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Abstract

Let G be alocally compact Vilenkin group with dual group I'. We prove Littlewood-Paley type inequalities
corresponding to arbitrary coset decompositions of I'. These inequalities are then applied to obtain new
L”(G) multiplier theorems. The sharpness of some of these results is also discussed.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 43A70. 43A22.

1. Introduction

Given a sequence {g,} of Fourier multipliers for L”(R), 1 < p < oo, let g =
fo g.Xn» Where x, denotes the characteristic function of the dyadic interval [2".
2"*'1in R. In an earlier paper [OQ] we proved that if the sequence {g,} belongs to
a certain mixed-norm space, then g is also an L”(R) multiplier. A similar result was
established for Fourier multipliers for L”(G)-spaces, where G is a locally compact
Vilenkin group. In that case we considered the decomposition of I, the dual group of
G, into sets that are comparable to the dyadic intervals in R.

In this paper we consider essentially the same problem for decompositions of I’
into a union of arbitrary disjoint cosets of subgroups of I". The proof of the resulting
multiplier theorem, Theorem 5, depends on a one-sided extension of the Littlewood-
Paley inequality in the context of Vilenkin groups. This generalizes a similar result
of Rubio de Francia for functions in L”(R), 2 < p < oo. We also prove another
one-sided Littlewood-Paley-type inequality for functions in L”(G), } < p < 2. This
inequality is then used to obtain an additional multiplier theorem, Theorem 6. Finally,
we discuss the sharpness of some of our results, see Theorems 7, 8 and 9.
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2. Definitions and notation

Throughout this paper G will denote a locally compact Vilenkin group, that is to
say, G is a locally compact Abelian topological group containing a strictly decreasing
sequence of open compact subgroups (G,)>_ such that U>* _G, = G and N> G, =
{0}. In [EG, Section 4.1.4] such groups are called groups with a suitable family of
compact open subgroups (G_,)>, .. Clearly, such groups are totally disconnected.
Examples of locally compact Vilenkin groups are the p-adic numbers and, more
generally, the additive group of a local field, see [EG] or [Ta] for further details.

Let I" denote the dual group of G, and for each n € Z, let ", denote the annihilator
of G,, that is,

I,={yel:yx)=1forallx € G,}.

Then we have U™ I') =T, T, = {1} and order (I',,,,/T",) = order (G, /G ,.\)
foralln e Z.

We choose Haar measures ¢« on G and A on I" so that u(Gy) = A(I'g) = 1. Then
w(G,) = (T, foralln € Z; we set m,, := A(T,).

For p with 1 < p < oc we shall denote its conjugate by p’;thus 1/p+ 1/p' = 1.
For an arbitrary set E we denote its characteristic function by xg. The symbols " and
- will be used to denote the Fourier and inverse Fourier transform, respectively. It is
easy to see that for each n € Z we have

(xr,)" = WG 'xg, = D,

For a definition of the spaces of test functions and distributions on G and T, see
[Tal; these spaces will be denoted by .#(G), &' (G), (') and .#'(I'). We can also
extend the Fourier and inverse Fourier transform to .%'(G) and .¥’(I") in the standard
way and the usual properties hold, see [Ta] for details.

Let f be a locally integrable function on G. The function M- f is defined on G by

M, f(x):=su {—
/ L | nx + Go 4G,y

Thus M, f = {(M(|f{*)}'/*. where M is the Hardy-Littlewood maximal operator on
G.
The sharp function f* is defined on G by

b ! / N }
fhx) "S,,‘;E‘—MHG,,) HGH!f()) fove ldu(y) g .

1/2
If(y)lzdu(,v)} :

where

1
G, = ————— d .
fiva u(x+G,,)/,\+G,, FOdu(y)
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For | < p < oc let L”(G) be the space of all p-th integrable functions on G. with
obvious modification for p = oc. For a measurable function f on G we set

o(f.vy=ulx e G: [fx)] > v} v >0,
and
f )y =1inf{y >0: o(f.y) <1t} t > 0.

