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Abstract. For every Perron number A we construct an infinite collection of topological
Markov shifts with entropy log A whose spectra are disjoint except for the necessary
conjugates of A. This is used to show that Marcus’ theorem about every Markov
shift of entropy log n factoring onto the full n-shift does not extend to certain
entropy values.

1. Background

Let A be a square non-negative integral matrix, which we assume throughout to be
aperiodic in that some power of A is strictly positive. A familiar procedure [W]
associates to such an A a homeomorphism o, of a totally disconnected compact
space X,4. The topological entropy h(o,) of o4 equals log A4, where A, is the largest
eigenvalue of A. For a detailed treatment of these topological Markov shifts and
their central role in dynamics see [DGS].

We say that o4 factors onto o if there is a continuous surjection 7: X, > X
with 7o, = ogm. A shift o, is said to be minimal in its entropy class if every shift
with the same entropy factors onto it. Marcus [M] has shown that the full n-shift
is minimal in its entropy class for rational integers n=2.

Recently Trow [T] established a beautiful generalization of Marcus’ theorem. He
showed that the existence of factor maps is closely related to classes of ideals in
Z{1/A] generated by coordinates of eigenvectors. In particular, if C =0 is aperiodic
with irreducible characteristic polynomial, and Z[1/A] is a principal ideal domain
then for every o, with A4 = A there is an n =1 such that ¢, factors onto o¢.

Our purpose is to show that these results cannot generalize directly to arbitrary
A. We show in theorem 3 that if the trace of A is strictly negative and the other
conjugates of A have negative real part, then there is no finite collection
{o¢,,...,0c,} of shifts with entropy log A such that every o, with h(o,)=log A
has some power that factors onto the same power of some o.. We do this by
constructing rather explicitly, for every A and sufficiently large M, a sequence of
aperiodic matrices whose spectra converge to the Mth roots of unity times the
conjugates of A together with the circle of radius A (theorem 1). Rouché’s theorem
is used to locate the spectra of these matrices. The geometric localization of the
eigenvalues together with Galois theory makes it easy to extract a subsequence of
these matrices whose spectra are disjoint except for the necessary conjugates of
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A in common (theorem 2). A result of Kitchens on divisibility of zeta functions
then gives the conclusion of theorem 3.

The exact statements are given in § 2. In § 3 we describe the algorithm from [L]
that produces all non-negative integral matrices with prescribed spectral radius. In
§ 4 we show how this works for three pivotal examples, which together contain all
the significant ideas of the general proof. Even in the simplest case when A is a
rational integer, our method yields an interesting family of irreducible polynomials.
The reader is urged to study these examples before reading the proofs, which are
supplied in § 5.

The main ideas behind the proof of theorem 1 were discovered experimentally
using the interactive MATLAB linear algebra package. We thank Roy Adler for
suggesting the original problem, and Don Marshall for several useful conversations.

This research was supported in part by NSF Grant DMS-8320356.

2. Theorems

Define A to be a Perron number if it is an algebraic integer =1 whose conjugates
have absolute value <A, and denote by P the set of such numbers. In [L] it is shown
that A is a Perron number iff it is the spectral radius of an aperiodic non-negative
integral matrix.

For A e P with degree d, let p(¢) be the minimal polynomial of A over Q. Thus
p(t)= Hf;l (t—A;),where Ay = A, A,, ..., A, are the conjugates of A. If A has spectral
radius A4 = A, then the characteristic polynomial y4(¢) of A has A as a root. Since
p(1), xa(t) € Z[t] and p(t) is irreducible, p(t) divides y4(t), and hence each A; is
an eigenvalue of A. By the Perron-Frobenius theory [G], each is simple.

The first theorem constructs a sequence of matrices whose spectra become
geometrically localized. For A€ P, M =1, and §>0, let E(A, M, §) denote the set
of complex numbers within & of an Mth root of unity times a distinct conjugate of
A, together with the annulus {(1—8)A <|z|<A}.

THEOREM 1. Let A €P. There is an My(A) such that if M = My(A), there exists a
sequence {A,} of aperiodic non-negative integral matrices with A, = A such that for
every 8 >0 the eigenvalues of A, are eventually in E(A, M, §).

