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NON DIFFUSIVE PROPAGATION OF SOLAR ENERGETIC
PARTICLES: DATA ANALYSIS AND NUMERICAL

SIMULATIONS

E.M. Trotta1 and G. Zimbardo1

Abstract. The aim of this work is the analysis of the different transport
regimes related to the propagation in the solar wind of solar energetic
particles (SEPs) generated by impulsive events like solar flares. A nu-
merical implementation of a Lévy random walk for parallel particle
transport is developed, which allows obtaining superdiffusive trans-
port. The comparison between the flows measured by satellites and
fluxes extracted from the numerical simulation, will contribute to a
deeper understanding of the mechanisms underlying the presence of
superdiffusive regimes of SEP transport in interplanetary medium.

1 Introduction

We carry out an analysis of different transport regimes related to the propagation
of solar energetic particles (SEPs) generated by impulsive events like solar flares
(e.g., Reames 1999). The analysis of experimental data (e.g., particle fluxes ob-
served by SOHO and ACE satellites) carried out by Trotta & Zimbardo (2011)
shows that the propagation of protons and electrons can correspond to nondiffu-
sive regimes. The experimental energetic particle fluxes will be compared with the
numerical simulation, based on a model derived from the theory of Lévy random
walk described below.

2 Superdiffusion and Lévy random walk

The characterization of the impulsive events follows criteria proposed by Reames
(Reames 1999). In the case of superdiffusive or ballistic transport, the mean square
displacement grows as < Δx2(t) > = 2Dαtα with 1 < α ≤ 2, and the propagator
in the time asymptotic regime has a power law form (Zumofen & Klafter 1993), so
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that a fit of the observed time profiles allows the determination of the transport
regime (Perri & Zimbardo 2007, 2008, 2009). The transport analysis carried out
by Trotta & Zimbardo (2011a,b) assumes that the impulsive events correspond to
an injection of particles localized in space and time, so the transport of particles
is described by the shape of the propagator. In the case of superdiffusion the
propagator for large distances assumes the form P (x−x′, t−t′) ≈ a0(t−t′)/(x−x′)γ

which corresponds to the transport law < Δx2(t) > = 2Dαtα with α = 4 − γ.
The different values of γ identify different transport regimes: superdiffusive

transport for 2 < γ < 3, and ballistic transport (e.g. scatter-free) for γ > 3
(Zumofen & Klafter 1993). Such nondiffusive transport regimes are generated by
a non Gaussian random walk called Lévy random walk, and characterized by a
jump probability Ψ(x, t) = A | x |−γ δ(x − vt) (Klafter et al. 1987), where x
represents the jump length. We point out that the power law tails of the jump
probability Ψ and of the propagator P are the distinctive feature of superdiffusive
transport.

3 Numerical simulation

The numerical simulation is based on the test-particle scheme. The equations of
motion in the drift approximation are as follows:
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The effects of turbulence in the solar wind cause the spreading of particles. These
fluctuations are modeled by random changes in the average speed v‖ which are
actually modelled by means of the jump probability distribution Ψ(x, t). The
distribution of free path lengths is based on the theory of the Lévy random walk
(e.g., Metzler & Klafter 2000)

Ψ(x, t) =

⎡
⎣

Cδ(x − vt), x < x0

C

x−γ
0

|x|−γδ(x − vt), x > x0

(3.2)

where C is a normalization constant, and x0 is typical length beyond which the
power law form of Ψ applies, and which is also used as a normalization length.
Further, the delta function δ(x − vt) enforces the conservation of energy and the
space-time coupling. A random number generation algorithm allows having a
distribution of jump lengths described by Equation (3.2), based on the relation
Ψ(x)dx = dξ with ξ a random number evenly distributed between 0 and 1. The
corresponding mean square displacement obtained from the simulation is displayed
as a function of time in Figure 1 for two values of the power law exponent γ. Other
runs have been done and the results are displayed in Table 1. From Figure 1, it
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Fig. 1. Simulation results with different values of γ for the mean square deviation <

Δx2 > ( in arbitrary units) as a function of time (in arbitrary units), both in linear axes

(left) and in log-log axes (right). The dashed lines represent the linear fit to evaluate the

diffusive exponent α. Upper figures are for γ = 2.1, lower figures for γ = 2.3.

can be seen that the mean square deviation grows faster than linearly with time
(α > 1), and Table 1 shows that the larger γ, the smaller α. Although this trend is
similar to that predicted by the theoretical relation α = 4−γ (Klafter et al. 1987;
Zumofen & Klafter 1993), a quantitative agreement has not yet been obtained,
indicating that further numerical studies are needed.

Table 1. Main results of Lévy random walk simulation. The value of Dα and α are

obtained from the fit of the mean square deviation while γ is the main parameter which

is changed in the simulation, see text.

γ α Dα

2.1 2.0153 0.3823
2.3 1.9673 0.8104
2.5 1.8852 2.2320
2.7 1.0800 5.5671
2.9 1.7454 7.5994

https://doi.org/10.1051/eas/1258016 Published online by Cambridge University Press

https://doi.org/10.1051/eas/1258016


102 European Conference on Laboratory Astrophysics - ECLA

4 Conclusions

The aim of the work is to compare the experimental energetic particle fluxes with
numerical simulations in order to investigate different transport regimes of ener-
getic particles (in particular, superdiffusive transport which may correspond to
the scatter free events reported, e.g., by Krucker & Lin 2000). These anomalous
regimes are important for the mechanism of energetic particle acceleration and for
space weather predictions. Here we present a first set of numerical simulations
which show how nondiffusive motion can be generated by probability distribution
of jump lengths in power law form. In future works, this probability distribution
will be implemented into Equation (3.1) to simulate the propagation of energetic
particles in the heliosphere.
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