A THIRD-ENGEL 5-GROUP
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1. Discussion of results

In this paper a certain group with the third-Engel condition, that is a
member of the variety defined by !

(=, 3y) =1,
will be presented. Reasons for which its properties may be of interest are
advanced in the present section.

The theory of third-Engel-groups has been established by Heineken
in [3], the main result being:

THEOREM 1. (Heineken). If G is a group with the third-Engel condition
then

() G is locally nilpotent; and

(i) I's(G) < P, X P; where Py and Py are respectively the Sylow 2- and
5-subgroups of G.

The hypothesis of this theorem is implied by the condition that the
subgroup generated by any two elements of G has class 3.

A related result is:

THEOREM 2. Let n be a fixed integer greater than 3. If G is a group such
that the subgroup generated by any set of n—1 elements has class n, then

(1) G s locally nilpotent; and

(i) I',.19(G) < P, where P, is the Sylow 2-subgroup of G.

The proof of this theorem depends heavily on known results, especially:

THEOREM 3. (Kappe). If G is a group with no element of order 2 then
its second-right-Engel elements lie in {4(G).

We note that Theorem 3 is almost (but not quite) a consequence of
Kappe’s Satz I1I in [6]. He shows that if ¢ is second-right-Engel then

.2y =y =)™
If at this point ¥ is replaced by yz and a standard commutator expansion
is undertaken, then there results

1 QOur notation is explained in § 2.
556
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(e, z,9,2)2=1,
our statement of Theorem 3 follows.

Proor oF THEOREM 2:
(i) Since G is a member of the variety
(%1, B2y, w3, 7, 2, y) = 1,
G/Z,—3(G) belongs to the variety
(g, 3xy) = 1.
This variety is locally nilpotent by Theorem 1, and so G is locally nilpotent.

(i1) This implies that there is a unique Sylow 2-subgroup P, of G;
we have therefore to show that {, ,(G/P,} = P,. We shall assume P, = 1
and then prove £, ,(G) = 1, thus avoiding a change of notation. We deal
first with the case #» > 4, in which a rather easier proof is available.

If ¢ is any commutator of weight #—1 in the elements z,, - -, z,_,
of G, then we have (¢, 2y) = 1 for all y in G. Since G has no element of
order 2, Theorem 3 ensures that ¢ € {3(G). Thus G/(3(G) has the property
that any subgroup generated by #—2 elements has class n—2. If #n > 4,
Heineken’s Satz in [4] shows that G/(3(G) has class #—2, that is that G
has class #-+1.

A different approach (which could be used when # > 4 also) is neces-
sary when #» = 4. We find as above that the law ¢ = 1 holds in G/{;(G)
where

c = (¢, 2x,).

The theory of second-Engel-groups was developed by Levi in [8]; if H is
such a group then H has class 3 and I'3(H) has exponent 3. Therefore our
group G satisfies the pair of laws

((@y, 25, 23, 24), 25, 24, z;) =1,
(w1, 72, 3)3, 24, 5, ) = 1.
Standard commutator calculation shows that these imply
(@1, T2, X3, T4, X5, T6)° = 1;
s0 G has class 6 and I4(G) is a 3-group. But since G also satisfies
(1, 32y, 75) = 1
we deduce that G/{;(G) is third-Engel. By Theorem 1
I5(G[6(G)) = T5(G)(G)/4(6)
is the direct product of a 2-group and a 5-group, which means that I'¢(G)

has a similar structure. Since we have already proved that [¢(G) is a 3-
group, it follows that I,(G) = 1.
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That proves Theorem 2.

There is a difference between Theorems 1 and 2 regarding the behaviour
of elements of order 5. It is these we intend to examine rather than the
elements of order 2, for the simple reason that there are some very un-
pleasant third-Engel 2-groups. All groups in the non-nilpotent variety
A, A,, for instance, are third-Engel 2-groups (this is the set of all groups G
with normal subgroups N such that both N and G/N have exponent 2;
see [1], example 3.4, or [11], example 16.36 for details).