Forl < p < ocand 1 < g < oc, the Lorentz space L"“(G) is the collection of all
measurable functions f on G such that | f|I7,..;, < oc. where

(a/p @ e f@yre)if
sup,. 1" f(1) ifl<p<ox. ¢g=x.

IA

p<x. l<g<x

||f||*Ll‘t/((,‘) = {

Next, the function f** is defined on R~ by

i , :
()= su ——/ (x) "'(li(x)} .
f 1511(2){N(E) L‘f | !

We denote || /117, .z, bY Il fllirwc. Itis easy to see that (f**)" = f** and
() < () < (f*y>(@) forall t > 0. Hence we have

11wy < Wflleroer < Wm0

By Hardy's inequality we also have
N vy < CHA N6y

We note that L”(G) € L"(G) if g <s. We equip L"(G) with either || - ||7,,,, or
| - I .rsc) to define its topology. We observe that L”#(G) = L”(G) and we simply
denote || - {|rvigy by || - |4 and || - ||, by Il - li, if there is no confusion likely. The
same notational simplifications also apply to || - |7,

Let ¢ € L>(T) and define T, on #(G) by (T,f) = ¢f. f € F(G). The
function ¢ is said to be a multiplier from L”(G) into L™ (G) if there exists a positive
constant C so that for all f € .%(G) we have

||T¢f“/1\ = CH.f”[\q*

where | < p.r < o, 1 < g.s < oo. We say that ¢ is a multiplier of weak type
(p. p) if it is a multiplier from L”(G) to L">(G). The collection of all multipliers
from L7(G) into L”(G) is denoted by .# (L”(G)) and the corresponding multiplier
norm is denoted by |} < || 41
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3. A Littlewood-Paley inequality for arbitrary coset decompositions of I"; the
case2 < p < o0

Let {I,}-, be a sequence of mutually disjoint intervals of R. For f € L'(R) and
I < r < oo define the function A, f on R by

~xc 1/r
A f = (;wm') ,

where
(Si )" ) = x1,E) f &),
The following result was proved by Rubio de Francia in [R, Theorem [.2].
THEOREM R. Let 2 < p < oo. There exists a constant C, such that
1A f N, < Coll il f € L7(R).

In [Sj] Sj6lin gave a different proof of Theorem R. In this section we use Sjolin’s
method to obtain an analogue of Theorem R on locally compact Vilenkin groups G.

THEOREM 1. Let2 < p < oo and let { A}, = {vi + T )i, be a decomposition
of T into mutually disjoint cosets of various subgroups of T'. For f € #(G) define
the function Af on G by

~ /2
Af = (lew) :

k=0

where

(Sa, ) := xa, W F ().

Then

NAfN, = Cull f

and this inequality can be extended to all f € L"(G).

PROOF. It follows immediately from Plancherel’s equality that

(1 1Al =N fl--
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Thus we may assume that 2 < p < oo. Foreach k > 0 we define ¢, : G — C

by ¥ (x) = n(x)A,, (x), so that ()" (¥) = xr, (¥ — ») = xa,(y). Thus for
f € Z(G) we have

5

]
Af(x) = {wak * f(x)lz}
k=0

The theorem wiil follow from the following string of inequalities as in Rubio de
Francia [R, p. 5]

IAfl, < CHANI, < CIMa S, < ClIf

It is clear that the last inequality holds as long as 2 < p < oc and we only have to
justify the second inequality the proof of which will be given in Lemma 1 below. U

LEMMA 1. Let f € #(G). Then (Af)*(x) < CM,f(x) forall x € G.

PROOF. Take any xq € G andlet Iy := xo+Gy, be acoset containing xy. Decompose
f into

f=rxu+ fxeun :=g+h

Let

1/2
a:= (Zm *h(x0)|2) :

keSy

where Sy = {k : ny < ko}; that is to say, we sum over those values of k for which the
corresponding function ¥, has the property:

Gko C Gru = Supp (l/fk)
For every x € G we have
(t IAf(x) —al| < |Af(x) — Ah(x)| + |Ah(x) — al.

