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The Krull-Gabriel dimension is an invariant which is defined for any essentially
small abelian category. The definition is based on a filtration which can be
used to describe injective objects of a locally finitely presented Grothendieck
category. In fact, we use this technique to classify all pure-injective objects
for some interesting examples, including sheaves on the projective line and
representations of the Kronecker quiver.

14.1 The Krull-Gabriel Filtration

In this section we introduce the Krull-Gabriel filtration of an essentially small
abelian category. This filtration is then used to classify all injective objects
in a locally finitely presented Grothendieck category, provided its category of
finitely presented objects is abelian and the Krull-Gabriel dimension is defined.
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436 Krull-Gabriel Dimension

This is done in two steps: first the indecomposable objects, and then the general
case. There is an analogue of this filtration for modular lattices, which we
apply to the lattice of subobjects of an object of an abelian category. From the
classification of injective objects we deduce the classification of pure-injective
objects of a locally finitely presented category. In particular, the last layer of
the Krull-Gabriel filtration produces endofinite objects.

Filtrations of Abelian Categories

We begin with a brief discussion of ordinals. For historical reasons let —1 denote
the ordinal possessing no element, and n — 1 denotes the ordinal possessing a
finite number of n elements. The sum of ordinals @ and 8 (first @ and then ()
is denoted by @ L S. For example, we have @ L 8 = a + 8+ 1 when a and 8
are finite.

Let C be an essentially small abelian category. We set A = Lex(C°P, Ab)
and recall that A is a locally finitely presented Grothendieck category with
C>fpA.

The Krull-Gabriel filtration of C is given by a sequence of Serre subcate-
gories which is indexed by the ordinals @ > —1.

— C_j is the full subcategory containing only the zero objects.

— @ is the full subcategory of objects that become of finite length in €/Cpg, if
a=6+1

— Ca =Uy<q €y, if @ is a limit ordinal.

We set Coo = |, Co- If Co = C, then the smallest ordinal « such that € = C,
is called the Krull-Gabriel dimension and is denoted KG.dim C. We write
KG.dim € < oo in this case, and we say that the Krull-Gabriel dimension is
defined.

We collect some elementary properties of this dimension.

Lemma 14.1.1. Let €’ C C be a Serre subcategory and set C”" = C/C’. Then
sup(KG.dim €’, KG.dim ") < KG.dim € < KG.dim ¢’ 1. KG.dim C”.

Proof First observe that €, = €, NC’ for every ordinal «; see Lemma 14.1.10
for a detailed proof. Also, the canonical functor € - C”” maps C, into C/,. Thus
Co = Cimplies €}, = €’ and €}, = C”. This yields the first inequality. For the
second one suppose that ¢’ C €, for some ordinal @. Then € - €/C, induces
afunctor €¢/C" -» €/C, which maps (€/C’)p into (€/C,)p for every ordinal S.
The functor € -» C/€,, identifies Co .5 with (€/C4)g. Thus (C/C")g = C/€’
implies Co.p5 = C. O
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14.1 The Krull-Gabriel Filtration 437

Lemma 14.1.2. Let C be finitely generated as an abelian category and suppose
KG.dim € < oco. Then KG.dim € = B8 + 1 for some ordinal B.

Proof Suppose that X generates C as an abelian category, i.e. there are no
proper Serre subcategories containing X. Let @ be a limit ordinal. If C =
Uy<a Cy, then X € €,, for some y < a and therefore KG.dim A < a. o

Next we consider indecomposable injective objects in A. Recall that Sp A
denotes a representative set of the isomorphism classes of indecomposable
injective objects. For each ordinal a, let Sp, A denote the set of functors
F € SpA such that F(C,) = 0 and F(X) # 0 for some object X which is
simple in C/C,.

Lemma 14.1.3. The relation F(X) # 0 yields a bijection between the isomor-
phism classes of simple objects X € C/C, and the elements F € Sp,, A.

Proof An object F € Sp A is an exact functor, and F(C,) = 0 implies that
F can be viewed as an object in Lex((C/C,), Ab). If X € €/C, is simple,
then the corresponding representable functor is simple in Lex((C/C,)°P, Ab),
and F(X) # 0 implies that F is an injective envelope; see Proposition 11.1.31
and the subsequent remark. It remains to observe that non-isomorphic simples
have non-isomorphic injective envelopes. O

Proposition 14.1.4. Suppose that KG.dim € = «. Then Sp A equals the disjoint
union | |y« Sp, A. Moreover, for each ordinal a < « there is a bijection
between Sp,, A and the set of isomorphism classes of simple objects in C/C,.

Proof Let F € Sp A and choose 8 minimal such that F(Cg) # 0. Then S is
not a limit ordinal, so of the form 8 = a + 1, because otherwise any 0 # X € Cg
belongs to C,, for some y < B. Thus there is some object X which is simple in
C/Cq such that F(X) # 0. Therefore F' € Sp,, A. The second assertion follows
from the preceding lemma. O

If the Krull-Gabriel dimension of C = fp.A is defined, then one obtains a
classification of all injective objects in A.

Proposition 14.1.5. Suppose that KG.dim fp A = k. Then every injective object
X in A is the injective envelope of a coproduct of indecomposable injectives
[;er Xi. The isomorphism classes of the X; and their multiplicities are uniquely
determined by X.

