N; ! ;
1
1
Notice that
1
1
. 1 r
X(r)y=J 1
1
1

Thus, using the left invariance property of ¢ under rational points, we obtain
/ 2, / X @J(Xa (m)m) X (1)@ v, () (em)drdmdn
N3(F\N:(2) oeF J(F\A)

One can check, using matrix multiplication that this equals (also a change of
variables is needed)

/ > [ el i@l drdmd
N3(E\Ns(A) 5eF J(F\A)?
Collapsing the summation and integration over « an r we obtain

/ / oG XMWy, (1)dndr,
A Ny (F)\Na(A)
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where N4 is the unipotent subgroup of N given by all matrices of the form

Also yy, is extended trivially from . . Finally, we consider the Fourier expansion in
I(¢. fs, 1. s) with respect to j(I + mes3) with m € F\A. Thus

10 2:9) :/ /x 2oser /F\A /N W) (j<(l ! me43> n) X(r)j(g)>

X Y, (m(am)fs(g)dndmdrdg,

where g is integrated as before. The GL; as defined in (1.2) acts on the group char-
acter of j(I 4+ mey43) with two orbits. The trivial one contributes zero by cuspidality
whereas the open one yields the identity we need to prove. ]

Let 7 = @@y, ¥ = Qvy, and I(s, x,) = ®,1,(s, x,) where the product is over all
places of F. Also W(z, ) = @ W(m,, ¥,). Let ¢ and f; be factorizable vectors. Thus
¢ = ®,¢p, and f; = ®,/. It follows from Proposition 1.1. that

I(@afm X’ S) = l_[IV(W'\ny(V)a Xva S)a
v
where

LW SO, 7,5) = [ woien @i

~/Z(F\) V(E)\GSpg(£7)

and W, =, W,.
In the next section, we will study this local integral.

2. Some Local Theory

In this section, we will study the local integral obtained from the factorization of the
global integral. We shall carry out the unramified computation and prove some
nonvanishing result.

Let F be a local field. Let 7 be an admissible generic representation of GL¢(F) with
central character w,. We shall write GL¢ for GLg(F) etc. Let y be a unitary character
of F*. As in the global case, we let I(s, y,) = IndSSp‘ Oplz- Thus fs € I(s, y,) is a
smooth function which satisfies

£5((0. 97h) = (@1 @)@ det 5p(( @Nfs(h)
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for all (o, g) € GL; x GL3, r € R and & € GSpg. Given a reductive group G we let
K(G) denote its standard maximal compact subgroup. If F is a nonarchimedean
field, O will denote the ring of integers in F and p a generator of the maximal ideal
in O. We let ¢~' = |p|. Also, if u is an unramified character of F*, let L(u, s) =
(1 —up)g™)" .

Thus our aim in this section is to study the local integral

10 foze9) = [

ZV\GSp;

/F W(X()j(g))fi(g)drdg

where W € W(x, ) and f; € I(s, x).
We start with:

2.1. THE UNRAMIFIED COMPUTATION

Let F be a nonarchimedean field. In this section, we assume all data to be unramified.
Thus there exists a unique W € W(n, ) such that W(k) = W(e) =1 for all
k € K(GLg) and similarly f; € I(s, y) with fi(k) = fi(e) = 1 for all k € K(GSpg). Thus
w, and y are unramified characters.

From general theory, we may assume that 7 = IndgL6 5}3/ 2,u where B is the stan-
dard Borel subgroup of GLg, i.e. the group of upper diagonal matrices. Also u
is defined as follows. There exists unramified characters y; of F* such that

6
u(diag(rr, ..., tn) = [ [udt). € F*. neN.
i=1

Thus we may attach to = a semi-simple conjugacy class ¢, in GLg(C) whose rep-
resentative is chosen to be diag(,ul(p), w(p), ..., ,ué(p)). Next we define the local
L-function we shall study. Let A’ denote the exterior cube representation of
GL¢(C). This representation has dimension 20. Define the local twisted exterior cube
L-function by

L(x @7 A's) = detll = Aea)zpg ]

where [ is the 20 x 20 identity matrix. We have

Ln®zA%s) = [ (1= Guymd@rpa™) ™ .

i<j<k

We have

PROPOSITION 2.1. For all unramified data and for Re(s) large,

L(n®y A*, 25— 1/2)

I Wy 05 X» = .
W.foo 19) L(wn?, 4s)L(w2y*, 85 — 2)
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Proof. We start by writing the Iwasawa decomposition of GSpg. Let
! = diag(abe, ac, 1,a, ¢, b7'¢™Y) a, b, c e F*
be a parameterization of the maximal torus in GSps. We have