It was noted above that every A with A, = A has x4(¢) divisible by p(¢). However,
theorem 1 together with Galois theory allows inductive construction of an infinite
collection of such A’s whose characteristic polynomials have only p(t) in common.

THEOREM 2. For every A € P there exists a sequence of aperiodic non-negative integral
matrices with spectral radius A such that their characteristic polynomials have pairwise
only p(t) in common.

The theorems above rule out a direct generalization of the results of Marcus and

Trow to certain values of A. Let 2, denote the set of mixing topological Markov
shifts with entropy log A.
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THEOREM 3. Let A € P have negative trace and the other conjugates of A have negative
real part. There is no finite collection (o¢, , ..., 0¢c } < X, such that every o0, € 3, factors
onto some ac,. Indeed, there is no such collection such that for every o, €3, there is
an integer k=1 so that ¥ factors onto some o¥-.

The assumption on the conjugates of A is only needed to prove the second statement,
and likely are not needed at all. See the remarks following the proof of theorem 3.

3. Matrices
Fix A € P. We review here the general method from [L] for constructing all aperiodic
matrices A over the non-negative integers Z*~ with A, = A.

Let deg A =d, and B be the d-dimensional companion matrix of the minimal
polynomial p(t) for A. Of course B need not be non-negative. Under the action of
B there is an invariant splitting of R? into C@® D, where D is the one-dimensional
dominant eigenspace for A, and C is its B-invariant complement. Let 7, :R* > D
denote projection to D along C. Identifying D with R, we can speak of the
D-coordinate of xeR? as being 7p(x).

Suppose there is an n-tuple (z,, ..., z,) of integral vectors in R? with 7(z,)>0
for 1 =i=n, and such that for each j,

sz: Z a;z;, aUEZ+' (31)
i=1

Form the n-dimensional matrix A =[a;]. The argument at the end of the proof of
theorem 1 in [L] shows that A, = A, although A may not be aperiodic or even
irreducible. Conversely, if A=[a;] is an arbitrary aperiodic matrix over Z* with
Aa=A, by [L, theorem 2] there is an n-tuple (z,, ..., z,) of integral vectors in Z“
with mpz; > 0 such that (3.1) holds. The latter is proved by using a n-dimensional
right eigenvector for A under A whose coordinates lie in Z[A], and identifying
elements of Z[A] with integral vectors in Z°.

In the next two sections, we will describe one systematic way of constructing, for
all large enough n, n-tuples of integral vectors satisfying the above conditions. We
will then analyze the corresponding sequence of matrices and their spectra to prove
theorem 1.

4. Examples

We shall illustrate the main ideas in the proofs of theorems 1 and 2 by showing
how they work on three key examples. We call these the linear, cubic, and quadratic
examples. The first, when A is a rational integer, shows how geometric localization
and separation of the spectra work. Even in this simple case, the method yields
an interesting sequence of irreducible polynomials. Next we treat a particular cubic
algebraic integer A with negative trace. This provides a concrete example for theorem
3 and its proof. Special features of this cubic A are used in the proof to obtain
M,(A) = 1. The possibility that My(A ) is forced to be larger arises in the last, quadratic
example. Essentially the entire proof is contained here in simplified form.
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(i) A linear example. Consider A=K =2. Here d=1 and B=[K]. Let z;=1,
z,=Bz,,...,zn = Bzy_,= K™ 7'. The simplest way to guarantee that an irreducible
matrix A is aperiodic is for tr A> 0. Thus in (3.1) we use

Bzn =KV =(K-DKV 'z, +2zy
together with

Bz; =z, forl=j=N-1.
This produces an aperiodic matrix Ay that is the companion matrix of

NN (K =1)KN = x4 (1) = xn(1).

Let 8> 0. We show that for sufficiently large N all roots u of xn obey (1—8)K <
|u|= K, i.e. they lie in E(K, 1, 8). Since A is aperiodic with A, = K, the Perron-
Frobenius theorem shows |u|=< K. If yn(x) =0, then

pN N p-1)=(K-1)K"",

K—-1 1/(N-1) K—1 1/(N-1)
"‘"(w—u) KZ(KH)) K>{1-a)k,

so that

for sufficiently large N.

