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1. Every family of subnormal operators in a Hilbert space fulfils the Halmos-Bram
condition on a suitable dense subset of its domain [2], [3]. In [2] and [4] it is shown that
the generalized commutation relation implies the Halmos-Bram condition for one
operator. In this paper it is proved that the generalized commutation relation implies the
Halmos-Bram condition for infinite families of operators (in a special case Jorgensen
proved it in a different way for finite families of operators, see [2]) and as an example of
the application of this property it is shown that every family of generalized creation
operators in the Bargmann space of an infinite order, indexed by mutually orthogonal
vectors from I2 is subnormal. See [1] for the definitions.

2. A family S = {S,: i e /} of densely defined linear operators in a complex Hilbert
space H with the same domain D(S): = D(5,) (iel) is said to be a subnormal family if
there are a Hilbert superspace K and a family N = {ty-Ae 1} of commuting normal
operators in K such that H <zK and

(1) S,f = NJ fora l l /eD(§) , iel.

Denote by & the set of all functions a: / -» Z+ equal to zero for all but a finite number of
values i e I, where Z+ denotes the set of all positive integers. In the sequel let the family
§ have a common invariant subspace M (i.e. M is a dense linear subspace of H such that
M c D(S,), Si(M) <z M, i e /) on which

(2) SiSif = SlSJ for all feM, i,jel.

Then the family § satisfies (1) and

(3) S>J = NJ for all/ e M, ae&,

where §°f = II Sf(l)/ (the same about NJ).
In [3] it was proved that such a family with M = D(§) is subnormal if the following

conditions are satisfied:
(4) the Halmos-Bram condition

X <§7(/S),

holds for every finitely supported function f-.S
(5) M is a linear subspace spanned by the set

where ^(5():={/eD:limsup[(n!)-1 ||5?/||]1/n<«=}.
The properties above will be referred to as Theorem A.

tThis work was prepared during a visit to Prof. Dr. Ernst Albrecht in Saarbriicken and to Prof. Dr.
Joachim Weidmann in Frankfurt (DAAD scholarship).
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Now let A={A, : i e / } , B = {£ , : i e / } , E = {£ , , , : / , / e /} , C = {Cu:i,j el) be
families of densely defined linear operators and M denote a linear subspace of H. We say
that the pair of families (A, B) satisfies the generalized commutation relation (respectively
semicommutation relation) on M with the family E (respectively C), if M is invariant
under A, B, E (respectively C) and:

(6) [Ai,Bj]f = Eljf([A,B]: = AB-BA), feM, i,jel

<E,J, g) = {f, Ejjg), f.geM, i.jel,

(respectively [Ah B,]f = C,jf, feM, i, j e I),
and

(7) A,Ek.,f = EkilA,f, BjEkJf = EMB,/, EtJEk.,f = EkJEuf

(respectively AtCk,,f = CkJAJ, B,CkJf = Ck,,Bjf) feM, i, j , k,lel.

From this definition it follows immediately that

(8) CiJCkJ = CkJCiJ for all feM, i,j,k,lel.

If in addition the following condition is fulfilled

(9) E,j = 0 (respectively Cu = 0) if i * j (i, jel),

then we say that the pair of families (A, B) satisfies the strong generalized commutation
relation (respectively semicommutation relation).

Next we make some remarks about notation. Let a, /} e (Z+)n and

( trtn . . .
• -

xnkl ...

In the sequel we shall use the following notation:

(10) m, : = ( m n , . . . , m,n) e (Z+)", m1 : = (mlM . . . , xnki) e (Z+)k,

(11) w(m):=im,6(Z+r, *(m):=£ tn' e(l+)k,
i=i i=i

(12) a±p: = (ai±pu...,an±pn), |or| :=£<*„ a!:=f[ory!
.=1 ;=1

(13) m!:=nnm,!.

i f " ' ^

or ( ? ) : = 0 if <*i<Ph

(15) i?°: = Id and R~':=0 for s>0, where R denotes any linear operator in H.

3. Now we can state and prove our first result.
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THEOREM 1. Let (A, B) be a pair of families of linear operators, which satisfy the
generalized semicommutation relation on a linear space M with the family of operators
C = {Cu: i, jel), where I = (Z+)". Then

^ A:(m)! w(m)\ ( a

me{(Z+)-}- HI!

for all f e M, a, /3 e (Z+)B, w/iere Cm: = II C?}* (sec property (8)) and Aa, B^ are defined as
in (3).

We shall prove this theorem by induction. First we state and prove some lemmas.

LEMMA 1.

foralla,p,Ye(Z+)n.
LEMMA 2

w
)! w(m)\ a)... CMI:I>
mi w(m)

for all m e {(Z+)"}* and a e (Z+)n, w/iere

ntii

Proof. It is sufficient to note that

and m
a

! = m! or!.

