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Abstract

It is proved that if a special Hermitian manifold complies with the 1-cosymplectic hypersurfaces axiom,
then it is a Kählerian manifold.
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1. Introduction
The classification of the almost Hermitian structures on first-order differential–
geometrical invariants can be rightfully attributed to the most significant results
obtained by the outstanding American mathematician Alfred Gray and his Spanish
colleague Luis M. Hervella. According to this classification, all the almost Hermitian
structures are divided into 16 classes. Analytical criteria for each concrete structure to
belong to one or another class have been obtained [10].

The class of Hermitian (or W3 ⊕ W4-)manifolds is one of the most important
Gray–Hervella classes. This class, consisting of almost Hermitian manifolds with
an integrable almost complex structure [10, 13], was studied from the point of view
of differential geometry as well as of modern theoretical physics. We remark that the
class of Hermitian manifolds contains the classes of special Hermitian manifolds (or
W3-manifolds, using Gray–Hervella notation), locally conformal Kählerian manifolds
and Kählerian manifolds.

Note that the class of special Hermitian manifolds has not been studied in as
much detail as other so-called ‘small’ Gray–Hervella classes of almost Hermitian
manifolds. Some dozens of significant works are devoted to the nearly Kählerian,
almost Kählerian and locally conformal Kählerian manifolds, but much fewer articles
are written about special Hermitian manifolds.

We remark also that the present paper is a continuation of researches of the author,
who studied Hermitian manifolds, mainly six-dimensional, before (see, for example,
[2, 3, 5–7]).
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In [6], it has been proved that if an arbitrary special Hermitian manifold complies
with the U-cosymplectic hypersurfaces axiom, then it is Kählerian. In the present
note, we shall prove a statement that has a similar form. Namely, we shall prove the
following.

Theorem 1.1. If an arbitrary special Hermitian manifold complies with the
1-cosymplectic hypersurfaces axiom, then it is a Kählerian manifold.

2. Preliminaries

Let us consider an almost Hermitian manifold, that is, a 2n-dimensional manifold
M2n with a Riemannian metric g = 〈·, ·〉 and an almost complex structure J. Moreover,
the following condition must hold:

〈JX, JY〉 = 〈X,Y〉, X,Y ∈ ℵ(M2n),

where ℵ(M2n) is the module of smooth vector fields on M2n [13]. All considered
manifolds, tensor fields and similar objects are assumed to be of the class C∞.

The specification of an almost Hermitian structure on a manifold is equivalent to
the setting of a G-structure, where G is the unitary group U(2n) [13]. Its elements are
the frames adapted to the structure (A-frames). These frames look as follows:

(p, ε1, . . . , εn, ε1̂, . . . , εn̂),

where εa are the eigenvectors corresponding to the eigenvalue i =
√
−1, and εâ are the

eigenvectors corresponding to the eigenvalue −i. Here the index a ranges from 1 to n,
and we state â = a + n.

Therefore, the matrices of the operator of the almost complex structure and of the
Riemannian metric written in an A-frame look as follows, respectively:

(Jk
j ) =

(
iIn 0
0 −iIn

)
; (gk j) =

(
0 In

In 0

)
,

where In is the identity matrix; k, j = 1, . . . , 2n.
We recall that the fundamental (or Kählerian) form of an almost Hermitian manifold

is determined by the relation

F(X,Y) = 〈X, JY〉, X,Y ∈ ℵ(M2n).

By direct computing, it is easy to obtain that in an A-frame the fundamental form
matrix looks as follows:

(Fk j) =

(
0 iIn

−iIn 0

)
.

An almost Hermitian manifold is called Hermitian if its structure is integrable. The
following identity characterises the Hermitian structure [10, 13]:

∇X(F)(Y,Z) − ∇JX(F)(JY,Z) = 0,

where X,Y,Z ∈ ℵ(M2n).
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A special Hermitian structure in addition must comply with the condition δF = 0,
where δ is the codifferentiation operator [13].

The first group of the Cartan structural equations of a special Hermitian manifold
written in an A-frame looks as follows:

dωa = ωa
b ∧ ω

b + Bab
c ω

c ∧ ωb,

dωa = −ωb
α ∧ ωb + Bc

abωc ∧ ω
b,

where {Bab
c} and {Bab

c} are components of the Kirichenko tensors of M2n [1, 7],
a, b, c = 1, . . . , n.

Let N be an oriented hypersurface in an Hermitian manifold M2n and let σ be the
second fundamental form of the immersion of N into M2n. As is well known [2, 4–6],
the almost Hermitian structure on M2n induces an almost contact metric structure on N.
We recall also that an almost contact metric structure on an odd-dimensional manifold
N is defined by the system of tensor fields {Φ, ξ, η, g} on this manifold, where ξ is a
vector field, η is a covector field, Φ is a tensor of the type (1, 1) and g = 〈·, ·〉 is the
Riemannian metric [9, 13]. Moreover, the following conditions are fulfilled:

η(ξ) = 1, Φ(ξ) = 1, η ◦ Φ = 0, Φ2 = −id + ξ ⊗ η,

〈ΦX,ΦY〉 = 〈ΦX,ΦY〉 − η(X)η(Y), X,Y ∈ ℵ(N),

where ℵ(N) is the module of smooth vector fields on N. As an example of an
almost contact metric structure, we can consider the cosymplectic structure that is
characterised by the following conditions:

∇η = 0, ∇Φ = 0,

where ∇ is the Levi-Civita connection of the metric [9]. It has been proved that the
manifold, admitting the cosymplectic structure, is locally equivalent to the product
M × R, where M is a Kählerian manifold [12]. We note that the cosymplectic structures
have many remarkable properties and play a fundamental role in contact geometry and
mathematical physics [11].