A variant of this argument, employing Rouché’s theorem, extends to the general
case. We give it here for comparison. Let fy (1) =t~ —(K = 1)K~ "and gy () =tV
If [t|<p=K({(K—-1)/2K)""N"P then

K —1\N/N-D K-1
IINISKN<——2?> <KN(Y> =3K-1)K~N,

so |fn(1)]>3K—-1)K"N"for|t|= p. If |t| = p then

No1_ L N-1
lgn (D] =p =7k (K-DK <|fu(1)].

By Rouché’s theorem, since fy(t) has no zeros in {|t|<p}, neither does
fn(t)—gn(t)=xn(t). Thus all roots of yn lie in {p<|t|= K}. Since p * K as
N - 00, this proves theorem 1 in the linear case.

A simple inductive construction now proves theorem 2. Denote the spectrum of
A by sp (A). Pick 8,>0 and by the above choose N, so that (1-8,)K <|u|=K
for w esp (An,). Pick 8,>0 so that §,=<38, and

max {lu|: pesp (A), u# K} <(1-8)K,

and produce A, with sp (Ax,) < {(1—8,)K <|t|= K}. Continuing, we obtain Ax,
with sp (An,) nsp (An,) ={K}, so their characteristic polynomials have only p(¢) =
t— K in common.

It is possible to estimate the growth of dim Ay as follows. The argument above
shows there is a constant ¢, so that

¢ \
(1 —ﬁ) K<|ul, mesp(An).
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A careful analysis of the positions of the elements in sp {A,) shows there is a ¢,
so that

|M|<(1—§§)K pesp (An), u# K.

It follows that the N, can be chosen so that N,.,<{c;/¢,) N3, and hence that
dim Ay, = O(exp (exp (¢;3n))) for suitable c;.

For the linear case the characteristic polynomials produced are in fact irreducible
modulo p(t) =t — K. This fact, and its proof, were pointed out to us by David Boyd.

ProrosITION 1. With the above notation, the polynomials
xn() NV —(K-DKM!
t-K t—K

are irreducible for N, K = 2.

Proof. Let q(t)=xn(t)/(t—K), and put
’(t)=K—,1Vt5 g(Kt)=Kt" '+ (K -1tV 2+ - +1).

All roots u of r(t) have |u|<1. It suffices to show r(t) is irreducible over Z[1].
Suppose to the contrary that r(t)=(agt™+ - +a)(bot" """+ +b,) with
a,>0, s0 agb,= K, a,b, = K —1. We claim max {|a,|/ aq, |b1|/ bo} = 1. If not, then
K-1_la|[by]_ao=1bo—1 1_L_l+i
K a, by a b, a, b

so 1/a,+1/b,=2/ K. Multiplying by K shows a,+ by=<2, so a,= b, = 1, contradict-
ing agbo= K. If now |a,|/a,=1, then the product of the roots of the first factor of
r(t) has modulus |a,|/ a, = 1, contradicting the fact that all roots of r(¢) have modulus
<1. The case |by|/bo=1 is similar. Q
(ii) A cubic example. Let A ~3.8916 be the largest root of p(t)=t>+3>—15t—-46,
which is irreducible. Then A has conjugates A, =~ —3.2141 and A; = —3.6775,50 A € P
and tr A = —3. The companion matrix B for p(¢) has a positive eigenvector w for
A. Let D=Rw and C be the B-invariant complement. Recall that 7, is projection
to D along C.

We pick integral vectors by lettinge=[1 0 0]" and z;= B 'e (1=<j= N). Now
mpe = aw, where a>0 and w>0. Since (A 'B)~ = mp, it follows that BVe>0
eventually. Surprisingly, BYe >0 only for N =49. Now {z,, z,, z;} is the standard
basis for R®. This allows the following choice of coefficients in (3.1):

Bz=z,, (1=jsN-1),
Bzy = BVe=(BMe),z;,+(BVe),z,+ (B"e);z;.