Then from a simple calculation we obtain our statement. QED

LEMMA 3.

. „ *(|m, o-l)! w(|m, or))!k(m)\ w(m)\ /k(\m, oc{
m! " \ a

for all a e (Z+)*, and m e {(Z+)"}*, where

, a\\

( m u . . . mln

Proof. Similarly as before, it is sufficient to note that

itflm, a\) = Jt(m) + a, tv(|m, a\) = (w(xn), \a\) and |m, a\\ = m! a\. QED
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LEMMA 4. (Sec [4].) Let {A}, {B} be families of single linear operators which satisfy
the generalized semicommutation relation on the linear space M with an operator C. Then
the equation

oo / i \ / » \

A'B'f = 2 k\ ({)( )B'-kA'-kCkf forallf eM, i, jeZ+,

holds.

Now we return to the main proof. If n = 1, then k{m) = w(xn) = m and the proof
follows immediately from Lemma 4. So now we assume that our theorem is true for all
pairs of n-element families of operators, which satisfy the generalized semicommutation
relation on the linear space M. Next let A = (Alt. . ., An+1), U = (Blt... , Bn+l) be a
pair of families of operators, which satisfies the generalized semicommutation relation on
M with a family of operators C = {Cu :i,j = l,...,n + l}. In the sequel y \n\ and y{n}
stand for the n-tuples (ylt. . . , yn) and ( 0 , . . . . 0, yn+l) respectively, where y e (Z+)n+1.
Let y e (Z+)n+1 a n d / e M. Then from the inductive assumption we obtain

.y. tn!
where

and

Ci:= {Cjj.i = 1 , . . . , n and; = 2 , . . . , n + 1}.
But

if one of m* # 0 for k - 1 , . . . , n - 1. Hence

(16) Ar'-'B*™/- 2 ip|!(r|n|)(^W+rlp|Ar1

P€(z+r \ P A |p| /

x {C,n+1:/ = 1,. . . , «}"/ (

Similarly we obtain:

1"1-''

m€{(z+)»r m! \/c(m)/\H'(m)

= 2 I P l ! ( y | n | ) ( ^
pe(Z+Y V P ' ^ IPl

for ye(Z+)n + 1 and feM, where A 2 : = 0 4 2 , . . . , An+l), B1: = ( B 1 , . . . , Bn) and
€2:= {Cu:i = 2,..., n + 1 and/ = 1 , . . . , n}.

Now we return to the main calculation. From the inductive assumption, Lemmas 1-4
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and the properties (7), (8), (16) and (17) we obtain:

pe(Z+)"

2 IPI! ( ) ( ; ) { A r i B
e(Z+)" \ P ' V IPI '

x Bji«i-».(m)-pA«i«i-*(in)^Cw./f y = i ; . . . ;

x {Cn+W:; = 1, . . . , n}"/ (by Lemma 1)

n\ \/w(m) +
m) + p)\ w(m)

x Bfi-'-H><m)-"Afl"|-*(m)i4^.+r""fl^{Cy :i,y = 1, . . . , n } m

x {Cn+1J:j = 1 , . . . , n } p / (by Lemma 2)

y tk(n)\w(ny.( a \(P \n\

y y fc(m)lw(m)l/Qf.+1\/or|n|\/ /
p«ff+y « . « & } • I P I " m! \ | p | )\k(xn))\w(

y - i = l , . . . , n + l , j = l , . . . , n } n f ( w h e r e n : = | m

ne((Z+)"}"+1 <-iceZ+ \ K / \ K /

x {C,-y:i = 1,. . . , n + 1 and; = 1, . . . , «}"/

y ffc(n)!W(n)l/ or \ / f f |n | \ fllnl_>v(n,-)
neuzT)-}-1 n! \k(n))\w(n)J ' J,.

x {Aia
+-i

k(n))^-kCk
n+l.n+l{CiJ:i = 1, • • • , n + 1 and/ = 1, . . . , n}"}3./ (by (16))

,fll+1 :i = 1, . . . , n}p]{3*}/
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W|pl,((-*(«)».«)((«-*(«»i-l)(/l.
pe(Z+)

! T )B5¥TAi"-*(n))l"|-pi4(%l*(II»"+'-*{C/n+1:i = 1, . .. , n)p

\P\ I

x C*+1,n+1{C,,y:i = 1 , . . . , n + 1 and/ = 1 , . . . , n}"f (by Lemmas 1 and 2)

= 2 (I*) 2 I r l l C " ^ 1 1 ^ ^ ; 1 ) ! ! ^ - 1 ^ - ^ ) ) - (where r:= |p,
ne{(Z+)T+ 1 re(Z+)"+1 \ T / \ |T| /

x {{C1>+1:i = 1, . . . , n + l}x{Cu:i = 1,. . . , n + 1 and/ = 1, . . . , n}"}4./

y k(n)lw(n)\ / or Wo--A:(n)\//3|n|\//3n+

n - « ( ^ ' "! \Ar(n)A r yW(n)A |r|
an{J 3)

k(tv)\W(tv)\( a \f p \ (w) ,(ro)

where ro := \n, t\ for any a, /3 € (Z+)n+1.