It is natural to ask whether Theorem 2 holds when % = 3, that is
whether Theorem 1 (ii) can be amended to read “I';(G) < P,”. We shall
answer this in:

THEOREM 4. There exists a group, of order 5% and exponent 5, with the
properties that every 2 elements generate a subgroup of class 3 and that the
group itself has class precisely 5.

We also record a

CONJECTURE. For each positive integer n there is a finite 5-group with
the properties that every 2 elements generate a subgroup of class 3 and that the
group itself has class precisely n.

Thus we prove that it is false that I;(G) < P, and we conjecture that
it would be false that I',(G) = P, for any #, in Theorem 1 (ii). This is at
variance with a ““folk-lore” belief that the prime 5 should not be exceptional
in Theorem 1. Perhaps a better way of looking at the facts is to regard 3 as
being the really exceptional prime.

Another interesting question is whether there exists, for each integer
n greater than 2 and each odd prime p, a finite p-group of class precisely
n+1 with the property that every n—1 elements generate a subgroup of
class #n. We note that such a group is known to exist in two cases:

(i) » = 3, any p; see example 4.1 of C.K. Gupta’s paper [2].
(ii) n = 4, p = 5; see Lazard [7], pp. 187—189.

2. Conventions

Our commutator notation is left-normed. We define the commutator
(zy, Moy, - + -, m,x,), in which m,, - - -, m, are positive integers, recursively
as follows. If m > 1 then

(@, my) = ((z, (m—1)y), y),
where (z, 1y) = (z, y) = x~ 'y 'ay; and if » > 2 then
(xlv m2x2» Y mnxn) = ((xl’ m2x2’ Y mn—lxn—l)’ mnxn)‘

A group satisfies the m-th Engel condition if, and only if, it belongs to the
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variety (z, my) = 1. More generally, we say that the element e of the group
G is m-right-Engel if, and only if, (¢, my) = 1 for all y in G. Since we have
quoted results of Heineken which are in right-normed notation, we are
morally bound to record:

LeEMMA 1. The third-Engel conditions in the right-normed and the left-
normed notations are equivalent.

The proof follows from the commutator identity

(9, (g, 2))»? (@1 y, 9" =1

when z is replaced by (y, ).

The terms I',(G) of the lower central series of G are defined thus:
I',(G) is the subgroup generated by all commutators of the form
(%1, %3, -+, ®,) in G. If I', 1 (G) is 1 then G is said to be (nilpotent) of class
n;if in addition » > 1 and I',(G) # 1 then G is said to be of class precisely ».
The upper central series of G is defined by putting ,(G) = 1, {,(G) equal
to the centre of G, and {,(G)/{,_1(G) equal to {,(G/(,1(G)) for n > 1. It
is a well-known theorem that I',(G) == 1 if and only if {,(G) = G.

We state the usual list of commutator identities without proof:

(2.1) @ELy)r =y, @y )= (zy);
(2.2) (xy, 2) = (2, 2)" (4, 2), (2, 92) = (=, 2) (=, y)*;
(2.3) (xy, wv) = (x, v)" (y, v) (2, w)"" (y, ©)";

(2.4) (x, v, 2#) (2, =, ¥*) (9, 2z, 2¥) = 1.

Frequently we shall calculate in I',(G) with the group G having class #.
It is a consequence of the identities that we then have multilinearity when
expanding commutators, in the sense that (z,,---, &;_;, ¥z, %, ' ", x,)
is the product of (x,--*, 2, -, #,) with ;, = y and «z; = 2; this holds
for each 4. In particular if ¢ = (2, - - -, #,.,) and G has class # then (2.4)
gives

(c’ (y’ Z)) = (C’ Y 2’) (C: 2, y)—l'

We use the following abbreviations: 2¥ means ylzy, 7% means (z¥)-!,
and (x, y; #, v) means ((z,¥), («, v)). Some obvious extensions of the last
may appear from time to time.