We analyze each of the two terms in (}). By the £’-triangle inequality we have

1/2
Af(x) = (}: Wk * g + v h|2<x>)
k

/2 172
(Z e g(x)|2) + (Z 2 *h<x>|2>
k k

= Ag(x) + Ah(x),

IA
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that is,
Af(x) — Ah(x) < Ag(x).
Similarly,
Ah(x) = A(f — g)(x) = Af(x) + Ag(x)
so that
Ah(x) — Af(x) < Ag(x).
Therefore,

|Af(x) = Ah(x)] < Ag(x).

For the second term in (7) we have

172 172
|Ah(x) —a| = (thhu)V) —(lek*hm)lz) i
k

k€$o

1/2 1/2
= (Z ¥ % h(x)yk(xnz) - <Z |Yre * h(xo))’k(xo)|z)
k

keSy

172 1/2
(Zwk*h(x)iz) +(Z|Fk(x)|2) :

kg So keSy

IA

where
Fo(x) := v x h(x)y(x) — ¥ * h(xo) v (xo)

= / Yilx — YY) yi(x)dy —f Yi(xo — Y)h(y)vi (x0)dy
G G

= /[Am (x —y) — Ay (xo = Mv(Wh(y)dy.
G

Thus we see that

1/2 172
|Af(x) —al < Ag(x) + (Z ¥ * h(x>|2) + (Z |Fk<x)|2)

ke So keSy

= A (x) + Ay(x) + As(x).
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1
u(lo)

We now consider in turn

We have

1
/Al(x)dx =mk0/ Ag(x)dx
1y Iy

u(ly)
1/2 12
< my, (/IAg(x)lde> (/ dx)
In Iy

172
< (my,)"? ( / PIZE. g<x>|2dx>
G &
172
< (my,)'"? (Z f (7% g)A(y)de)
k r

12
< (mg)'? (/ |§(}/)|2d)’)
r

1/2
= (my,)"” (/ lf(x)lzdx> since g(x) = f(x)x,,(x)
1o

1 2d 172
~ (u(m /Inlf(x)| x)

§ Csz(X()).

/ Ai(x)dx, i=1223.
Iy

To find an estimate for

1/2
1 1 ,
A dx = ok f - d>
u(lo) f, 20de =T ), (%W‘*Z(xw '

we observe that for x € I, and k ¢ S; we have
(Wi * h(x)| = [ * h(x)yi ()|

_ f Ulx — YOG dy
G

G

= / Bp (X = VIV f(¥) dy
G\ly
Forx € Iy = xo+ Gy, and y ¢ I, we have x — y ¢ G,. Also, k ¢ S, implies that
G, C Gi. Thusx -y ¢ G,, and, hence, A, (x — y) = 0. That is,
1
u(lo)

/ Ar(x)dx = 0.
Iy

https://doi.org/10.1017/51446788700035941 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035941

(8] L7-multipliers of mixed-norm type 377

To find an estimate for

172
1 1 7
. A: d — F 2 d
u(ly) ,/,“ s(ydx 1w . (;SOI x ()] ) x

we observe that

(1) ifx € I, and k € Sy and ¥y € xo + G, then we have x — y € G, and
xo — ¥y € G,,, so that

A:u (x — \) - Am (X() - )’) =m, —m, = 0.

(i) ifxelyandk € Syandy ¢ xo+ G, thenx —y ¢ G, andxo— y ¢ G,,, 0
that

Am (.X - )’) - Am (-XO - y) - O

We see that for x € Iy and & € Sy we have Fi.(x) = 0, so that

1
u(lo)

/ A;(x)dx =0.
o

Thus we may conclude that

1
——/ |Af(x) —aldx < CM, f(x),
uly) Jy,
so that

(Af)*(x0) < CM; f(x0).
This completes the proof of the Lemma. O

4. A Littlewood-Paley-type inequality for arbitrary coset decompositions of I';
thecasel < p <2

For the case 1 < p < 2. Rubio de Francia conjectured that for each f € L?(R) we
have

1A fll, < Coll £l

In this section we shall prove an inequality that is related to but weaker than the
inequality in Rubio de Francia’s conjecture.
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THEOREM 2. Let 1 < p < 2andlet {A}32, = (v + 1, )i, be a decomposition of
" into mutually disjoint cosets of various subgroups of I'. If T is the operator defined
for a simple function f on G by Tf = {3 |Sa, fI"}?, then \Tfl,» < Clfl,
Hence T can be extended to a bounded operator from L7 (G) into L"" (G).

