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POLYNOMIALS WITH A PRESCRIBED ZERO
AND THE BERNSTEIN’S INEQUALITY

P. F. OLIVIER AND A. O. WATT

ABSTRACT  Let P, | be the class of all polynomuals p of degree at most n such that
[p@)| < 1for|z] <1 Inview of the example z" it follows from Bernsten’s inequality
for polynomuals that SUPpep, |P'(z0)] = n ateach point zg of the unit cirle It was shown
by A Giroux and Q I Rahman [2] that f P*

» | denotes the subclass of polynomals 1n
P, | which vanish at 1, then

c
<n-2
n

n—4< sup max‘p'(z)
n pe®r, Jz|~1

where ¢ and c¢; are constants not depending on n Here we find the exact value of

SUppepr |p'(2)| atz = —1 which has some special significance and also at certain other
n

points of the unit circle

1. Introduction. Let %P, be the class of all polynomials p(z) := > a,z" of degree
at most n. We shall abbreviate max,_; [p(z)| by ||p||. The subclass of ®F, consisting of
polynomials p with ||p|| < 1 will be denoted by P, ;. Polynomials in &, ; which vanish
at 1 will be said to belong to Py .

According to Bernstein’s inequality for polynomials

(1) sup [p'(2)] = n

peB,
at each point z of the unit circle. Further, the supremum is attained only for p(z) := €"7",
Y eR

In this paper we seek to determine how large |p'(z)| can be at a prescribed point z of
the unit circle if p is restricted to the subclass &, of &, ;. A priori the supremum can be
different at different points. We obtain the sharp answer for z belonging to a certain set
E, which will be specified below.

2. Statement of result. For n € N let 7,, denote as usual the n-th Chebyshev poly-
nomial of the first kind. For each integer v, | < v < 2n —1 let p, be the only root of the
equation

1 — p?
n sin(V7r/2n)\J 1 — p? cos?(vm/2n)

(2 Tu(p) =
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in (cos(7r/2n), 1) if v is even; otherwise let p, = cos(7r/2n). Denote by ¢, the unique
root of the equation

3) cos % = p, COS ;—:

in (0, 27). The set E, alluded to above consists of the pointsz,, = €7, 1 <v < 2n—1.
It was proved in [1] that if n is odd then for p € B, we have

(4) Ip/(=1)| < ncos? 41.
n

In (4) equality holds if and only if p = € P, ¥ € R where P is defined by

z+z"‘)+lz—z*1T,( z+z">} —cos
2 )Tz P Py
Here we are able to find the polynomials in P} | which maximize |p’(z)| at any prescribed

point z belonging to the set E,,.
Let

®) P(Z) =" {Tn (P

1 1

2+ il —p2cos(p, /2)z— 2
2 py sin(p,/2) 2 7

Since 7, is even or odd according as » is even or odd respectively it is easily seen that
for 1 < v <2n— 1 the function

: Hz”e_’("/z_l)“o“{ (V1= RT3 T (0 0) - ( V1= 0o =

G2 = py

1<v<2n—1.

2

Y p2 —cos?(p, [2) z — 77! . il cos(«p,,/Z) 72—
n

1
npy Sin(<p,//2) 2 1= p'/T (o) n(<,01//2) 2 )Tn (g(Z)) }

is an even polynomial of degree 2n and so can be written as P,,(z?) where P, is a
polynomial of degree n.
We prove the following

THEOREM. The polynomial P, belongs to By, for1 <v <2n—1and

) \/pv — COSZ(SOV/Z)
6)  sup |p'(e)] = sin(y, /2)

—\/ 1= p2Ty(p)
peEP:,

= |P,, ()],

The supremum is attained if and only if p = €' P,,, where ¥ € R.

REMARK 1. From (2) and (3) it follows that

T o) — 1 /1= p?
7 nsin(ey /2) \/p2 — cos(ip, /2)

and

2(1 —p})
Tip) = ———— |1 — LA .
T\ rsinke, /20— cosi(p, /2)
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REMARK 2. In order to simplify the presentation we introduce for 1 <v <2n—1
the functions

1 - p2cos(y /2)

Py Sin(@v/ 2)

©) €nn(0) := G (€%/?) = p, cos(8/2) + sin(6/2)

sin((¢, —6)/2)
sin(y, /2)

1— 2
®  Rut):= {T;<p,/>Tn(5,,,,/(0>) ~ Ty(p) T,’,(én,,/w))}

1
) Iy (0) := ——————=/p? — cos2(ip,, /2)sin(8/ 2)T;(£,.(6))

np, sin(p, /2)
'_ 1—p2, sin((p, —0)/2)
10)  wnl0) 1= Tu(p)Ta(ns(0) + —5T,(p1) s 72) T, (€0 (0),
which are defined on [0, 27). It is clear that
(1) Pyy(e”) = ¢ 2022 (R, (0) + il (6)).