Sp(f) = |a*bsc), Sp(f) = |a*b*c

’

where B’ is the standard Borel subgroup of GSps. We have

1
1 gz = [ [w i) |||
F JF x 1

w(ab* Y (b?)|a*b®c'®|” 'dxd*ad*hd*c

Here the measure on K(GSpg) is chosen so that fK(GSp() dk = 1. Conjugating the
torus to the left we obtain

_ | i
1
. 1 214 8|8
10 gz =[ [ wlio bt
( *)3 F x 1
1
L 1/
|°b5c1| ™ y(ab? )orn(bP)dxd*ad*bd*¢
We have, for |x| > 1
1 1 1
1 1 1
1 x! 1 x
x 1 B X 1 k
1 1 1
1 1 1
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with k € K(GSpg). Thus
IOV fs, 1,9) = / W(j(/)) |@®b* e[ b0 | yab* (b ad bd* e+
(F+y

1 1
o x~! 1 x
+/ / W jt)
(F*y Jnl>1 x 1

X |a2b4cs}s |a5a6610|_1.
y(ab* M (bc?)dxd*ad*bd*c .

Here the measure on F is chosen so that f‘ dx = 1. Denote

x| <1

t = j(t) = diag (abe, ac,a, 1, ¢, b7 e™H).

2 1

Changing variables a — ax* ¢ — ¢x™ we obtain

IW, fy, 2, 5) = W(t)w(b?)ylab*c*)|a*b*c® |‘Y|a5b6c10|_1H(a)d*ad*bd*c,
F*)

where

H(a) =1 —i—/ w;lx_2|x|_4'vl//(ax)dx .

|x|>1
It follows as in [G] Proposition 3.1 that

1 — o7 (p)g™*
H(a) = 1= wnp2(p)g—+1

(1 — o2 @lal* o2 ()g™ ).

Let K(?) =5§1/ 2 W(t) where B is the standard Borel subgroup of GLg. Thus
Sp(1) = |@®b'°¢'®|. Denote

d(m , 1o, n3) — diag(pn1+n2+n3’pn1+n3’pn]’ l’p—ng’p—nz—ng).
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Since W(t) =0 if |a| > 1 or |b| > 1 or |c| > 1 we obtain

I(thy’ X’ S)

Ho' 4= 1) g I +2.
W Z K(d(ny, ny, m3))y(p)" 2214 0 (p) 22 x

ny,ny,n3=0

% q(—2s+l/2)111+(—4s+1)ng+(—8s+2)n3 (1 _ (wnXZ)(p)nH—lq(—4s+l)(n1+1)) )

Here we choose the measure on a, b and ¢ so that [, _, de = 1. Let x = y(p)g >+,
Thus

L(wzy?, 4s — 1) oo
IOV fou29) == F 325 Do K (@172, 13))

% wn(p)nz+2n3xm+2nz+4n3(l _ wn(p)n1+1x2(n1+1)).

On the other hand, we have
L(TC ® X, A3, 2S _ 1/2) — Ztrsn(tn)x(p)nq(*zﬁfl/z)n’
n=0

where S” denotes the symmetric nth power operation. Thus we need to prove the
identity

(1 — 0:(p)x*)(1 — 0 (p)x*) i trS" (t)x"
n=0

o0

— Z K(d(}’ll 1, n3))wn(p)nz+2n3xn1+2n2+4n3 (l o wn(p)l’l1+1x2(n1+l)> )

ny,hp,n3=0

Let @; 1<i<35 denote the ith fundamental representation of GLg(C). Let
0,...,1,...,0), one in the ith position and zero elsewhere, denote the character
of the representation @, evaluated at z,. We use the Casselman-Shalika formula [C-S]
to deduce that

K(d(n1, ny, n3)) = (n2, n3, ny, n3, ny)
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Thus we need to prove

(1 = wx(p)X)(1 — w7 (p)x*) i trS" (1;)x"
n=0

o0
= Z (n2, n3, ny, n3 nz)wn(l’)'1z+2'13xnl+2”2+4”3(1 —wn(l’)n'+1x2('7l+1)) .

ny,nz,n3=0
()
It follows from the result of Brion [B] page 13 that

trS (tx) = Y _(ma, n3, ny + na, n3, i) (p)™> s

where the sum is over all n; € N, 1 < i < 5satisfying n; + 2ny + 3nq + 4ns + 4ng = r.