PROOF. Foreachk = 0,x € G and f € .¥(G) we have
ISa fGO = ¥ * f(x)]
/ Ye(x — y)A, (x —y) f(y)dy
G

(%) < Ay x| fl(x)
< Mf(x).
Thus,
(%) Sl:Plsmf(XN < Mf(x)

so that the mapping

2) f — sup{Sa, f| isof weak type (1,1).
k

We now choose 8 suchthat 1/p = 1 —6/2, thatis,6 = 2(1—1/p); then0 < 6 < 1.
LetQ:=({zeC:0<Rez<1}andlet f € #(G)suchthat | f|l, = 1. Forz € Q
define the function f. on G by

iy = | TP fl £0
: 0 if f(x)=0.
Then f. € #(G) for each z € Q. Moreover we have f, = f, || fi:lli = 1 and

| fiviellz = 1. For N € N, z € Q and x € G define the sequence {(Ty f.)i(x)};—, by

Sa f-(x) ifO<k<N

Ty f- =
(T fu(x) [0 ifk > N.

Let [£>, £*], be the complex interpolation space. Then [£><, ¢2], = €7 (see [Tr,
1.18.1, (12)]). For each x € G define Uy f3(x) by

Un fo) : = (T fide R o oo,

N NS
=Y (Isate0”)

k=0
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It follows from [Tr, 1.10.3, (9)] that

xX

log Un fi(x) 5/ Po(®, 1) og [{(Tx f)x ()} lle~dt

—o¢

3) +/ Py(©. 1) 1og [{(Tx frai)e ()} edt,

o

where Py(6.1) > 0, P(0.1) >0, [~ Py(6.1)dt =1 —6 and [*. Pi(6.1)dt =6.
Thus, taking exponentials in (3) we have

L, (1-8)
{ o B
Uy fy(x) < “exp ((1 _6)/ Py, 1) log ||{<TNﬁ,)k(x)}||éfdr)} }

| o[> 7’
x “exp (5/ Pi(6,1)log fi{(TNfH,-,)k(x)}u;!zdr)} } :

It follows from Jensen’s inequality that

Un fu(x) < {Hy o)} ™ Hy 1 (0))°,

where

P

1 > 2
Hyo(x) = (m/ Po(6, t)“{(TNfiJ)k(x)}”;i-dt)

and

1 [> >\
Hy (x) = (5f Px(eyf)”{(TNan)k(x)}“;z/“dt) .

oC

For each measurable subset E of G we have

1 2 ’
(—H(E) /E(UNfe(-l)) dx)

1 )
< (m /k{HN.O(X)}“_H)/Z{HNJ(X)}O/'dx>

201-6)
= (J_/{HNO(X)}I/de) (;/{HNI(X)})/ZCIX)
T \M(E) Je ‘ u(E) Jg '

It follows that for y > 0

26

I 2
(U )" () = sup (—/(UNfo(X))l/zdx)
veuey \M(E) Jg

< {HZ WY ™ H Y.
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Since (Uy fo)*™* = {(Uy fo)™}* we have, for 1 < p < oc,

’ oc d 1/p
NWUn follp.p = (5/- (P (Un f)™(1))” —t>
P Jo r

1/p

IA

oc d
/ (tl/p{H,t,fo(t)}”“H’{H:fl(t)}”)p T’)
0

ST w S

Sm— S—

oc ) R . dt I/p
O 0 )

3

!