3. Some properties of P,,. InLemmas 1-4 presented below we give certain prop-
erties of P,, which are relevant in the present context.

LEMMA 1. The polynomial P, belongs to By | for1 <v <2n— 1.

PROOF. We have already seen that P, is a polynomial of degree n. Now using for-
mulas (8), (9), (10) and (11) of Remark 2 we obtain

[Py (@D)]* < |Puu(e®) + w2, (0)
=R (0)+1I,(0)+wh,(0)

1—p?

= T (6000) ~ Tato)

1 pf = cos’(¢r/2)
n? pZsin’(yp, /2)

sin((p, —0)/2)
sin(p, /2)

T;(sn,y(f)))}z

sm2(9/2)T,',2(Env(9))

sin((«p,, — 0)/2)
sin(p, /2)

— p?
n2
= 126 @) + (1 - £,0)) 5 T2(6,.0)
=1.

To(p,)

AT T (0 ®) + -

7! (€0, (6)) }2

Finally a simple verification gives
P, (1) =0.
REMARK 3. The proof of Lemma 1 shows in particular that
[Puo(e) +wp,(0) = 1.

In Lemma 2 we describe the points where |P,,(z)| attains its maximum on the unit
circle.
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LEMMA 2 Let v be an integer such that 1 <v <2n—1 The maximum 0f|P,, . (z)|
on the unit circle 1s 1 which s attained at n points z;, = e 1 < k < nwhere 0 <
0 <0, < < 0, < 2w The numbers 0, depend on n and v, 1f v s odd they are
characterized by

§ni(0) = coskl, 1 <k< % — 1 (to be discounted if v = 1)
(12) Eﬂl/(e(l/+l)/2) = COSs %%? 0(1/+l)/2 =%
Env(Or) = cos(k — 1)7, % +1 <k < n(to bediscounted if v = 2n — 1)

whereas if v 1s even they satisfy

7o (60,t80)) = (-1 o —cos(p, /2o, [D — 2 =) e B
\/p?— cos2(¢, [2)/nsm*(p /2) sin’ ((w,/ — 0,()/2> +sin%(6; /2) 2
76 @) = -1 AL I<k<n

\ﬂ)Z — 082, /2);[n? sin*(ip, /2) s1n? ((cp - 9k)/2> +sin?(6; /2)

PROOF  Let us write £, ,(0) 1n the form &, ,(0) = p. cos(H* -9/ 2) where

o= | g2y L= oS /2)
' Y Pl sm*(p,/2)

and 0, € (—m/2,m/2) 1s such that cos, = £ and sinf, = pi‘_;ff%‘%% As 18
easily seen, &, ,(6) decreases from p, to —p, on the interval [46,,27] C [0,27] in case
0, € [0, / 2) and decreases from p, to —p, on the interval [0,46, + 27] C [0,27] in
case 8, € (—m/2,0] Itis also clear that |P, ,(e®)| = 11f and only 1f w, ,(§) = 0

Let v be odd We have T,(p,) = T, (cos(7r / 2n)) = 0 Then, from (10) 1t follows
that w, ,(0) 1s zero 1f and only 1f sm((ap,/ — 9)/2)T,’,(£n ,/(0)) =0,1e 1f = ¢, or
Env(By) = cos(,mr/n) for some integer u, 1 < g < n—1 Referring to (7) and recalling

that ¢, satisfies the equation (3) we obtain

(13) gn I/((PV) = '1_ COS(SOV/Z) = COS H
P 2n

v

In view of these considerations the zeros of wy, (#) get arranged 1n increasing order 1f we
increase the subscript p of 6, by 1 for > (v +1)/2 and set Oy = @