Thus
00 00
2 :tI'Sr(ln)xr — § : (7’127 n3, ny + na, n3, nz)wn(p)n2+2n3+n4+2n5xn1+2n2+3n4+4n3+4n4‘
—0 n;j=0
1<i<s

At this point, we refer the reader to [G] formulas (3.4) and (3.5) and the discussion
there. One can check that the same argument there applied to our case will prove

(*). O

2.2. A NONVANISHING RESULT

In this section, we shall prove that data can be chosen so that I(W, f;, y, s) is nonzero
at s =s59. We prove:

PROPOSITION 2.2. Let f; be a K(GSpg) standard section i.e. its restriction to
K(GSpg) is independent of s. Let W be a smooth vector in the Whittaker space
of m. Then I(W, [, ., s) converges absolutely for Re(s) large. If f; is K(GSpg) finite
then I(W,fs, y,8) has a meromorphic continuation to the whole complex plane.
Finally, given sy € C, there is a choice of W and a K(GSpy) finite section f; so that
(W, f, x, 8) is nonzero at s = sy.

Proof. We note two facts concerning the smooth Whittaker vector W in .

First each such W can be expressed as a convolution of the following form. Given
W there exists a K(GLy) finite function W and a function /' € S(GLg) (the Schwartz

space of GLg) so that W = n(f)(Wk). In concrete terms this means

Wi(g) = Wk (gx)f (x)dx .
GLg

Thus if we convolve any ¢ € S(V) (the Schwartz space of a unipotent subgroup
V c GLg) into f then ¢ x f € S(GLg). Thus n(@)(W) = n(p * f)(Wk).
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On the other hand, there is yet a more explicit way to present W (assuming 7 is
unitary). If g = utk is the Iwasawa decomposition of g in GL¢ then we get an asymp-
totic formula:

W(tk) =) @t k)x(0),

where ©, € S(R’ x K(GLg)) and y a toral finite function on D (diagonal matrices) in
GLg. This formula is used to get estimates etc. in local Ranking Selberg integrals.

We start with the convergence. Using the Iwasawa decomposition, it is enough to
prove that

Wt la|* 2160 c¥~10dxd* ad*bd* ¢

/<F*>3 /F

2.1
converges for Re(s) large. Here
t = diag(abc, ac, a, 1, !, b’lcfl).

Set u,(a, b, c) = la|*=3|b|*C1c®~1°, If F is nonarchimedean we break the x inte-
gration to |x| < r and |x| > r for large constant r. Since |x| < r is a compact set
the absolute convergence of

1

Wt uy(a, b, c)dxd*ad*bd*c

f(F*f /|x| <r

for Re(s) large follows from the asymptotic expansion of the Whittaker function
given in [J-S] Section 4. When |x| > r we get, after using the GL, Iwasawa

1

decomposition
1 -1
y1)= ’ ky, Iyl>1, k, € K(GL,),

the contribution
/ / | W (1) u,(a, b, c)|x|~*¥dxd*ad*bd*c,
F*) JIxl>r

which ones again converge for Re(s) large.
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If F is archimedean we write

n-1/2
()1/ 1>:((1+y) (1+;2)1/2>k/y y#0 k, € K(GLy) .

Plugging this to (2.1) we get
/ / | W (k)| pg(a, b, o)(1 + x?) S dxd*ad*bd*c,
(F* JF ’

where k” € K(GLg). Once again due to the asymptotic formula of W given above, the
integral converges for Re(s) large. We use here that the @, are bounded functions.
To study the meromorphic continuation we write

X
10 gz = [ [ 1 ¢ |erdxdz.

where p(w)W denotes the right translation of W by w. Let W= p(w)W. Thus

107 foze9) = [

ZV\GSp;

W(g) /F filw | ¢ | y(x)dxdg.

(2.2)

We shall prove the meromorphic continuation of the right hand side of (2.2). Since
fs(g) is K(GSpg) finite it is enough to study the continuation of

1

/ W () / filw ’1“ t |y (x)dxd*s, (2.3)
(F*y F

where = diag(abc, ac,a,1,c= ', b~'¢7 ) and u(f) = |a|™|b|™|c|™, where n; € 7Z.
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Denote
1
1 lel
1 lel
Wi = [ £ifw 1 g )i,
1
! 1

where g € GL; and |g| = detg. Thus (2.3) equals

/ W (tyua, b, oW, ¢ . e, (2.4)

(F)’ 1

where p(a, b, ¢) depends on the absolute value of @ b, ¢ to some power of s and also
on y and w,. From the definition of W, we may view it as the Whittaker model
of a GL, induced representation.

Next we use the standard integral representation of W on GL, given by

VVS<0 1) — (/(I)(al, t—l)msd*([))|a|5.~.1/27

where ® is a Schwartz function (in S(k?)). Then we substitute this expression into
(2.4) and then with the suitable change of coordinates and use of asymptotic
expansion we express (2.4) in terms of Tate integrals (to obtain the continuation).

Finally, to finish the proof of Proposition 2.2. we need to show that given sy € C,
data can be chosen so that I(W, f;, %, s) is nonzero at s = s59. Define, for Re(s) large,

hiW. 5.k = /Z(VﬂGL;)\GleGL3 /F W(X(r)j((oc, g))k) 8

X wn}53((x)wn}52(det 2)|oe|® 76| det g|**drd*adg .