This yields the matrix Ay that is the companion matrix of
() =tN-[1 t t*]BVe

Since BVe> 0 for N =49, the corresponding Ay is both non-negative and aperiodic.
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We shall show that except for A, and A,, all roots of y5 have modulus close to
A. Normalize yn by putting s =1¢/A and

fn(s)=A"n(As)=s™ =1 As AZZHAVBMe).
By the Perron-Frobenius theorem, 1 is a root of fy and all other roots lie in {|s| <1}.
Also note that if p is fixed with |A;|/A <p <1, then since mpe = aw,
[A"NBNe —aw| < p®,
for large enough N.

Consider g(s)=[1 As A%s’]Jaw. Now B has left eigenvectors [1 A; A%] corre-
sponding to A; (i =2, 3), and right eigenvector w corresponding to A. Orthogonality
of eigenvectors belonging to distinct eigenvalues shows A,/ A and A;/A are the roots
of g(s). Hence min {|g(s): p=s=1}=6>0.

Let r=(6/2)"". We suppose N large enough so r> p. For |s|=r,

Ifn(s)—g(s)l=Is"=[1 as A’s*JA""BYe—aw)|
=rV+30%pN <0=lg(s)],
for N sufficiently large. By Rouché’s theorem, g{s) and fy(s) have the same number
of zeros in {|s|=<r}, namely two. Thus fx(s) has the roots A,/A, A;/A in {|s|=<r},
and its other N —2 roots in {r<|s|=1}.
Consequently yx(t) has roots A, and A, and its other roots lie in
{(6/2)VNx <|t|=a}.
If >0, then this shows that for N large enough, sp (Ax)< E(A, 1, 8), proving
theorem 1 in this case.

Noting that the roots A; of yn are always simple by Perron-Frobenius, the
inductive construction for theorem 2 follows as in the linear case.

(iii) A quadratic example. The key feature leading to the simplicity of the cubic
example was the existence of an integral vector e so that the dominant eigendirection
was in the positive cone of {e, Be, B’e}. This feature is not true for the quadratic
example below. The proof for this case is more difficult, and shows how roots of
unity times conjugates of A arise.
1 1
b= [1 2]’

Let
with eigenvalues A =(3++/5)/2€P and A,=(3—+5)/2. Let @ =(1++5)/2 and
B=(1-+5)/2, so A=a’ A,=pB> The eigenvectors for B are w,=[1 a],
w,=[—a 11", so D=Rw,, C =Rw,.

Denote by 7 projection to C along D. Since A,>0, it follows that for every
non-zero z € Z2, 0 is not a positive combination of m(z), wc(Bz), ..., mc(B*z) for
any k. Thus D is never contained in the positive cone of z, Bz,..., B*z.

Let M and N be integers (later we will fix M and let N> ). If {e,, e,} is the

standard basis, let
z,=B"e¢ (1=j=M),

J

zmr;=B"'e,  (1=j=N).
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Now

Bn:[F2n~l FZn]’
FZn F2n+l

where F, = (a" — B")/+/5 is the nth Fibonacci number. For the choice of coefficients
in (3.1) we use
Bzj=z., (l=sj=M-1,M+1=j=M+N-1),
Bzy = BMel =Fyazit Fomza,
Bzyon = BNez =Fnzit Fane1Zprse

This produces Aas n, Which will be aperiodic provided (M, N) = 1. Row eliminations

show that
M= Fomoy -Fin ]
t)=det(tI-A =det
XM,N( ) ( MN) [ —Fyu tN—F2N+1

Normalize by putting s =t/A and

M —-M ~N

sT—A TFE —-ATF

=)\"M-N AsS =det[ M- >N ]
fM,N(S) XM,N( ) "/\_MFZM SN_)\_NFzNﬂ

Let Uy, ={e*™/™:0=j= M —1}. We will find M,(A) below so that if M = M,()),
then for § >0 and all sufficiently large N, fy;n(s) will have M roots within &
of (Ay/A)Uy, and the other N roots in {1-8<|s|=1}. This will show that
sp (Amn) < E(A, M, 8) and establish theorem 1 here.
Let
M
grn(s) =det [S _ll/i/ag\/g N 1/0://3\/3] =sM(sN—gN M),

where £ 7> 0 are absolute constants. Clearly 0 is a root of multiplicity M for g n.
Let u # 0 be another. Since ¢+ 7 =1, it follows |x|=<1. Then