I
e N

S ,dr\'"
{tH;;To(t)}““’"’{t”'H,:fl(r)}-T) :

S |

since 8p’ = 2(1 — 1/p)p’ = 2. By Holder’s inequality we have

*x o (P 700 e ,dr\""
WUw follp.pr < sup{t Hy (1)} ; {t “HNJ(I)}'T
0

< Bl Hyoll\':2 1 Hy 1 Il5,

where we use 1/p’ = 6/2 in the first inequality.
We shall estimate || Hy o|l1 . For y > 0 we have

1 R 2
H;ffo()’): sup <E/E|HN.0(X)|I/”61M(X))

YEU(E)

_ 1 1 2 | s
—),2;‘}’5)[“@)/5((1 ~ 9 /x Po(H,r)ll{(T.\vﬁ,)k(x)}updz) du(x)]

_ 1 = 1 s 1/2 B
- |:(1 —6) /:OC Po(6. 1) (‘2‘:&) IL(E)_ /E H(Tw fi) QO dI«L(X)> dt] )

where the last equality follows from Fubini’s theorem. Now

H(Tw fi)x G Hlex = sup [Sa, fi: GO < sup|Sa, fir(x)] := Fi (x).
0<k<N 0<k

Therefore

1 e 1 R -
H,’Q’_‘o(y)s[ f Po(e,r)(sup — <Ff,(x))'/-du(x))dr}

(1-6) y<ulE) u(E) Je

1 > *% 172 ’
5[(1—9) [ me.o o dr}

< (Fi)"™ ().
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Consequently we have

Hvollh~ < HE AW~ = ” ||{Smfn}||z\“ = Clfulh =C.

I~ —

where the last inequality follows from (2). Similarly we have

1 ~x . 2
“H\IHZSC<§[ P[(Q.I)”fbfn”_]ﬂ_ _df>

< CIHAfisillz
= Cll fivirlls (using (1))
=C.
It fOllOWS that ||lj‘\"f”Hl’-I" = C lf ”f”/) = l Since HTpr.p' - lim,’\'—»\’ |IU.\'fH||/>./)'~

we have [T fl, , < Clfll, for f € #(G). Now .#(G)isdensein L"(G)andso T
can be extended to all functions in L”(G) and our proof is complete. O

We observe that inequality (xx) in the proof of Theorem 2 above shows that for
each r > | we have

(4)

sup ISA\J'I' < IMfil, = Clfll-
% ’
Interpolation between (1) and (4) yields the following theorem.

THEOREM 3. Let | < p < 2 and let {A;}]-, be as in Theorem 2. If s > p’, then
J\
|
M

Another result we can derive from inequality (*) in the proof of Theorem 2 is the
following theorem.

> (Isns1)”

()

= CllfIly.

~
k=

id

THEOREM 4. Assume (A, )2, = {yx + TS, for some fixed ng (i.e. we have a
partition of U into the cosets of a fixed subgroup T, of I'). Then

i (1snr1") "
(=0

PROOF. According to (x) in the proof of Theorem 2, we have for every k > 0,

ISa fOI < Ay, * [ fl(x).

(5)

=Clfl,

Y4

so that
I
(6) sup [S, f1 i’ < A =A< AL = 1A
K I
Interpolation between (1) and (6) yields (5). O
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REMARK. Note that a slight generalization of this result can be obtained by consid-
ering partitions {A; )7, = {yx + [ )i, satisfying the condition sup, A(y, +T,,) =
sup, m,, = m, forsome n, € Z. In this case we have for each k > 0,

ISAAf(x)l S Am * lf'(r)

so that

sup|Sa, f(X)| < Y A, x| fI(x).
k

=0

Therefore,

HSL:P|Smf| Hl = Z 1A, * |f|”1 = Clifih.

=0

yielding again (5).

5. Multipliers on LP(G)

In [OQ] we considered the decomposition of I' into disjoint sets ', ,\I'; and in
{OQ, Theorem 2.1] the following multiplier theorem was proved.

THEOREM OQ. Let | < p < oo and let (¢} _. € C(A(L'(G))) for some
0<s<P2p/Q=p) If¢p =" duxrnr € LX) then ¢ € 4 (L"(G)).

As an application of Theorem 1 we prove a comparable result for decompositions
of I as considered in the present paper, see Theorem 5. Our proof was motivated by
{CFF, Theorem 2] and is similar to that of [OQ, Theorem 2.1]. We shall discuss the
sharpness of Theorem 5 in Theorem 8.