Here k € K(GSpg) and (o, g) € GL; x GL3. Thus for Re(s) large,

LW, fs, 1, 5) = f LW, y, s, k)f;(k)dk .

GL3NK(GSpe)\K(GSps)

We note that I; (W, y, s, k) admits a continuation in s and such continuation in s as
a function in k variable is locally constant (smooth in the archimedean case). In the
nonarchimedean case this follows directly from the relation between
L(W,y,s, k) and I(W,f, y,s). In the archimedean case this point is more subtle
and we sketch a brief proof. Indeed given a smooth Whittaker function (not necess-
arily K finite) W (belonging to m) we can write by the Dixmier Malliavan criterion
applied to the action of K(GSpg) on W =Y W; x ¢,, where W; lies in the smooth
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Whittaker spaces of © and ¢; € C*(K(GSpg)). Here

Wik i(g) = fK o, WilERIO

GSpe)

Then we write

Il(Wa X? Sakl) = ZII(VVz * (pja Xa Svkl)
and we have that

L(Wix @, 1,8, ki)
_ / f ( f W(X(r)j((oc,g)klk)qoxk)dk) X
Z(VNGL;\GL xGL; JF \ JK(GSp)

x o) (@) (det g)o|*° det g|¥*~*drd*adg .

Then by changes of variables k — &k and by the use of Fubini we deduce that the
above integral equals

f f { f W(X(r)j((oc,g))k)< / wi(kl‘ukwu)dk}wn £
Z(VNGL;)\GL, xGL3JF | JK(GSpy) K(GL; xGL3)

x wrr(det @)|o) 0| det g|¥~*drd*adg

=/ H / / WX (@ 2)k)x
K(GSpg) Z(VNGL)\GL xGL; JF

x oy (@) (det g)]o 8| det g|4s_4drd*ocdgi| ( / q),-(kl_luk)du) }dk.
K(GL;xGL3)

Thus if we define

Foy (k1. k) = / @, (ki uk)du
K(GL;xGL3)

and if we choose a C* section for the induced GSps module I(s, ) given by

Fy (k1,8 8) = Fy (k1, k)(0p1)(AGL xGL: (8)) +

where AgL, xGL,( ) is the Levi component of g relative to the Iwasawa
decomposition g € Q(R)K(GSps). We note here [, is not necessarily a K(GSpy)
finite function.
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Thus with the above calculations we have shown that
LW, 1. k0) = Y I(W;, Ty, (k1. 9), 7, 9) -

Thus we have shown here each integral in the sum above admits a continuation in s
and as function in the k; variable it is C*. For this we just adapt the method of proof
of continuation given above. We are now assuming W and I, are not K(GSpy) finite
data in the problem. Then following the same line of arguments as above (use here
asymptotic expansion of W stated above) we reduce to an integral of the form

f O((b, ¢, a, c, b), k)%(t)ﬁs(t)(f F, (k1, wn(x)(a )k, s)t//(x)dx>d*tdk.
TxK(GSps) * ro 1

Here

n(x):(é T) and (?) ?)

belong to the internal GL, as given in (2.3) and (2.4). Moreover 1i,(¢) = fi(a, b, ¢)
depends on the absolute values of @, b and ¢ to some power of s and also in yx
and w,. Also 7 is a T finite function in (a, b, ¢) variables (CD7 defined above in
the asymptotic expansion of W). We note here by a similar argument as above
we can find ¢; € S(K(GSpg) x Ms3(R)) so that

Fo (k1. g.5) = | detg|" /

o k1,10 | Xlg|idet X|=dx
M;3(R)

for appropriate s; and s,. Then we deduce that (x) becomes an integral of the form

/ {(b. c.a. . 0). K| (a. b, 0
TxK(GSps) *

0 0 ana
gD|:k1,|:0 0 ana

0 0 asz a

anx dpp  ds
ax dan a23i| k:| | det(A)]*2 y(x)d* rdxd* Adk ;.

as X dsy  dss

Then using appropriate differential operators in the a, b, c and 4 variables one
checks that the integral has meromorphic continuation in s and in fact becomes
for each s (more precisely its highest order term in s expanded about any point
So) an C* function in the variable k!