R T

N 1/(N-M)
\MIZ<IT§‘> >1-38,

and since |u|=<1,

for N — M large enough.
Putp=A,/A<landfixre(p,1). Then A "F,, = (1/v5)+ 0(p"), so multilinearity
of det shows there is an absolute constant « so that for N= M, |s|=<1,

|fM,N(5)—gM,N(S)|SKPM- (4.1)

For |s|=r we have
lgrn ()] = 7 (m = &M =) > 2, (4.2)

for N and N — M sufficiently large. Fix M,(A) so that if M = My(A) then kp™ <
inr™. Fix M = My(X) and let 0< 8 <1—r. Then from (4.1) and (4.2) we conclude
by Rouché’s theorem that fy, v and gy, ~ have an equal number of zeros in {|s|=<r},
namely M.
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Let u be a root of fy,n with |u|> r. Then (4.1) shows

(™ —euNM—n)|<kp",
SO

M
- p
™ —éu® M—nISK(-) <2,
r 2

and hence as before

1/(N—-M)
'”l>(2(1+§)> Z1me

for N — M sufficiently large.
It remains to locate the M roots of fu, v in {|s| < r}. As N > co note that fy, x> frro
uniformly on {|s|=r}, where
sM—A"ME —1/J5_]
© =det _ . 4.3
Sinol) e[ e s (43)
A calculation shows fuofs)=(—a/V5)[s™ —(A,/A)™]. The fact that the roots
of fuw are (Ay/A)Uy can also be seen by changing bases from {e,, e,} to
{mce,, mpe.}. Under this change the determinant (4.3) becomes
My 0
det [x(s )
* 1
where x(s) is the characteristic polynomial of the restriction to C of A"™BM, A
standard application of Rouché’s theorem now shows that for sufficiently large
N, fun(s) has exactly one root within 8 of each (A,/A)w, w € Uy, This completes
the analysis of sp (A n)-

To prove theorem 2 for this example, fix M = M,y(A), and choose N, -» 2 induc-
tively as before, with the added constraint (M, N,,) = 1. The induction can continue
provided that sp (A, n) contains no wA, with 1# w € Uy,. The validity of this is
contained in the following result.

PROPOSITION 2. Let A be an aperiodic matrix over Z* with A, = A. Suppose that w is
a root of unity, and that p is a conjugate of A such that wu is an eigenvalue of A.
Then w =1.

Proof. Let K be the splitting field of y, over @, so @< Q(A)< K. The mapping
7:u > A extends to an element 7 of the Galois group of K/Q. Now 7(w) is a root
of unity, so 7(wp) = 7{w)A is an eigenvalue of A with modulus A. By the Perron-
Frobenius theorem, 7(w)A = A, proving 7(w)=1, so w =1. O

S. Proofs
We have now laid the preparations for the proof of theorems 1-3.

Proof of theorem 1. Fix A €P, and let the notation be as in § 3. The proof when
deg A =1 is given in § 4 (i), so assume deg A =2. We begin by finding an integral
basis for Z¢ whose positive cone contains the dominant eigenvector w for B.

LeEMMa 1. (Handelman [H]). There are u,, . .., u € Z* forming an integral basis for
Z¢ such that 7pi; >0 for 1=j=<d, and w is a strictly positive combination of the u;.
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Proof. Let U=[u, - - - uy1e GL (d, Z), and w™* be a left eigenvector for B belonging
to A such that mpx = w*x. The conditions wpu; > 0 are equivalent to w* U > 0. The
other condition is that there be a ¢ > 0 such that w= Uc, or U~'w > 0. The existence
of U eGL (d,Z) simultaneously satisfying w* U >0 and U~ 'w> 0 is established in
the proof of theorem I in [H]. (M
Now fix p and r with