Now let v be even Since /2w, ,(0) = Q(¢) where Q 1s a polynomal of degree
n, wy ,(z) has exactly n zeros in the strip 0 < R(z) < 2m We will show that 1n fact all
these zeros are real Suppose first that 6, € [0, 7/2) and examine 7, (5,,, (0)) for 6 be
longing to the interval [0, 27) For 1 < k < n — 1 let §; be the value 1n (0, 27) for which
€n1(6) = cos(km/n) Then T,,({,, ,/(0,()) = (—1* and T,’,(ﬁ,,, (Hk)) = 0 So according
to (10), wn,(0x) = (—1)YT,(p,) Studying &, (9) we see that T), (5,,, (9)) increases from
T.(p,) to T,(p.) on the interval [0, 26, ] and decreases from T,(p,) to —1 on [26,,60,] On
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the interval [0,,6,_,] the graph of T, (ﬁ,,, (0)) has n — 2 branches going up from —1 to
+1 or going down from +1 to —1 Finally, when 6 varies from 6, to 2, T,,(ﬁ,, ,,(0)) n-
creases or decreases from (—1)" ! to (—1)"T,(p,) according as n 1s even or odd Further,
a simple calculation shows that w, ,(0) = 1 and w,, ,(27) = (—1)" The preceding obser-
vations allow us to conclude that w,, ,(f) vanishes at least once 1n each of the » intervals
0,6)), (01,62), (8, 1,2m)
In case 0, € (~7r/2,0] the disposition of the curve 7T, (5,, ,/(9)) changes, but arguing
n roughly the same way as above we arrive at the desired conclusion about the zeros of
W, (0)
If as before we denote the zeros of w,, by 0y, 1 < k < n, then from (10) 1t follows that
(14)
1 —p2 sin( (¢, —0)/2
T.(p )Tn(én :/(ak)) + n?_pu Trlz(Pu) (Sli(go,,/2)/ )

Trlz(gn z/(ok)) =0, 1<k<n
Using the expressions for 7,(p,) and T} (p,) contained in Remark 1 we obtain
p\T= €0 sin 2T, (6,,00) +

(2 — 2 — T, )
\/;2(&% — cos? %)smi’- Pr —p,%(l _ p,z,)sm Pr 91(\/1—_ 3,,(9/() n(ﬁn( k)) -0

2 2

Thus, 1n conjunction with
W To(&n0(00) + (1 — &2 ,(00) T (6n (0)) = n?

glves us

T, (6.00)

\/n2 (pﬁ — cos2(<,o,,/2)) smz(',a,,/Z) — p2(1 — p2)sin ((«p - 0k)/2)
==

\/P??(] —&,00) s’ (p [2)+ (nz (p,z - cosz(ip,//2)> sin?(p, /2) — p2(1 — p,2,)> sin’ ((cp,, - Bk)/2)

and

(€. 00)
npy sin(yp, /2)

=+
Wg(l — & @) sn*(p, /D) + (n2(02 — cosp, /2) s, /2) = (1 = p2)) s? (o, — 6)/2)

Now let 6, € [0,7/2) Since v 1s even and ¢, satisfies (13) 1t follows that

Tn(gnl/(¢v)) = T,,(COS -;—:) = Ccos 1271 - (_1)1//2,
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and so ¢, is one of the values §;, | <k < n— 1. We observe in addition that T,’,(g,,',,(G))
is alternately negative and positive in the intervals (26,, 01), (01, 0), ..., (6,—1,2m); fur-
ther T,,(&,,,,/(Hk))T,', (5,,,,/(9,()) is negative or positive according as ¢, > 6 or ¢, < 6
respectively. These remarks and the identity

p2(1 = €2,00) sin L2 (i (pF — cos” £ ) sin? £2 — 21 — ) ) sin? “9—2”—95
<py — cos? z )(n sin’ 902' sin? 2 2_ L +sin’ 92/‘)

easily lead us to the result stated in the second part of the Lemma. The above argument
remains valid in case 6, € (—7/2,0].

Lemma 3 gives the values of P,,(z) at the points z; := e 1 <k<n.

LEMMA3. Letv bean integer suchthat1 <v < 2n—1. Then at the points z; := "%,
1 <k < ndefined in Lemma 2 we have for odd v

v+1
2

) 0(,,+1)/2 =Yy

P,,,,/(elgk) — (_l)ke—t(n/Z—l)p,eznOk/Z, 1<k< 1

Pn,lz(elo(””/z) = 8"/7(/26‘1’5"
—in/2— D)o v+1
Pn,zl(elgk) — (_l)kvle w(n/2 l)y,,em(?k/Z’ 2 +1 < k < n
whereas for even v

-n sm(apl,/Z) sm((ap,/ — 00/2) +i sm(()k/Z)

\/nz sin (Lp,//2) sin ((<p,, — Bk)/2) + sin (0k/2)
1 <k <n.

Pn,xx(elgk ) — (_ 1 )keft(n/271)¢, emﬁk /2

PROOF.  Let v be odd, then by definition p,, = cos(/2n). Using (11), (8) and (9) we
have for 1 <k <n,

w0 /D
0y — ,—i(n/2=D)p, mBk/Z pz/ COS (¢ / Ok )
Pny (™) =e e ( (.’;’,, ,,(Ok)) npsinn 2) sin 5 Tn(ﬁ,,‘,/(gk)) .