Assume that I(W, f, y, s) is zero at s = sy for all choice of data. Since fi(k) is
independent of s we obtain that [ I}(W, y, s, k)a(k)dk is zero at s = s for all smooth
functions ¢ on (GL3 N K(GSpg))\K(GSpg). Thus I;1 (W, x, s, k) is zero at s = s for all
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W. Put k = e. Thus the meromorphic continuation of

MW%Q=/

ZVNGL;\GL; xGLs

/W(X@K@@DMW£wW&Mg
F

is zero at s =so for all W. Here p(2, g, 5) = 0.7’ (@), (det g)|o|% 0| det g|* .
Replace W in I,(W, y, s) by

1 0O 0 O
1 0 0 r
. 1 0
Wl(h):/BW hj 1 213 ¢(ry, ra, r3)dr;,
F
1
1

where ¢ is a smooth function of compact support on F? and h € GLg. Thus

LW, . 8) =
1 0 0 O
1 0 0 n
, 0 rn r
[ [ w]xei| e ) D1, 12,73 (0, )i
1
1

where o, g and r are integrated as before. Conjugating the upper unipotent matrix to
the left, we obtain for Re(s) large

mm4m=/WQmmwﬁ@@a%ngmmm@,
where (1, 0, 0)g indicates the usual matrix multiplication and

o1, 0, 13) = /3 G(ri, 2, 3)W(r1ty + 2ty +rgt3)dr;
F

The function a(oc(l, 0,0)g) is an arbitrary smooth function on GL,L\GL; x GL;
where GL,L is embedded in GLg as in (1.2). Thus arguing as before we get that
the meromorphic continuation of

BV 7.9 = |

(GL,NV)\GL,

£1V<va@0uﬁgﬂdMg

is zero at s = sp for all W. Here p, is the restriction of y; to GL,. Next, replacing W
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by
1 ry r
1
. 1
Wi = [ w C o e,
F? 2
1 —r
1

we obtain that the meromorphic continuation of

a

sz = [ [ w]xo | a(a, s)drd*a
F* F

is zero for all W (u; the restriction of y,; to center (GL3)). Finally, using the unipotent
subgroup I + meys for X(r) and I + me34 for a we obtain, by arguing as above, that
W(e) =0 for all W. This is a contradiction. O

3. The Analytic Properties of the Partial L-Function

In this section we study the analytic properties of the partial exterior cube L-function
on GLg. Let 7 = ®,m, and I(s, y,) = ®,1,(s, ). Let S be a finite set including the
archimedean places such that outside of S all data is unramified. Given a character
= ®u, of F¥*\A* we denote L5(u, s) = Hv¢s L,(u,,s) where L,(u,,s) is the local
degree one L-function of y,. As in [G] we set

E*(g.fs. 7 8) = Ls(wr1’. 4s)Ls(w3r*, 85 — 2)E(g. fi. 1, 9)
and

(9. fi: 1. 8) = Ls(wzy’. 49)Ls(wly*, 85 — D1(@. fi. 1. 9) -
We have:

PROPOSITION 3.1. Let f; be a standard K(GSpg) finite section which is an
unramified outside of S. Then.

(@) If wu? =1o0r @2y* # 1 then I*(, fs, 1, 5) is entire.

(b) If @2y* =1 but w.y* # 1 then I*(o, f;, 1, s) can have at most a simple pole at
s=1/4 or s =3/4.
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Proof. To prove this we use Lemmas 5.4 and 5.5 in [G]. We use the notations there.
If s = 1 is a pole then the residue of I*(o, f;, x, s) at s = 1 is zero, since it follows from
[J-R] that a cusp form on GLg integrated over GSpy is zero. If w, 7> = 1 then arguing
as in [G] we have

Resy_3/4 I°(0. fo. 7, 5) = / o) E@.F. s)ds.
Z(A)GSpg(F)\GSpg(A)

As in [G] Lemma 5.1 formula (5.2), we can show that the above integral is zero. []
Thus as in [G] Theorem 5.6 we have:

THEOREM 3.2. Let n be a cusp form on GLg(A). Let S be as above. Then

LS AN @1 s) =] [Lum. A’ ®7,.5)
V¢S

is entire unless w>y* = 1 and w,y* # 1. In this case the L-function can have at most a
simple pole at s =0 or s = 1.

To study the residue at s = 1 of the partial L-function let u = w,)*. According to
Theorem 3.2, L5(n, A*> ® . s) has a pole at s = 1 if u # 1 but x> = 1. Assume this
is the case and suppose the partial L-function has a pole at s = 1. Then according
to our global construction we deduce that there is ¢ € © and f; € I(s, ) such that
the residue at s =1 of

/ P(QE(g, s, 1. s)dg
Z(A)GSpg(F\GSpg(A)

is nonzero. This implies that the residue at s = 1 of

/ OQE(@.f3. 7. 5)dg
Spe(F)\Spg(A)

is nonzero.

To study the residue of the Eisenstein series at s = 1 we apply Corollary 6.3 in
[K-R]. Let 04(h) denote the theta function of %IQ(A). Here ¢ € S(A®) the Schwartz
space on A°.