Mappings from a subset of the group G into G will be denoted by the
Greek letters «, 8, 7, 6. The image of  under 0 is 2%, and we make the fol-
lowing definitions:

(x, 0) = x12f, (0,2) = (z, )L

Considerable use will be made of the result which follows.
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LEMMA 2. Let 0 be a mapping of the group G into G, and let u, v be two
fized elements of G. Then (u, v)? = (4%, %) if and only if

(v, u; 0, v) (v, », 0) (0, v, u®)(u, 6, v*) = 1.
REMARK. The abbreviations just used are, explicitly:

(v, u; 0,v) = ((v, w), (6, v)),

(v, %, 0) = ((v, w), 6),
(0, v, u®) = ((0, v), u?),
(u, 0, v%) = ((u, 0), v¥).

Note also that Lemma 2 becomes just (2.4) when 0 is taken to be an inner
automorphism of G.

ProoF. We outline the calculations, starting with
(v, 4; 6,v) = (v, u)™2 (v, u)*" 7,
(‘I), u, 0)(9,1:) — ('U, u)—("’)“"{(v, u)()}(vo)—lv,
(0, v, uf) = (2, u®)~"¥"v(y, u9),

(u, 0, v*) = (u, v)~**(u?, v*).
It is easy to show by direct expansion that
(v, 47 (w, 0)~" (0, 9%) (v, )t = 1.

The result follows at once.

3. Construction of the group

Information about the structure of the group required in Theorem 4
was acquired in the course of calculations aimed at investigating its existence
or non-existence. When existence was suspected this information was used
to construct a group G by means of three cyclic splitting extensions, starting
from a group isomorphic to I';(G); this process is familiar, having already
been used to obtain examples in the papers [2], [9], [10]. The details follow.

We start by defining a group A. This shall have the following set of
17 generators:

odpe i 1Si<3 1<j<8 1<k=3 1<I<3}

Next we specify some commutation relations by means of a table; if
stands at the beginning of a row and y at the top of a column then (z, y)
stands where that row and column intersect.
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| ‘1 G & 4y 4y dy 4 ds dg dy dy

31 al ! &f4f A 1 1 £ A 1 fi 1
Cy 1 '/, A 1 1 s 1 1 £

C3 1 f3 1 ﬁ 1 f3 fg 1 1

We add the further defining relations:

(cirer) = (¢, h) = 1,

;. dy) = (d;, )=(d§’fl)=1
(ekr &) = (&, ;) =
(o fe) = 1,

(3.2)

where of course

1<71<3, 157,758 1=ZkEZ8 15403,

We also put
(3.3) i=1(1=<1<3).

That completes the definition of A, which clearly has class precisely 2.
Several interpretations may be put on A. The exponents in the obvious
normal form for its elements may be taken as integers, or alternatively as
integers modulo 5” for any # > 0; when # = 1 the order of 4 is 5!7. Normally
we use integers modulo 5.
Next we prepare to construct an extension B of A. Define a mapping
« from the given generators of 4 into A4 as follows:

(61, @) = dy, (C3, ) = dy, (c3, @) = dy;
(@), 2) = 2f2f§, (s, @) = 323f1f3:

(3.4) @5, @) = &°fify, (dg, o) = (@5, @) = eifz 3,
(dg, ) =1, (d-z, a) = (dg, 2) = 1;

(e, @) =1, (2, )=fa, (es, @) = fa;
(fi,x) =1 for 1 <1<3.

s
~

There is an obvious way of extending « to a mapping of A4 into 4, since the
elements of 4 have a normal form. We denote the extended mapping by .
To prove that « is an automorphism we need to show that a is onto 4, which
is easy, and to show that « is a homomorphism. For the latter purpose we
use Lemma 2 on (3.1), (3.2) in a simplified form; since 4 has class 2 we
see that (u, v)* = (4%, v*), for any pair «, v of the given generators, if and
only if
(v, #, a) (o, v, #) (%, @, ¥) = 1.
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The verification of the equation (#, v)* = (#%, v*) is negligible except in
the following cases:

(3, €, @) (o, €3, €a)(Cg, 2, €3) = 1-1-1 =1,

(€1, car @) (o, ey, Ca)(es, 0, 0) = o~ fo- o = 1,

(2, 01, 0)(a, €, €1}y, o C0) = f - fo- fa = 1.