THEOREM 5. Let {A}7o, = {vi + Ty )i, be asin Theorem 1 and let | < p < oc.
Let {¢ )2y € C(ALP(G))) fors = |p/(2 — p)| and ussume ¢ := Z?:o biXn, €
L>(T). Then ¢ € .4 (L"(G)).

PROOF. We may assume that 2 < p < oo and that s = p/(p — 2). Take any
f € Z(G). A direct computation for the cases p = 2 and p = oc, followed by an
interpolation argument shows that the following inequality holds:

P

HSHNL =D v x (dixa )] =CY Mbixa N7
k k

P
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Therefore,

@1 < C S U i ISa FI7
k
2=p p/p
<C (Z (N ) (Z [ Smf”ﬁ)
k k
C (Z |¢>k|1_‘,,¢,,)> <f D ISa fOI dx)
G %

rip

N

P2 plp

p/s
<cC (Z |¢k||f,,m)> f {Zwmﬂxw} dx
k G &

=ChflIy -

where the penultimate inequality holds because 2 < p, while the final inequality
follows from Theorem 1. U

As an additional application of Theorems 1 and 2 we have

THEOREM 6. Let {A);o, be a decomposition of T as in Theorem 1.

() Iffakisy € € then Y- arxa, is a multiplier on L?(G) for 1 < p < oc.
(i) If fa}=, € € for some s > 2, then Y ,_,arxn, is a multiplier from L"(G)
into L""(G) for2s/(2+s) < p <2.

PROOF. (i) It follows from Theorem 1 that for 2 < p < oo we have

Xx:(akaf)v

k=0

12

x 1/2 >x
< {Zw} meﬁ} < Cllfllp-
P k=0 k=0 )

Hence Z;c:oaka is a multiplier on L7(G) for2 < p < oo. Thecase |l < p <2
follows from duality.

(ii) Applying real interpolation (see [Tr, 1.18.6, Theorem 2}) to the inequalities ob-
tained from the cases p = 2 and p = r* for some r* > r of Theorem 1, we obtain

~ 172
(7) {Dsmz} < Cllfllrg

k=0
rg

for2 <r <ooand 1 < ¢ < oo. Also, an argument as in [St, Chapter 1V, 5.3.1]
shows that for all f, g € ¥ (G)

®) [ st =3 [ 5o S gts.
G k=0 v G

https://doi.org/10.1017/51446788700035941 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035941

384 C. W. Onneweer and T. S. Quek |15]

Next, a standard argument using (7), (8) and the converse of Holder's inequality for
Lorentz spaces shows that for | < p < 2

! 1A
9) ”f ”/Lp' <C (Z ‘S\A f\2> \‘

k=0 |
Lpop

Finally, set t = 2s/(2 + s); using inequality (9), Holder's inequality and Theorem 2
(see the proof in [CFF, p.341]) shows that

i « | :i‘
Z(amf)*) <C (meﬁ) | < CiflL
k=0 1t

k=0}

NS

Hence Z;;O a, xa, 1s a multiplier from L'(G) into L' (G). The result now follows
because > ;- a; xa, is also a multiplier on L*(G). O

6. Sharpness of certain results

The following theorem shows that Theorem 2 is sharp in a certain sense.

THEOREM 7. Let | < p < 2 and lets < p'. There exists a decomposition {A )2,
of U into mutually disjoint cosets of various subgroups of U such that the mapping
f — {Z:‘z() |S,\‘f|"'}l"" is not bounded from L"(G) to L"" (G).

PROOF. Take {A;};=, = {yi + T}, that is, partition I" into the cosets of 'y and
choose the y; in such a way that for each / > 0, we have

U v + =T,

O<k<ny

Next, for / > 0. let fi(x) = A,(x), so that || f;||, = (m)"7 and (f;)"(y) = xr,(¥).
Then

Safilx) = {XG[,(X)yk(x) if k < my

ifk > m.