We note here that we can by class field theory associate to u a unique quadratic
field F,,/F. We let O»(u) be the orthogonal group associated to the norm form associ-
ated to Fy,. That is O»(u)(F) is an Z, extension of the norm one elements of F;. In
fact, the quotient O,(u)(F)\O>(1)(A) is a compact quotient (since the norm form
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of F, is a global anisotropic form). Thus the Siegel-Weil formula states ([K-R]) that

Resle E(g,fs, Ve S) = / 0¢(g, h)dh .
Ox((FO\O2(1)(AN)

Thus we may conclude

THEOREM 3.3. Suppose that w,y> # 1 but 0?y* = 1. If L(n, A* ® , 5) has a pole at
s =1 then there is a choice of data such that the integral

/ f 0(2)05(g. Wdgdh
Spe(FI\Sps(A\)  J O2(1)(F)\O2(p)(A)

is nonzero.

Remark. We note by the comments in the introduction that we expect that the
automorphic modules = which have a pole at s = 1 probably come from automorphic
induction for GL3(F}) into GLs. We have not yet checked directly that such forms
have in fact the required period (as given in Theorem 3.3) to be nonvanishing.
One possible way to check this is by use of some version of a relative trace formula
identity relating generic forms in GLg with the coperiod condition given in Theorem
3.3 with generic forms in GL3(F,). We also note here that if the finite set S (in
Theorem 3.3) is enlarged to S’ then the new partial L function LS is multiplied
by the inverse of the L-factor at a finite number of places (S” — S). Thus it is possible
that LS may not have a pole (the extra finite places may cancel the pole of Lg by a
local zero). However, it is expected that the local components 7, of 7 in §' — S
are tempered and thus the local factor L,(m,, A’®%,,s) is holomorphic for
Re(s) > 0.

4. On The Nonvanishing of the Partial L-Function at s = 1/2

We keep the same notations as in Section 3. In the section we will relate the
nonvanishing of L%(z, A’ ® , 1/2) with a nonvanishing of certain periods. As in
Section 3 we shall apply the Siegel-Weil formula as stated in [K-R].

We shall assume that w,y* = 1. Let 0,(/) denote the theta function of Spy. In this
case we have,

PROPOSITION 4.1 ([K-R] Theorem 4.10). If Vali_12E(g, fs. 1, §) is nonzero, then
depending on the choice of f, it equals

f 04(g, h)dh or / Oap(g, h)dh
O4(D)F)\O4(D)(A) 022(F)\O22(A)

for some choice of ¢ € S(Alz). Here O4(D) defines the orthogonal group in 4 variables
associated to the norm form of a quaternion algebra D/F and O, is the split orthog-
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onal form. Also A¢ is some regularization needed so that the above integral will con-
verge.

Using Proposition 4.1 we may relate the nonvanishing of LS(r, A’ ® 7, 1/2) with
the nonvanishing of certain periods.

We note here that if 0,2 = 1 then the L function L(, A® ® 7, 5) is a self symmetric
L function. In particular this means L(m, A’ ® 1, 5) = L(n¥, A’ ® y~', 5) provided
that w,y> = 1. Then we have

THEOREM 4.2. Suppose that w,y* = 1. If LS(n, A* ® 1, 1/2) # 0 then there is a
choice of data such that at least one of the following two periods is nonzero. Either

/ / 0(2)0,(g. hdgdh @.1)
Spe(F)\Spe(A) J O4(D)(F)\O4(D)(A)

or

g
/ f @ (u g ) Wy (uydudg . 4.2)
SLay(F\SLa(A) JUFNU(A) g

Here U is defined by

I X Y
U:{ 1 Z :X,Y,ZGMZ},
1

where I is the 2 x 2 identity matrix and M, the group of all 2 x 2 matrices. Also ; is
defined as (1) = Y(tr(X + Z)).

Proof. It follows from Proposition 4.1 that if LS(r, A> ® y, 1/2) # 0 then either
(4.1) is nonzero for some choice of data or that

| / 0(&)0sg(s. Mg 43)
Sps(F)\Sps(A)  J 022(F)\02,2(A)

is nonzero for some choice of data. To prove the Theorem we have to show that if
(4.2) is zero for all ¢ € = then (4.3) is zero for all choice of data. To do so we need
to consider another Eisenstein series on Spg. Let Q be the maximal parabolic
subgroup of Spg whose Levi part is GL, x SL,. Consider the induced representation

I(s) = IndSQszé‘;\) 5;2 and for F; € I(s) let E|(g, Fy) denote the corresponding Eisenstein

series. It follows from [K-R] Lemma 5.5.6, that there is a point s = sy and a constant
¢ # 0 such that