The relations (3.3) present no difficulty. Thus « is an automorphism, and
when exponents modulo 5 are used its order is 5.

We form the splitting extension B of 4 by a group of order 5 which is
generated by the element @ inducing a in A. Thus B = gp{4, a}, and a
set of defining relations for B can be obtained from (3.1)— (3.4) and

(3.5) @ = 1.

Now consider the following mapping § in B:

(@ B) =cs;

(c1, B) = ds, (ca, B) = d5, (c5, B) = dg;

(41, B) = e, @y, ) =1, (d5,B)=1,
(3.6) (da, B) = eI°f2f3, (45, ) = 822/21‘3,

(s, B) = &5°1ifs, (47, 8) = (ds, B) = 1;

(e1. B) = ks, (62, B) = l, (es, B) = 115

(f., B) =1 for 1 <1<3.

Extend g to a mapping (again denoted by 8) of B into B in the now obvious
manner, and verify that f is onto B. We shall show that 8 is a homomorphism
and so an automorphism. Proofs involving (3.1) may be carried out using
the simplified form of Lemma 2 introduced above:

(e €2, B)(B. c5, Ca) (e, Bocs) = f3- fa- fs=1,
(€1, €3, BY(B, €1, C5) (€5, B, 6y) = 1-1-1 =1,
(2 €1, BB, carcr)er, Boe)) =h h- =1
The other relations in (3.1) and all in (3.2), (3.3) give no trouble. For some
of (3.4) Lemma 2 is used:
(@, ¢1; B, a) (@, ¢1, B)#*) (B, a, cf) (cy, B, a*)
=g afi-a’ k=1
(a. ¢35 B, a)(a, ¢, ) (B, @, cf) (ca, B, a™)
=1}y ei'fs- afsfs = 1,

(@, c5; B, a) (@, c3, B)* (B, a, cf) (cs, B, a*)
=1-1-1-1=1
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The rest of (3.4) require no more than the simplified form of the lemma,
and we summarise the calculations as follows. If we put

p:= (a,d;,8)(B,a,4,)d;, B, a)
for 1 £ ¢ < 8 then some applications of Lemma 2 are described in the
following table:

? (@ d;,8) (B,a,d) (@,Ba) P,
1 fi fs fs 1
2 1 1 1 1
3 A Jit 1 1
4 1 1 1 1
5 3 f3 fa 1
6 1 f f 1
7 1 1 1 1
8 1 1 1 1

The remainder of (3.4) present no difficulty. For (3.5) we have

(@°)° = (acy)® = a°cid;’ = 1 = (a°)/.
It follows that § is a homomorphism, and so an automorphism, of B. In
the case of exponents modulo 5 some calculations, of which the hardest is

@”* = actd = a,
show that its order is 5.

The next step is to form the splitting extension C of B by a group
of order 5 which is generated by the element b inducing g in B. Thus
C = gp{B, b}, and a set of defining relations for C can be obtained from

(3.1)—(3.6) and
(3.7) b =1
We define a mapping y in C:

(@, y) = (b y) = ¢
(c1,7) =ds, (c3, y) = d,
(Cs» y) = ditdst ettt AR
y) = 6sf2f§» (ds, 7) =1 (d5y)=1,
(d »7) @, y) =¢€, (g, 7) =1,
(s )-61 *fofs, (ds: =6 fifs;
(1»7) =f, (e2,v)=h,2 () =1
(fi, ) =1for 1 <1 <3.
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Next let y denote the mapping of C into C which is the obvious extension
of the above mapping. A little effort shows that y is indeed onto C, and we
shall give some details of the proof that y is a homomorphism. For (3.1)
use the simplified form of the lemma:

(€3, 0, V) (s 3, ) (Can vo &3) = o fo o =11,
(c1, €3, ) (s €1, €3) (€3, ¥, €61) = [ - fi- fi=1,
(Cos €1, Y)Yy €2, €) (€1, 7, €5) =111 =1,