max %< p<r=R=r"""V<1,
LEMMA 2. |A7"B" —7p||=0(p") as n—>co.
Proof. Since A”'B has a simple eigenvalue of 1 with eigenvector w, and its other
eigenvalues are A;/A (2=j=d), this follows since |)tj/)«}<p. |
LEMMA 3. There is an M,(A) such that if M = M,(A), then each BMuj is a strictly
positive combination of u,, ..., u,.
Proof. Letting U =[u, - - - uz], by lemma 1, U 'w>0. By lemma 2, A VB > 7,
so A" MBMuy; > 7p(u;)w, where 7p(u;) >0 by lemma 1. Hence

U_l()\ _MBMuj) -> 7T.D(uj) U™ 'w>0,
proving that for each j, BMuj is eventually a strictly positive combination of the u;.

O

Fix M = M;(A) and N = M, and construct A, x using § 3 as follows. Let z; = B''u,
forlsi=d-1,1=j=M, and also i=d, 1=j=< N. Since M, N = M,(A), there are
Yxi > 0 such that

d
Bziy = BMu;= ¥ yuy, (I1=i=d-1),
K=1

d
N,
Bsz =B Uy = z Yicali .
k=1

These relations together with Bz = B'u; = z; ;+1 for the remaining z; define a matrix
Apn Of size (d —1)M + N which will be aperiodic if (M, N)=1.

Let G={y;] and put A(¢)=diag (t™,..., t™, t"). Using row eliminations, the
determinant defining the characteristic polynomial xa n(1) of Ay N can be reduced
to the d-dimensional

xmn(t)=det [A(1) - G].
The columns of G are just coordinates of B™u; or B™u, with respect to the basis
{u,,..., uz}, so changing to this basis gives
xmn() =det [(tMT=B™)uy, ..., (M= BM)uy_y, (¢"1- BY)u,).

Normalize by setting s =t/A and

Srun(s)=A7E@IM Ny w(S)

=det[(sMI=A"MBM)yu,, ..., (s"T-A"VB™)u,l.

By lemma 2, A "MB™u; = a;w +O0(p™), where a; = mpu;> 0. Hence if

N,
gun(s)=det[sMu,—ayw, ..., sVu, —azwl,
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expansion of fy; ~(s) by multilinearity shows
Sun(s) = grn(s)+pMh(s),

where h(s) is a sum of at most d! monomials with coefficients uniformly bounded
by an absolute constant K.
Expand g, ~(s) by multilinearity to obtain

(dfl)M+N_§s(d—2)M+N (d—1)M
’

— s
where & n >0 depend only on the «; and w, hence only on A. We first locate the
zeros of gy . Clearly 0 is a zero of multiplicity (d — 1) M. Suppose u # 0 is another.
Now

gM,N(s) =S

E+n=trlaw,...,aw]=trap=1,

so |u|=1. Since u™ —&uN M=,

¥ M =

=T
lu™ —¢l 1+¢

SO

n 1/ (N-M)
S B ) I M
1+¢

if N—M is large enough.
We now estimate gy ~(s) on |s|= R. Clearly

- - n
[gmn($)| = R“™M(n — RN M = RN) = 21,

provided ¢R™ ™™ RN < n/4. Furthermore, since |h(s)|=< Kd! on {|s|<1}, we have
v (8) — grn(s)| = p™|h(s)|= Kd1p™.

Let M,(A) be large enough so M = M,(A) implies Kd!p™ <(n/4)r™. Then for
M= M,()A) and large enough N — M, by Rouché’s theorem fy; v(s) and ga n(s)
have the same number of roots inside {|s|< R}, namely (d —1)M.

Suppose u is one of the remaining roots of fy; N(s) with |u|> R. Then

(uN = &N M=) M = pMh(p),
so since M = M,(A),

N-M

M
N 14 n
™ —éu —n|=gaom Kd!<y.