/ Oap(g, W)dh = Val,_y Ei(g, F,) -
025(F)\022(A)
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To prove our Theorem, it is enough to show that if (4.2) is zero for all choice of data
then the integral

/ 0(©)Er(g. F)dg (4.4)
Sps(F)\Spg(A)

is zero for all ¢ € &, Fy; € I(s) and s € C. Let V denote the unipotent radial of Q. In
matrices
I X Y
V:{ I X :X,YeMz}
I

and X* and Y is such that the above matrix is in Spgs. Unfolding (4.4) we obtain

I X Y
/ / ® I X" |g|Fi(g)dvdg.
GLa(F)xSLa(F)V(ANSps(A) JV(FN\V(A) I

The group GL;, x SL, is embedded in Spg (and GLg) as

g
(g h) — h g2eGL,, heSL,

g*

and g* is such that the above matrix is in Spg. Let 7 O V be the unipotent subgroup
of GLg defined by

I X Y
Vi = { I X' |, X,YeM).
I

The group GL, as defined above acts on V';/V by scalar of the determinant and hence
the above integral equals

I X Y
/ / 0] I X* |g|F(g)dvidg+
GLy(F)xSLa(F)V(ANSPG(A) JM(ENFI(A) J
I X Y
4 / / o[ 1 x|e|d(nE@dnds.
SLao(F)xSLa(F)V(ANSps(A)  J VI(F)\Vi(A) I

(4.5)

In both cases Y € My and if Y = (ii fvj) then J(Y) = Y(y1 — ya). Consider the first
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summand in (4.5). It equals

I X+T Y
Z, / / @ I X* |g|wWT)F,(g)dTdv,dg.
! Mo(F)\Ma(A) I

Here T € M, v is summed over all characters of 7" and v; and g are integrated as
before. The group GL,(F) x SL,(F) acts on the group characters of 7" with three
orbit characterized by the rank of 7. The contribution from the trivial orbit is zero
since we obtain as an integral

I T Y
/ o I 0 ]|d7dY.
Mo(F)x My(F)\Ma(A) x Ma(A) I

By cuspidality of ¢ this is zero. For the rank one orbit we choose as representative the

character wT(“ tz) = (t3). It is not hard to check that the unipotent group {(1 1)}

13 14

C SL; is in the stabilizer of y; inside SL,. We thus obtain

Lo (" 7]
M3(F)\M3(A)

as an inner integral and hence, by cuspidality, we get zero contribution. Finally, for
the rank two case, we choose WT(” ’2) = (t; + t4). The stabilizer in GL, x SL,

3 14

is SLY i.e. the group SL; embedded diagonally. Hence the contribution to the first
summand of (4.5) from this orbit is

I T 'Y ~
| / «»[ I x g]tﬂ(trT)!//(X)Fs(g)dudg
SLY(F)V(ANSps(A) J UFN\U(A) I
Thus we obtain as an inner integration
I T Y h _
/ / 10 I X h g |YyrTW(X)dudh .
SLYPNSLA(A) JUFPNU(A) I h*

Denote y = diag{1, 1,1, 1, —1, 1}. Since, for g € SL,, g* = (_1 1>g<_1 1>,the
above integral equals

I T Y\ (h ~
/<P|: I X |y h ygi|lp(trT)tp(X)dudh )
I h
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Conjugating y to the left and changing variables in X we obtain

I T Y h
/ ‘p[ rx h vg} W(tr(T + X))dudh .
1 h

Thus we obtain (4.2) as an inner integral which is zero by our assumption.

Next consider the second summand of (4.5). Define

0 I
w=|I 0
I

Conjugating by w the integral equals

I o x*\/I ~
/ / oll 1 v |x 1 Jue|inE@dnds.
SLy(F)xSLa(F)V(ANSps(A)J Vi(F)\V1(A) I I

Consider the Fourier expansion

I 0 X*4+T 1

> f / @ I Y X I wg | W(tr Y)WW(T)Fy(g)dTdvdg,
v My(F)\M>(A) I I

where v over all characters of M,(F)\M>(A) and v, and g are integrated as before.
Given v we can find L € M,(F) such that the above integral equals

I 0T I B
> / f ® I Y| | x+L I wg [W(Y)Fy(g)dTdXdYdg.
v Mo(F)\M(A) I I

Here we used the fact that ¢ is left invariant under rational points and also need a
suitable change of variables. (For similar computations see in Section one the dis-
cussion involving X (x)). Thus to prove our Theorem, it is enough to show that

1 T h

/ / @ I Y g Y(Y)dTd Ydgdh
Mo (F)x My (F)\Ma(A)x M>(A) I g*

is zero for all ¢ € n. Here g and / are integrated over SLo(F)\SL,(A). Applying a
Fourier expansion to the above integral it equals