The other relations in (3.1) and all in (3.2), (3.3) present no problems. Next
use Lemma 2 in the case of (3.4):

(a, ¢1; 7, a)(a, ¢y, ¥) (¥, &, €])(cq, 7, @)
=fo- e Ry afs &3 =1,

(@, ca; 7, a)(a, ¢y, ¥) (. a, c})(ca, 7, @)
—1-1-1-1=1,

(a,c3; 7, a)(a, cs, y)(r. a, ) (cs, v, a)
=1 eiféf; : el_4f2f§ ‘e =1
Next we put
g; = (@, d;,7)(y,a,d,)d;, v, a)

for 1 =<7 < 8, and find as a result of calculation:

i @y Wad) @one) g
1 7 I o1
: 7 £ 1 1
3 1 1 1 1
4 1 1 1 1
5 f £ oo
6 1 1 1 1
7 1 1 1 1
8 1 £ g1

In this way the simplified form of Lemma 2 takes care of eight more rela-
tions in (3.4), and the rest are easily checked. Consider (3.5) next:

(a7)° = (acy?)® = @*¢;°d" = 1 = (a%)".

Turning to (3.6), we use Lemma 2 as follows:
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(@, b; 7, a)(a, b, )" ? (v, a, b7) (b, y, a°)
= eifs-ditds et gt G AR - dsefify - deififs = L,
(b, c15 7. B)(B, 1, )79 (3, b, ) (ex, 7, %)
=1-1-1-1=1,
(0, ca; 7, 0) (D, Co, ¥)P (7, B, €F) (cs, 7, B%)
=h& - af & hhi=1
(0, ¢35, 0)(b, c5, ¥)7 2 (y, b, ) (s, ¥, B%)
=1-4fifi-a'h-efii=1
Then we put
ri= (b, d;, y)(y, b, d;)(d;, v, b)

for 1 <17 < 8, and find that:

? ¢, di,y) (b d) (di,yb) 7
1 fi A fi 1
2 1 1 1 1
3 1 1 1 1
4 f 2 1 1
5 fi 1 1 1
6 1 1 1 1
7 1 f f 1
8 1 1 1 1

Thus the simplified form of Lemma 2 deals with the remaining non-trivial
relations in (3.6). Finally we have (3.7):

(57)% = (bcy)® = B33 d3° = 1 = (B5)7.

This completes the proof that y is an automorphism of C. In the case of
exponents modulo 5 it will be found that y has order 5.

We form the splitting extension G of C by a group of order 5 which is
generated by the element ¢ inducing y in C. Thus G = gp{C, ¢}, and a set
of defining relations can be obtained from (3.1)—(3.8) and

(3.9) o= 1.

This group G is an example which enables Theorem 4 to be proved. Its order
is of course 5%, exponents modulo 5 being used, and it is generated by
{a, b, ¢}, with defining relations in these generators given by (3.1)—(3.9).
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4. Proof of Theorem 4

It is easily verified from the defining relations of G that

Ty(G) = gp{l5(G), ¢, 1 1 =1 = 3},

Ty(G) = gp{Ty(G), d;: 1 = j < 8)

Iy(G) = gp{l5(G) e, 1 1 =k < 3},

I5(G) =gplfi:1 =1 =3},

I(G) =1,
from which it follows that G has class precisely 5. The further consequence
that I';(G) has exponent 5 will be used without explicit reference from now
on. The hard part of the proof of Theorem 4 lies in showing that any pair
of elements of G generate a subgroup of class 3. If this is the case (and if
G is finite) then G is regular. Therefore when exponents modulo 5 are being
used G has exponent 5, for each of its generators a, b, ¢ has order 5.