It follows that

7 1/(N-M)
|u|>(2(1+§)) >1-8,

provided only that N — M is large enough.
We conclude the proof by locating the (d — 1) M roots of fy; n(s) inside {|s|=<r}.
There, as N > 0, for n(5) = faro(s) uniformly, where

fueo(s)=det [(s™ —A"MB™)uy, ..., (s™ =A""BM)u, ,, aw].
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Using the basis {wcu,, ..., mcuy_y, mpw}, this determinant becomes
M
x(s™) 0
1] = x(s™),

*
where x(s) is the characteristic polynomial of the restriction to C of )\_MBM, with
roots (A;/A)™ (2=<j=d). Therefore fy;~(s) has roots wA/A 2=j=d weUy). A
standard application of Rouché’s theorem then shows that for all large enough N,
each root of fu, n(s) lies within 8 of one of the wA;/A.

Letting My(A) =max {M,(A), M,(A)}, the above shows that given M = M,(A) and
8 >0, for N sufficiently large and relatively prime to M we have

Sp (AM,N) = E(A, M, 6),
concluding the proof. O

Proof of theorem 2. Pick M = My(A), and choose N, inductively as follows. Pick
8,> 0 and using theorem 1 find N, with (M, N,)=1 and sp (A n,) < E(A, M, 6,).
By proposition 2 of § 4, there is a §,> 0 such that
sp{AMN)I N E(A M, 8,)={A,,..., A}

Find N, with (M, N,) =1 and sp (Ay n,) < E(A, M, §,). Continuing gives N, with
Anmn, having the required properties. O
Proof of theorem 3. Let A €P with tr A <0 and Re A; <0 for 2=<j=d. Let zeZ*
have mp(z)>0. We claim that the eigenvector w for A is in the strictly positive
cone of {z, Bz,...,B*'z}. Let T=B|c and x=mc(z)#0. Applying ¢, our
claim is equivalent to O being a positive combination of x, Tx,..., T 'x. Now
XT(t)=Hf=2 (t=A)=1t"""+bt*?+---+b,_, is a product of linear (for A;
real) and quadratic (for A;, A; complex) factors all of which have strictly posi-
tive coefficients. Hence b,>0,1=<j=d 1. By the Cayley-Hamilton theorem,
(T '+b,T* >+ - - - +b,_,I)x =0, verifying the claim.

Now fix ze Z¢ with 7p(z) >0, and construct A yusingu,=z,u,=Bz,...,u;=
B“'z as in the proof of theorem 1 with M =1. Since B"z is eventually in the
positive cone of {u,, ..., u,}, it follows A, 5 =0 for large enough N.

Suppose there were C,,..., C, with the property stated. Then for some C,
infinitely many o4, ,, factor onto o¢,. Pick & so that sp (G;) = {|t| <(1-8)A}u{A}.
There is an N such that 04, . factors onto og, and, by the argument used in the
cubic example, sp (A, v)< E(A, 1, 8). We now invoke a theorem of Kitchens [K]
that if o4 factors onto o, then yp(t) divides y,4(¢) modulo powers of . Therefore
suppose o . factors onto of, for some k. Since sp (A, n)n{|t|=(1-8)A}=
{As, ..., A4}, Kitchens’ result shows

d
M (=u| 1 =A)).
nesp(C) Jj=1

Since sp (C;)2{A,,..., A4}, the above shows sp (C;)={A,,..., As}. Hence tr A =
tr C; =0, contradicting the assumption on tr A. |

Sro(s) = det [

The above argument shows that no assumption about the conjugates of A is needed
to prove the first part of theorem 3. It appears likely that the whole theorem is true
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without such an assumption. For this to fail, there would have to exist A e P with
tr A <0 simultaneously satisfying two conditions. The first is the existence of an
aperiodic C =0 of size = (d —1)My(A)+1=k such that for every eigenvalue of C
there is a A; of equal modulus. Note there are only finitely many possible x(?)’s
to check, since the coefficients are integers bounded by k!A* and deg xc =< k. The
second condition is that the (d — 1) M eigenvalues in {|s| < (1 — 8)A} of all but finitely
many of the A, n constructed in the proof each have modulus the same as some
A;. Numerical work suggests that neither of these possibilities occurs.
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