Therefore,

*

my—1 1/s
(Z ISmf/I"> = (m)) .

k=0
p.p
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If there were a constant C such that

*

me—1 I/s

”(Z lSmf/(X)I") < Cllfill,»
k=0

|

pp

then we would have (m,)""* < C(m;)'~!/7 for all! > 0. But this is impossible because
s<p. d

Theorem 7 has the following obvious corollary which shows that Theorem 1 is not
necessarily true if | < p < 2.

COROLLARY. Let | < p < 2. Then there exists a decomposition (A}, of T into

mutually disjoint cosets of various subgroups of I' such that the mapping f — Af is
not bounded on L”(G), where Af is as defined in Theorem 1.

Next we prove the sharpness of Theorem 5. The example constructed in the proof
of Theorem 8 below is analogous to [CFF, Example 2].

THEOREM 8. Let | < p < oo and assume that q > s = |p/(2 — p)|. Then there
exists a decomposition { A}, of I" as in Theorem | and functions {¢,} € 4 (L7(G))
such that

(a) supp @i = Ay for all non-negative integers k,
(b) {¢n} € 19(.A(L7(G))).
(c) ifg =3 ¢uthend € L(T')and ¢ ¢ M (L"(G)).

PROOF. We assume that | < p < 2 sothats = p/(2 — p). Take {A)S, =
{« + I'o};=, and choose the y; so that for each/ > 0, we have

U ]//\—f-r():r[.

O<hk <my

Choose a sothat 1 /g < o < 1/s. For each k > 0 choose an x, € G_; \ G_;4, and
define the functions ¢, : I' — C by

O (y) =k + 1)y (x)xa (¥).

Then we have (¢;)"(x) = (k + D)™y (x) xg,(x — x;), so that ¢l gery < il =
(k + 1)7“. Hence the sequence {¢;} satisfies conditions (a) and (b).

Moreover, if we define ¢ 1= ZSC ¢, then it can be shown as in {OQ, Theorem 2.2}
that ¢ ¢ .# (L"(G)). This completes the proof of Theorem 8. O

Our last result shows that Theorem 6 is also best possible in a certain sense.
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THEOREM 9. Let G be the dyadic group. Let2 < s < oc and let p = 25/(2 + ).
Then there exists a sequence {a,}3", € £* and a decomposition of T as in Theorem |
so that Y, .. avXa, is not a multiplier from L"(G) into L""(G) for any r such that
Il <r <p.

PROOF. Following [GI, Example 5.2], we construct Rudin-Shapiro-like polynomi-
als on G as follows:
For 0 < n, fix yy in I'3,,5\[, 1) and let

no__ o n
Py =0y = X6, Vo -

Next, fork = 1, ....n + 1, set

n n

P =P Yol

and

n n

no__ .n
O = Pyt — Vi Ok

where y," are chosen from I';,;, such that ()" and (5)" are both constant and
non-zero on precisely 2* cosets of ', in T, ,5\[",4;. Now define ® on I by

Sgﬂ(P,':H)A()’) lfJ/ € r2r1+2\r3n+ls nz 0

BOy) =
Y otherwise.

Choose g such that r < ¢ < p and choose « so that ¢ < 2/(2 — @) < p; then
0 <a < 1. Define ® onI" by

O(y) =Y 2"y am,, (VOW),

neN

Note that for n > 1, ®(y) is constant (= +2“~""/?) on the 2" cosets of I',_, in
I, \I"2,_) and is zero elsewhere. Denote the 2" cosets of I',,_, in "5, \I"s,_; by Apsi,
fork =1,...,2". Now define the sequence {a»,,} such that

|G 1y = 2@ 1/2 for neN, k=1,....2"

and satisfying

S onixan () = 325y ()OW).

neN k=1 neN
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It is easy to see that

o

Z Z lanil’ < oo.

neN k=1

Now suppose ® were a multiplier from L (G) to L™ (G), then ® would be a multiplier
on L9(G) because ® is a multiplier on L>(G) and r < ¢ < p < 2. But by [GI,
Example 5.2] ® is not a multiplier on L9(G). Hence we have a contradiction. O
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