It is necessary to derive a number of laws in G before showing that all
two-generator subgroups have class 3. First we show that all such subgroups
are metabelian. By Theorem 2.1 of [5], this is equivalent to showing that
G belongs to the variety (z, y; 71, y) = 1, which is clearly equivalent to
(x,y, 4,2, y) = 1. Let z;, for 1 <14 < 3, be arbitrary elements in G and let

2,15(G) = abbrictily(G).
It follows that
(21, 22)15(G) = eqregresT3(G)
where
o1 =Ml Ml @2 =06—06, 3= &me—E&mn.
Next we find that the value of (2, 2,, 2,) 4 (G) is
d52P1= 4% 4101 d5eP1 45a% d;lz%—cmdgmdgmdga% I,(G).

Therefore we have

(21, 22, 205 21, 23) = U3 f52 Y5,
where

V1 = 20, (5291 +48593) + 491 (112 92+ 402 P3) + 3@an2 01+ 393 L2 91,

Y = 3018505+ 402 (5291 + 485 93) + 202 (202 + 4L 93) + 393 L5 s,

¥s = 3016503+ 3@a N2 @3+ 4@s(5201+ 402 03) + 405 (12 @2+ 4L 95).-
It will thus be found that

(4.1) (9 9,2, 9) =L

Next we consider the commutators (c;, 2,, 25, 23) for 1 =<7 < 3. By
the usual expansion process such a commutator may be expressed as the
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product of 27 elements, each of which is a power of a commutator of weight
5 and with entries from {a, b, ¢}. These may be evaluated by means of the
defining relations in G, with the following results:

(c;, 21, 22, 23) = [ 715

P11 = Exmalst 48, 0ams+ 21 €585+ 38,60m,

P12 = 26,803+ 818:83+20, 565,

P13 = 3& Eamzt+ 48 ma s+ 316,45,

Pa1 = 30115 Cs+ 497, 0om5+ 3011275,

P22 = 31y L3+ 4m Ea {311 8085 +20:m0 65,

Poz = 26,55+ 7y Eamz+ 2m726s,

P31 = {17985+ 2810oms+ 201 0oy,

@32 = 35;8503+48,8,03+30, 0o s,

P33 = C15amg+ 261 Coms+ 31, Lo E5 141 M0 5.

Further calculations show that
(c;, 21, 25, 23) = (€5, 23, 2y, 23)% = (¢}, 23, 23, 21)

for 1 <4 < 3. Since G has class 5 we arrive at the following laws in G:
(4.2) (x, 9, u,v,v) = (%, 9,0, )= (x,y v 0 u),
(4.3) (z,y, 3z) = 1.

We deduce from (4.1) that

@y 929 =99Y7),

and this with (4.2) at once gives
(4.4) @y xyy)=@yy2y =1

That is to say, every two-generator subgroup of G has class 4.
Expansion of (xz, y, x2, y, y) = 1, together with (4.3) and the law

@929 929990 22,9y =1

dertved from (2.4), gives

(4.5) (%, 9,2y 9y) =1

At this point (4.2), (4.3) and (4.5) show that any commutator of weight 5
with three identical entries is trivial.
Now suppose that z, and g, are third-right-Engel elements in G. Since

(@Yo, 32) = (%o, 32) (%o, 32) (%o, 2, Yo, 22)
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it follows from (4.5) that x,y, is third-right-Engel. So if we can prove that
x4 is third-right-Engel when x, = a, b, ¢, it will follow that G is a third-Engel-
group. Suppose z = y,g where y, = atb7ct (with 0 < &, 9, < 5) and
g € I'y(G). Since G has class 5,

(%o, 32) = (%0, 3Y0) (%o, & 2¥0) (%o, Yo, & Yo) (X0, 20, &)-

So it will suffice to prove the following equations:

(4.6) (@0, 3yo) = 1,

(4.7) (0, & 290) (%o, Yo, & Yo) (%o, 240, 8) = 1,

for z, = a, b, ¢, for y, = atbrct, and for all g € I,(G).