4. In the sequel we shall consider pairs of the following families of operators:
(§*, §), where §* = {Sf: i e / } . We will say that the family S satisfies the (strong-)gener-
alized (semi-)commutation relation if the pair (§*, §) satisfies the (strong-)generalized
(semi-)commutation relation.

Similarly as in [4] from the generalized (semi-)commutation relation it follows that

(18) S*Cj,kf = Cj,kS*f for a l l / e M , i,j,kel

(respectively SfEjkf = EjkSff for all/eM, i, j , ke/).
Naturally from the (strong-)generalized commutation relation follows the (strong-)

generalized semicommutation relation, but the converse is not true.

EXAMPLE. Let H be a separable Hilbert space with the orthonormal basis {e,:i e Z}.
We define the operator 5 as follows:

5e, : = a,e,+1) where a, = 0 if i > 0 and a, := \i\m if i < 0. Clearly:

C e - ( 5 * 5 - 5 5 * V - n f l l 2 - l a I 2 ^ - ( " C ' tf''S°Ce,.-(5 S SS )e,.-(|fl,.| l«.-il K - | Q . f . > ( )

and CSei = SCet. So the operator 5 fulfils the generalized semicommutation relation on
M = LIN{e,: i e Z}, but does not fulfil the generalized commutation relation:

- 1 = (Ceh et) ± (E2eh et) = (Eeit Ee() >0 for i <0.

In addition this operator is not subnormal, as the Halmos-Bram condition is not satisfied:
I

V /c'f cit\ =

•J=o

for /o: = - e _ ! and fx: = e0-
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Now we prove the main result of this paper.

THEOREM 2. Let S be a family of linear operators in H that satisfies the strong
generalized commutation relation on a linear spce M with the family E = {Eitl: i, j e I).
(18) / / the family § satisfies the condition (2), then this family also satisfies the

Halmos-Bram condition.
(19) / / the family S satisfies the conditions (2) and (5) with M = D(§), then § is

subnormal.

Proof. The second part of our theorem follows immediately from the first one and
Theorem A. Now we prove the first part. Without loss of generality we can assume that
§ = ( S i , . . . , £„)• Let / : (Z+)"-+M be a finitely supported function. Then from Theorem
1 and the condition (7), it follows that

= 2 <(STS»/(«),/(/*)>= 2

x ( »v(m

But Eij = 0 for i ±j (see the condition (9)). Therefore Em/ = 0 (/ e M) if m,y =£0 for any
pair (i, /) e { 1 , . . . , n) x { 1 , . . . , n) such that i ̂ j. Finally

a,/36(Z+)"
m-diagonal

because k(rn) = w(m) = m for any diagonal matrix m. QED.

5. The result above can be applied to families of creation operators defined on
Bargmann's Hilbert space of an infinite order [1], [5]. Let B denote Bargmann's Hilbert
space of an infinite order; i.e. the adequate subset of the set of all holomorphic functions
on I2, where I2 denotes the Hilbert space of all square summable complex sequences. This
Hilbert space has the following orthonormal basis: M:= {ev: x e / } , where er(z) =
{x\)~mzT (z e I2), J is the set of all sequences of nonnegative integers with only a finite
number of nonzero entries and zT: = Ylz]'. (See [1], [5].) Bargmann defined the
generalized creation operators as follows:

:= {/ e B: [z-» (z, a)f(z)] e B)
and

(A+f)z:=(z,a)f(z) for all ze/2, /

THEOREM 3. Let W denote the set of mutually orthogonal vectors from I2. Then the
family {A*.a e W} is subnormal.

Proof. We know from [5] that the linear space:

C[/2]:={p«-, *!>,. . . , <•, xn)):p-compl. polynomial, x,<€ I2}

is invariant under A* (a e I2), the operators {A*:a e W} commute on C[/2], {A*, At) =
{a,b)ld on C[/2] for a, be I2 and At(L)<= Lcs4(AZ)nC[l2], where L: =
UN(U{(S)aM:aeJ}).

Now our statement follows directly from Theorem 2.
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