As was mentioned, the almost contact metric structures are closely connected to
the almost Hermitian structures. For instance, if (N, {Φ, ξ, η, g}) is an almost contact
metric manifold, then an almost Hermitian structure is induced on the product N × R
[2, 10]. If this almost Hermitian structure is integrable, then the input almost contact
metric structure is called normal.

At the end of this section, note that when we give a Riemannian manifold and
its submanifold (in particular, its hypersurface), the rank of the determined second
fundamental form is called the type number [14]. We also recall that an almost
Hermitian manifold M2n complies with the 1-cosymplectic hypersurfaces axiom
(respectively, G-cosymplectic hypersurfaces axiom, U-cosymplectic hypersurfaces
axiom) if a cosymplectic hypersurface with type number one (respectively, a totally
geodesic cosymplectic hypersurface, a totally umbilical cosymplectic hypersurface)
passes through every point of M2n.
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3. Proof of Theorem 1.1
Let M2n be an arbitrary Hermitian manifold. As we have noted, an almost contact

metric structure is induced on its oriented hypersurface N. The first group of Cartan
structural equations of such an almost contact metric structure looks as follows
[2, 3, 6]:

dωα = ωαβ ∧ ω
β + Bαβγ ωγ ∧ ωβ + (

√
2Bαn

β + iσαβ )ωβ ∧ ω +

(
−

1
√

2
Bαβn + iσαβ

)
ωβ ∧ ω,

dωα = −ω
β
α ∧ ωβ + Bγαβωγ ∧ ω

β + (
√

2Bβαn − iσβα)ωβ ∧ ω +

(
−

1
√

2
Bn
αβ − iσαβ

)
ωβ ∧ ω,

dω = (
√

2Bnα
β −

√
2Bαnβ − 2iσαβ )ωβ ∧ ωα + (Bn

nβ + iσnβ)ω ∧ ωβ + (Bnβ
n − iσβn)ω ∧ ωβ.

Here the indices α, β, γ range from 1 to n − 1, and the indices a, b, c range from 1 to n.
If the type number of the hypersurface is equal to one, then the matrix of the second

fundamental form of the immersion of N into M2n looks as follows [5]:

(σps) =



0
0
. . .
0

0

0 . . . 0 σnn 0 . . . 0

0
0
. . .
0

0


, p, s = 1, . . . , 2n − 1.

Evidently σnn , 0, otherwise the type number is zero.
That is why we can rewrite the Cartan structural equations for this case:

dωα = ωαβ ∧ ω
β + Bαβγ ωγ ∧ ωβ +

√
2 Bαn

β ωβ ∧ ω +

(
−

1
√

2
Bαβn

)
ωβ ∧ ω,

dωα = −ω
β
α ∧ ωβ + Bγαβωγ ∧ ω

β +
√

2 Bβαn ωβ ∧ ω +

(
−

1
√

2
Bn
αβ

)
ωβ ∧ ω,

dω = (
√

2Bnα
β −

√
2Bαnβ)ω

β ∧ ωα + Bn
nβω ∧ ω

β + Bnβ
n ω ∧ ωβ.

Taking into account that the Cartan structural equations of a cosymplectic structure
look as follows [2, 6, 13]:

dωα = ωαβ ∧ ω
β,

dωα = −ω
β
α ∧ ωβ,

dω = 0,

we get the conditions whose simultaneous fulfilment is a criterion for the structure
induced on N to be cosymplectic:

(1) Bαβγ = 0, (2)
√

2Bαn
β = 0, (3) −

1
√

2
Bαβn = 0,

(4)
√

2Bnα
β −

√
2Bαnβ = 0, (5) Bnβ

n = 0

and the formulas obtained by complex conjugation (no need to write them explicitly).
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We see that all kinds of the components of the Kirichenko tensors vanish:

(1) Bαβγ = 0, (2) Bαβn = 0, (3) Bnβ
n = 0, (4) Bαn

β = 0.

So,
Bab

c = 0, Bab
c = 0. (3.1)

We obtain that the Kirichenko tensors satisfy (3.1) at an arbitrary point of a
cosymplectic hypersurface with type number one in an Hermitian manifold. Therefore,
if M2n complies with the 1-cosymplectic hypersurfaces axiom, then (3.1) holds at its
every point. But the fulfilment of (3.1) is a criterion for an arbitrary special Hermitian
manifold to belong to the class of Kählerian manifolds [8]. Hence, if a special
Hermitian manifold complies with the 1-cosymplectic hypersurfaces axiom, then it
is Kählerian. �

In [4], it has been proved that if an arbitrary special Hermitian manifold complies
with the G-cosymplectic hypersurfaces axiom, then it is also Kählerian. In view of the
fact that a totally geodesic hypersurface is a hypersurface with zero type number, we
can reformulate this statement in the following way.

Theorem 3.1 [4]. If an arbitrary special Hermitian manifold complies with the
0-cosymplectic hypersurfaces axiom, then it is a Kählerian manifold.

So, we can generalise Theorem 1.1.

Theorem 3.2. If an arbitrary special Hermitian manifold complies with the
t-cosymplectic hypersurfaces axiom, and t is at most one, then it is a Kählerian
manifold.
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