However it is now easy to prove (4.7). Calculation with (2.4) gives

(@0, 240, 8) = (%0, Yo; Yo, &) (%o, Yo, & Yo)

= (8 Yo: o, Yo) (o, Yo, & Yo)

= (& Yo: %o, %0) (&> Yo Yo, To) ™ (%0, Yo, & Yo);

= )

(*o, Yo, & Yo) = (& %o Yo, Yo) &, Yo, Zo» Yo)-

Hence (4.7) is equivalent to

(& %o» Yo, Y0)2(&> Yo, %o, Y0)*(&> Yo, Yor To)* = 1,

which is an immediate consequence of (4.2).
Next we consider (4.6) with x, = a. It will be sufficient to prove that
gpia, b7c%} has class 3, and this in turn would follow from these equations:

(4.8) (@, b7¢t, a,a) = 1,
(4.9) (@, b7¢E, a, brct) =1,
(4.10) (a, 3b7ct) = 1.

Note that, since every pair of elements generates a metabelian subgroup,
(4.9) is equivalent to
(@, b2c, brct, a) = 1.

Consider (4.8). Since a commutator of weight 5 with three identical
entries is trivial we have

(a, brct, a,a) = (a, b, a,a)7(a, c, a, a)t.

Then (4.8) follows from the defining relations in G.
Consider (4.9). Expansion by the usual means gives

(a, brct, a, brct) = W, W,
where
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Wy = (a, b7, a, b7)(a, b7, a, ct)(a, ¢, a, b7)(a, ct, a, ct),
Wy = (a, b7, c¢, a, b7)(a, b7, c%, a, ct)(a, b7, a, b7, ct)(a, ct, a, b7, ct).
Simplification of the various terms goes as follows:
(@, b7, a, b7) = (a, ct, a, ct) =1,
(@, b7, a,ct) = (a,b,a,c)r5(a, b, b,a, c)(:” (a, b, a, c, c)"(g)
= @ LA A,
(@, ct, a, b1) = (a, c, a, b)i(acc ab),ca b b)d¢
= (BRATAYE,
(a, b7, ¢t a,b7) = (a, b, ¢, a, b)"¢ = 1%,
(a, b7, ¢t a, ct) = (a, b, ¢, a, c)"®" = f1%,
(a, b7, a, b7, ¢ct) = (a, b, a, b, c)" =
(a,ct, a, b7, ct) = (a,¢,a,bc)* = f§'f¢“.
It will be found that W, W, = 1, and (4.9) follows.
Consider (4.10). On expanding (a, 3b7ct) we obtain terms of weights 4
and 5. Those terms which are non-trivial are listed and evaluated below:
(@, b, b1, ct) = (a, b, b, )" (a, b, b, ¢, c)"D
= PRAAS,
(a, b1, ¢t, b1) = (a, b, ¢, )" (a, b, ¢, c, b)"z(i)
= (/3 13) 2§f2”2(c)
(@, ct, b7, b7) = (a,c, b, )" (a, ¢, c, b, B)"D
~ BRRIA™S,
(a, ct, ct, b1) = (a, ¢, ¢, b)" *(a, ¢, ¢, b, b)@
= @RR/CADE
(@, ct, b7, ct) = (a, ¢, b,¢)" (a, ¢, b, b, c)@e
= g1 e
(a, b1, ¢t, ¢8) = (a, b,¢,¢)" (a, b, b, ¢, c)@e
= @ AR A
(a, b7, ct, b7, ct) = (a, b, ¢, b, )" = fI°¢,
(a, b, ¢t, ct, b1) = (a, b, ¢, ¢, b)1%* = AT
(@, b7, b7, ct, ct) = (a, b, b, ¢, ¢)1" = A7,
(@, ct, b7, ct, b1) = (a, ¢, b, ¢, b)"™¢* = 1€,
(a, b7, ¢t, b1, ct) = (a, b, ¢, b, )" = fI°¢,
(a, ct, b7, b7, ¢t )= (a, ¢, b, b, ¢)1"¢* = f7%°,
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Some arithmetic at this point will verify (4.10).

We have now proved that a is third-right-Engel in G. The proof that
b and ¢ have this property is omitted, being entirely similar. It follows as
explained above that every element of G is third-right-Engel. But since G
is a 5-group zusatz 2 of [4] shows that every two-generator subgroup of
G has class 3. The proof of Theorem 4 is now complete,
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