1 Z T\ (h

3 f / @ I Y g Y(Y)W(Z)dZdTd Ydhdg.
N U(F)\U(A) I g

As before, the group SL, x SL, acts on the group character of Z. It is not hard to
check that all orbits corresponding to the rank zero and rank one orbits contributes
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zero by cuspidality. As for the rank two, under the action of SL,(F) x SLy(F), there
are infinite number of orbits. We can parametrize them by the characters

1 22
Z3  Z4

V.(2) = wa(( )) = Yz +29)

with « € F*. Thus the above equals

I Z T\/(h B
> / / @ I Y g WY)W (Z)dudhdg.
g I SuFNSLay(A)xSLa(A) J UFN\U(A) I g

Here S, is the stabilizer of y, in SL,(F) x SLy(F). Thus

= (7 )

where & € SL,. Denote r(o) = diag(, 1, 1, 1, 1, 1). A change of variables in Z implies
that the above equals

oyt /SX(F)\SLZ(;\X)XSLz(A) ./U(F)\U(A)

I Z T h
® I Y |r) g Y(Y)W(trZ)dudgdh .
1 g"

As before we can change variables in Y to obtain

I Z T h
> / (p[( I Y)r(oc)( g )y]W(tr(Y+Z))dudgdh.
1 g

Conjugating () to the right and changing variables in /2 we obtain (4.2) as an inner
integration. This shows that (4.4) is zero for all choice of data.
This completes the proof of the Theorem. O

Remark. We note here that if we can extend the validity of the Siegel formula
(stated in Proposition 4.1) when g € GSpg(A) then in formulae (4.1) and (4.2)
we can replace Spg(A) by GSpg(A) in (4.1) and SLy(A) by GL2(4\) and the outer
integration is given over Z, GSpg(F)\GSpe(A) and Z5 GL,(F)\GL,(A). Moreover
in the respective integrals (4.1) and (4.2) we must also have the character y. In par-
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ticular then (4-2) is replaced by the period

g

(“"):/ / olul ¢ Yu@y(detg)dudg . ()
ZAGLy(F\GLy(A) JUEN\U(A) g

With this period as the starting point we can make a conjecture concerning the
relation of the nonvanishing of the restricted L function LS(w, A* ® 7, 1/2) to the
nonvanishing of the above period.

In fact for each quaternion algebra D/F we consider the group GL3;(D). Then we
have an analogue of the group U. In fact let U(D) be the upper triangular subgroup
in GL3(D) given by

1
0 X, y,z€D
0

=
— N

Then we define the Whittaker type character on U(D) as given by

1 o
0 S Ypx+2),
0

=R
— N

where V/, is a character given on the vectorspace of the quaternion algebra D.
Thus for an automorphic cuspidal representation t of GL3(D) we consider the
period (¢ € 1)

g
= / olul & | |vhwrvaenduds )
ZaAD*(F)\D*(A) J Up(F)\Up(A) g

(assuming t has central character w, so that w.y> =1 and Nj the corresponding
reduced norm on D*).

Thus there is an analogue of the Gross Prasad conjecture for this example. We
know that since GL3(D) is an inner form of GLg(F), this implies that there exists
an automorphic functorial lifting between GL3(D) and GL¢(F). In particular we
know that an irreducible cuspidal module ¢ of GL3(D)(A) lifts to an irreducible
cuspidal automorphic ¢ of GL¢. (The modules ¢ and ¢’ agree at all the places
GL3(D,) = GLg). Moreover at the ramified places (where GL3(D,) # GLg) there
is a local character identity between ¢, and ¢),. In any case given n automorphic
cuspidal in GLg(A) (with central character w, satisfying w,y> = 1) we let n° be
a cuspidal automorphic module on GL3(D(A)) which lifts to 7. (z” may not exist).

Then the analogue of the Gross-Prasad conjecture is the following statement.

CONJECTURE. L5(n, A* ® 1, 1/2) # 0if and only if there exists a unique quaternion
algebra D so that
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() p(e) # 0 for some ¢ € 7P
(i) (®)p(@) =0 forall ¢ €n? with D' # D (here D' may in fact be the split form
M o(F) and the period (x)p is given as above).

In this case, a more quantitative version of the conjecture is expected which relates
the special value L5(n, A* ® y, 1/2) with the finite positive sum of terms of the form
|(%)p(@,)|* (Where ¢, runs over a basis of an appropriate finite dimensional subspace
of 7).

Remark. We note here that when w,> # 1 but (w;7%)* = 1 we can also relate the
nonvanishing of L5(n, A* ® ¥, 1/2) to the nonvanishing of a certain period. Specifi-
cally the period condition will involve a Siegel formula relating Sp; to O(3, 1) (where
the quadratic character w,y> dictates the choice of O(3, 1)).
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