Then, by the first part of Lemma 2 we obtain the result for odd v.

Now let v be even. According to (8), (9), Remark 1 and the second part of Lemma 2
it follows

nsin(e, /2)sin((@, — 0:)/2)
\/nz sin?(¢, /2) sinz((%/ — Hk)/Z) +sin’(6;/2)
I (03 = (—1F sin/2)
\/nz sin®(, /2) sin ((cp,, — Hk)/Z) + sm2(0k/2)

Hence, by (11) we obtain the result.
In Lemma 4 we calculate |P), (z)| at the points of E,,.

Rup(B) = (= D!
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LEMMA 4. Let v be an integer such that 1 <v < 2n — 1, ¢, and P,, defined as in
Section 2. Then we have

Vo= e /2) 1
1 - (pv

[P (e7)] = Siner /2

1<v<2n—1.

n
2

PROOF. From (11), (8) and (9) it is easily seen that the derivative of P,,,,/(e’e) with
respect to 8 at § = ¢, gives

nl/(elpx)_AnV-"anl/ 1§1/§2n—1,

where
. m , V P — C052(3‘71//2 ‘PV /
Any 1= 2 T"(pl/)T"(gn‘”(%)) * 2np, sin(%/Z) ) g (5""(('0” )
% B : v/2 / /1
LA COSRD (6nl))

np,

",

—cos2(p, /2
(\/p cos“(p / ) \/ gny((p,,)T,(Pv)

2p,
1 —
_\/17 (p,/)) T, (&ns(00)).

 2nsin(p,/2)""

From (7) we derive

p2 — cos*(¢, /2)
2p, sin(p, /2)

Let v be odd, then p, = cos(w / 2n). With the help of (3), (13), (15) and the differential
equation (1 — x*)T(x) — xT\,(x) + n*T,(x) = 0 we conclude

2 — cos2(p, /2
Any =0, By, = gewvﬂw/z( Py (/D 1),

(15) €)= =

sin(y, /2)
and then e
Pl (o) =" “’"/Z(W’ i — o /2) | 1).
"' sin(e, /2)
Now let v be even. Using again (3), (13), (15) and the quoted differential equation we
obtain

\/py - COSZ(SDV/z) + \/1 - p)/
sin(y, /2)

Buy =0, Py @)= A, = 2" 2( T’<p,/)).

Thus the Lemma is proved.
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4. Proof of the theorem. Letn € N and v be an integer such that 1 <v <2n— 1.
Further let p € P;,. By Lagrange’s interpolation formula

n+l

(16) P =3 p)L() = 3 p)i(2), zx =%, 1<k <n, z, =1
k=1 k=1

with .
Z— 2= Zm
Li(z) = 11
U= psy %= m
m#k

and z; = %, 1 <k <narethen points at which |P,,(z)| attains its maximum on the
unit circle. From (16) it follows

(17) plE?) = pe™Lie?), 1<v<2n—1.
k=1

Since the §; 1 < k < n are the zeros of w,,(6) we have

0. sin(@/2)e"/? wn, (0)
Lk(€ ) = = 9./2 A
sin(8y /2)e"%/? 2 sm((@ — 9k)/2)wﬂ,'l,(9k)
and then
ot(n/2-1)8 1 9 0
Lo 0y te — ____a]n‘—'/_
s B = = a8 D, Gye i { 2 250 — 60/2)

9 w,,,,/(H) n Q wn,l/(e)

+sin=| —————| +izsins ——"——=}.
2(sm«9—0k>/2)) 2% ZSin((()-Hk)/z)}
We first prove that for odd v

(19) L") = "™ Py, ()| Lie )

, 1<k<n,
whereas for even v

o) L) = 0B @)

1 <k<n.

L}

Observe that wy, ,(6;) = (—1)"|w:,’,,(0k)| for 1 < k < n. Indeed, since w,,(6;)) = 0
and w,,(0) = 1 > 0 as seen before, then w, ,(f;) < 0. The same reasoning shows
that ), (62) > 0, wy,,(03) <O0,... etc. So w),,(6) has alternating signs at the values 6,,
02, ...,0,.

If v is odd we distinguish three cases.

