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Let G be a region in Euclidean n-space E and consider 
2 

the eigenvalue problem A u = Xu on G, with boundary condi
tions u = 0 on r , the boundary of G. (To be prec i se , we 
are considering the eigenvalue problem for the self-adjoint 

2 
realization L associated with the Laplacian -A and zero 
boundary condition, acting in L (G), cf Browder [2]). If G 

Ù 

is bounded, the spectrum of this problem is d iscre te , but 
Rellich showed in 1952 [6] that the spectrum could also be 
discrete for certain unbounded regions which he introduced and 
called "infinitely narrow tubes11. 

Definition. G is an infinitely narrow tube (with X as 
< 1 

centre-axis) if G is not bounded, but lies in some half-space 
x > M and if 

2 2 
iim (x_ + . . . + x ) = 0 . 

Z n 

x t G 

x -* + oo 

1) Research supported by the United States Air Force Office of 
Scientific Research, contract AF-AFOSR 61-89. 

Canad. Math. Bull, vo l .7 , no. 3, July 1964. 

435 

https://doi.org/10.4153/CMB-1964-043-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1964-043-6


In t h i s p a p e r we give a s imp le proof of Reli ich* s t h e o r e m , 
b a s e d e n t i r e l y on v a r i a t i o n a l c o n s i d e r a t i o n s (Re l l i ch ! s proof 
u t i l i zed h i s own " s e l e c t i o n pr inciple 1 1 ) . 

The s t a t e m e n t of the v a r i a t i o n a l p r i n c i p l e we wi l l apply 
i s a s fo l lows . Le t C (G) c o n s i s t of a l l s q u a r e i n t e g r a b l e 

c o m p l e x - v a l u e d funct ions which a r e p i e c e w i s e con t inuous ly 
d i f f e ren t i ab l e on G, cont inuous on G and z e r o on the b o u n d a r y 
of G. Define 

* - , ^ G [ V u | 2 d x . 
X = inf -—7—L-—»—-— s inf W(u) . 

u c o c i ( G ) G I u ' d x u c o c i (G) 

T h e n X i s the s m a l l e s t n u m b e r in the s p e c t r u m of L. If 

the i n f i m u m i s a ch i eved for some u , then Lu = X u . In 
i i l l 

t h i s c a s e define 

X a inf W(u) .• 
u e Q C 1 (G), u J_u 4 

Then X > X , and if X > X the interval (X , X ) i s d i s -

j o in t f r o m the s p e c t r u m of L. Again if the inf i m u m i s a ch i eved 
for s o m e u , then L»u = X u and we m a y cont inue defining 

\y etc. 

T h i s p r i n c i p l e i s c o m m o n l y used ( e . g . in [4]) , but no 
g e n e r a l p roof s e e m s t o have b e e n pub l i shed . A proof can be 
d e r i v e d f r o m c o n s t r u c t i o n of the Green 1 s funct ion a s s o c i a t e d 
w i th the o p e r a t o r A + X on G; t h i s h a s b e e n c a r r i e d out by 
the a u t h o r unde r add i t iona l r e s t r i c t i o n s ( r e l a t i n g to the b o u n d a r y 
of G). T h i s w o r k wi l l be pub l i shed e l s e w h e r e . 

Le t G be an inf ini te ly n a r r o w tube wi th X. a s c e n t r e 
1 

a x i s ; l e t G = G O { x | x < R} and G = G O { x | x > R} , 

w h e r e R i s some r e a l n u m b e r ( l a r g e enough to m a k e G i P). 

Le t L and L denote the se l f -ad jo in t r e a l i z a t i o n s of the 
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-7Z 

operator A with zero boundary conditions on G and 

G respec t ive ly . 

To show that the spectrum of L. is d i s c r e t e , we show 
that it i s d i scre te below M for every posit ive number M. 
This follows direct ly from the following: 

PROPOSITION. If the spectrum of L i s empty below 

a given posit ive number M, then the spectrum of L. i s 
d i scre te below M. 

Proof. G being bounded, the spectrum of L i s 

d i s cre te . Let be all eigenfunctions of L». which 
I k i 

correspond to e igenvalues < M; a s s u m e the u . to be ortho-

normal . By the variational principle applied to G we know 

that 

u c A C J (G.) and f u(x) u .(x)dx = 0 (i = i , 2 , . . . , k) . 
O i l J G i 

1 

implie s 

(1) / | V u | 2 d x > M / | ^ | 2 d x . 
1 1 

Applying the variational principle to G and using the hypothesis 
of the theorem, we have 

u e C (G ) 
0 1 V 2 ; 

impl i e s 

(2) JQ ^ ^ | 2 ^ > M fQ |u|2dx. 

Now let 
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u.(x) x c C , 
u.(x) = 

1 0 x c G , 

so that u c C (G). We wish to show that 
i 0 1 

ue C (G) and f u(x)u.(x)dx = 0 (i = 1, 2 , . . . , k) 
0 1 J G l 

implie s 

(3) / |Vuj 2 dx> M / |uj 2dx . 

Thus consider such a function u, and let e > 0. It is easy to 
construct a function u c G (G) such that \i|G. £ C (G.) and 

H U - S l l i 2 = J G { | V ( u - v ï ) | 2
+ | u - u | 2 } d x < £

2 

(such a construction is explicitly carried out in [ l ] , p. 38). 
Finally, let 

u* = u - 2 . m (u, u.)u. 
i = l i i 

(the inner product in L. (G)). Since obviously u* IG t ^C (G ) 
2 3 ' 1 0 1 1 

and is Ĵ  w., we have by (1) 

2 2 
fG |Vu*| d x > M / |u*[ dx • 

Hence, using (2) similarly, 

/ G | V u * ( 2 d x . | / G + / G ] | V u * | 2 d x 

2 2 
> M J | u* | dx+ M f | u* | dx 

1 2 
= M / G |u* | 2 dx 
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Since 

If"*- u i^ < | | « * - S | | 1 + l | u - u|[1 

< s t IP. «^1 N ^ l l ^ * 

= S . j { S - u . a.) I | | a . | | 1 + e 

< k£ (k = constant) , 

it fol lows that 

{ / G I V u l W > { / G | V u * | 2 d x } * - { / G | V u * - V u | * d x } * 

2 i 
> <&i { / | u * | dx} - k£ 

> ^M [{ L k | 2 d x } 2 - te ] - kc . 
— _ ^ G 

Since e i s arbitrary, (3) fo l lows , and the proof i s completed 
by an application of the minimax form ([3] , p. 406) of the 
variat ional principle to G itself . 

COROULARY. The spectrum of the operator L, for an 
infinitely narrow tube i s d i s cre t e . 

Proof. Given M > 0, we can choose R so that G 

i s contained in the strip 

< x < oo; 0 < x, < n V n w » i = 2 , 3 , . . . , n . 
1 l v M 
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The spectrum for this s t r ip is the interval (M, +<»), and 
therefore inf 0"(L ) > M (as follows by applying the variat ional 

principle to G and to the str ip) . 

To conclude, we r e m a r k that A. M. Molcanov in a 
mys te r ious paper [5] has given necessary and sufficient condi
tions on G for d iscre teness of the spectrum of L. over an 
a r b i t r a r y region G. 
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