CASE(1). 1 <k<(v+ 1)/2 — 1. According to (10) and (13) we have w,, (p,) = 0,
further ¢, # 6. Simple calculations give

W (0) !
sin((0 — 6)/2)

Sin((@v - 6)/2) Trll(gnz/(g))
sin(p, /2)  sin((0 — 6;)/2)"

2
— Py
P60
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( Wn, (0) ), — l+D7/2 Pvy 1— ,0,% )
sin((0 — 0,)/2) ) =, 2sin(y, /2) sin((p, — 0,()/2)\/;),% — cos2(¢, /2)
Then, from (18) it follows that
Li(e?)
)2 )2V 2 poy/1 — p2(—1)ke!t+hm/2
4w, (00| sin(8; /2) sin((p, — 0¢) /2)y/p2 — cos(p, [2)
— e’l/ﬂ/z(—l)kel(n/271)¢' e‘tnek/ZlL]/((ettp,,)

= ¢""/?P, ,(¢%)| Ly('")| by Lemma 3.
CASE (i). k = (v + /2. We have O.pyp = ¢ and oo
—nsm(lgyp/?Z) Tr/t (5"’”(0))' Then’ it is eaSily seen that

( wn(0) ) — D)2 pvy/1— o}
b=¢

sin((6 — ¢,)/2) sin(np,//2)\/p,2/ — cos?(p, /2)

and
( Wns/(6) ) (L) pyl—p Eni(P)E0 (P1)
sin((0 — ¢,)/2) ) g—,, sin(<p,,/2)\/p§ —cos2(yp, /2) 1 =& ,(p0)

_ b2 cos(p, /2) /1 — p2

2sin’(¢, /2) /p2 — cos2(e, /2)
Using (18) in conjunction with the last two relations we obtain
L) = ot np,/1—p?
4|w;1,1/(¢1/)| Sin(@l//2) P,% - COSZ((PV/z)
= e "7"|Li(e')|

_ ezun/2m|L2(e"pV), by Lemma 3.

CASE (iii). (v+ 1)/2+1 <k < n.Asincase (i) we have w,,(¢,) = 0 and ¢, # 0;.

Then
' — e Pvy/ 1— 0,2,

(M__) _ v=Dyr/2
sin((0— 00/2) o, 2sin(py /2)sin((0x — )/ 2)y/ 0} = c0s’(p1/2)

and

L;((ew, ) _ ewn/Z(_1)k—lez(n/2—l)¢,,e—m9k/2

Pry/ 1 - p’ZI
4w, (00| sin(0/2) sin((0x — ©,)/2)y/p2 — cos2(¢,, /2)

— etmr/Z(_l)kflel(n/2fl),o, e—ank/2|Lllc(ew, )

_ e"’”/zP,,,,/(e'e“)lL,/((eM )| by Lemma 3.
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Now let v be even. From (10) and (13) it follows that wy,,(p,) = e/ 2To(py),
W), (¢,) =0and

!

( wn,w(g) ) — cos((py — ok)/z) ,,/1[/2
sin(@—00/2) )0y, 25 (o — 00/2)°

n(pl/)

Then,
LL(e¥) = eW/2PDm(_ 1Y/ 2D -ty 2
—nsin(e, /2) sin((¢, — 0,)/2) — i sin(6/2)
4lwh, (80| sin(Bx /2) sin® (o) — 01)/2)
e

T.(py)

by Lemma 3.

Finally, applying Lagrange’s interpolation formula to P,, we have

Pn,z/(Z) - i Pn‘l/(elak)Lk(Z)‘
k=1

For odd v
,Aww—zmAﬁwwm
n Ll(ex )
2} _ wm/2 €)Y by (19
Ye |L,W)I(w()

_ ezwr/Z Z |L,/((ew’ )"
k=1

whereas for even v

L/
nl/(ewJ ) = Z el(l//2+])7r——;—(——___)—l‘k( o ) by (20)
2 =1 |Li(er)|

— el(z//2+l)7r Z |L]Ic(eup, )!
k=1

Then from (17) it follows that

h

P'(e7)] <3 pe®™)] | Li(e)]

k=1

=

< 20 1)

=1
[P, (¢'")| by (21) or (22),

=

I

which is what we wanted to prove.
It remains to show that equality holds if and only if p = " P, , where ¥ € R. Suppose
that

p'(e?)] = [Py, ("),
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2 P )
k=1

=3 Pas(e™Lie)
k=1

by (21) or (22).

> ple™Le )| = 3 L)
k=1 k=1
This holds if and only 1f

L (')

L@ 1 <k <n, with |¢| = 1.

ple™) = e

Then, according to (19) and (20) we obtain
p(e’o") _ Eefnnr/ZPnJ/(etﬂk)

or
ple®) = e IP P, (&%), 1<k <n;

further, p(1) = P, (1) = 0. Hence, p = ¢ P,,,. This completes the proof of the Theo-
rem.

REMARK 4. If v = nand n is odd then p, = cos(w/2n), ¢, = 7 and P,, coincide
with the polynomial P defined by (5).
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