Proof First observe that every non-zero injective object X admits an inde-
composable summand. To this end let @ be an ordinal that is minimal such
that X admits a non-zero morphism ¢: C — X with C € (fpA),. Clearly,
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438 Krull-Gabriel Dimension

@ = B+ 1. Then C has finite length in fp A/(fp.A)g. Choose a composition
series 0 =Cy C C; C --- C C,, = C and let r be minimal such that ¢(C,) # 0
but ¢(Cr—;) = 0. Set C' = C,/C_1 and D = Im ¢. Because C’ is simple in
fp A/ (fpA)g, it follows that D is uniform, so D # 0 and any pair of non-zero
subobjects has a non-zero intersection. Thus the injective envelope of D yields
an indecomposable direct summand of X.

Given a non-zero injective object X, we use Zorn’s lemma and obtain a
maximal family of indecomposable injective subobjects (X;);e; such that the
sum X’ = ;<7 X; is direct. This yields a decomposition X = E(X’) & X", and
X" =0 by the first part of the proof.

We sketch the argument for the uniqueness statement. One passes to the
spectral category of A, which is by definition the localisation A[Ess™'] with
respect to the class Ess of essential monomorphisms (cf. Proposition 2.5.9).
This is a split exact Grothendieck category, so each object decomposes into
simple objects, and the canonical functor A — A[Ess~'] identifies each object
in A with its injective envelope. Now one applies the Krull-Remak—Schmidt—
Azumaya theorem (Theorem 2.5.8). O

Letus discuss a variation of the Kull-Gabriel filtration which yields a possible
refinement. Fix again an essentially small abelian category C and consider an
ascending chain of Serre subcategories C* C € which is indexed by the ordinals
@ < K:

0=C'celcelc...cec=¢.

Suppose that C%*1/C? is a length category for all @ < «, and ¥ = Up<a eA
for any limit ordinal @ < «. As before, define Sp®* A to be the set of objects
F € SpA such that F(C%) = 0 and F(X) # O for some object X which is
simple in G+ /@2,

Proposition 14.1.6. We have KG.dim C < «, and Sp A equals the disjoint
union | |y, Sp® A. Moreover, for each a < « there is a bijection between
Sp® A and the set of isomorphism classes of simple objects in C¥*1 /@2,

Proof It follows by induction from Lemma 14.1.1 that KG.dim € < «. The de-
scription of Sp A is analogous to Proposition 14.1.4, and the proof is essentially
the same. O

The Lattice of Subobjects

Let C be an essentially small abelian category. For an object X € C we denote by
L(X) its lattice of subobjects and note that this lattice is modular. The Krull-
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14.1 The Krull-Gabriel Filtration 439

Gabriel filtration of C is reflected by a cofiltration of L(X) for each object
X € C. The description of this cofiltration requires the following definition.

Let L be a modular lattice. Recall that a lattice has finite length if there
is a finite chain 0 = xp < x; < --- < x,, = 1 which cannot be refined. An
equivalent condition is that L satisfies both chain conditions. Given elements
x,y € L we write x ~ y if the interval [x A y,x V y] has finite length. Then ~
defines a congruence relation on L. This means the set of equivalence classes
L/~ carries again the structure of a modular lattice and the canonical map
L — L/~ is a lattice homomorphism.

Let us define a cofiltration of L which is indexed by the ordinals & > —1:

- L =1L,
- Lo=Lg/~whena=p8+1,

— L, =colimy ., L, when « is a limit ordinal.

We denote by L the colimit of this cofiltration. If L., = O then the smallest
ordinal « such that L, = O is called the minimal dimension (or simply m-
dimension) of L and is denoted m.dim L. We write m.dim L < oo in this case,
and m.dim L = co when L, # 0.

Remark 14.1.7. If m.dim L < oo, then m.dim L = 8 + 1 for some ordinal 8. To
see this consider the set /,, of elements x € L that L — L, maps to 0. Note
that I, = U, <o I, when « is a limit ordinal. Moreover, L, = 0 if and only if
1el,.

We collect some basic properties of the m-dimension and begin with an
elementary observation.

Lemma 14.1.8. Let F: C — D be an exact functor between abelian categories
and X € Canobject. Then F induces a lattice homomorphismL(X) — L(FX).
This map is surjective when F is a quotient functor.

Proof Given subobjects U,V C X, then F(UNV) = F(U) N F(V) and
F(U+V) = F(U) + F(V) since F is exact. Thus L(X) — L(FX) is a
homomorphism. When F is a quotient functor then we can apply the lemma
below. O

Lemma 14.1.9. Let C be an abelian category and Q: C — C/B the quotient
Sfunctor given by a Serre subcategory B C C. Then for any exact sequence 0 —

X - Y — Z — 0inC/B there is an exact sequence 0 — X' 2, Y LR Z' -0
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440 Krull-Gabriel Dimension

in C inducing the following commutative diagram.

0 X V4 0
0 X’ o(¢) Q(¥) 7 0

Proof We consider the morphism X — Y in C/B. Then there are subob-
jects X; € X and Y} C Y in C such that X/X; and Y] belong to B, plus a
morphism ¢;: X; — Y/Y; in € inducing the following commutative square
(Lemma 2.2.4).

X —Y

X O(¢1) Y/Y,

We form in € the following pullback.

[45)

X, —— Y

[

X, 2 vy

Now choose for ¢: X’ — Y the inclusion Im¢, — Y and fory: ¥ — Z’ the
cokernel of ¢. O

The following lemma describes the lattice of subobjects corresponding to
the Krull-Gabriel filtration of an abelian category.

Lemma 14.1.10. Let C be an essentially small abelian category and qo: C —
C/Cq the quotient functor for an ordinal a. Given an object X € C, the canonical
map L(X) — L(qoX) induces an isomorphism L(X), = L(qoX). Therefore
X € Cyifand only if L(X) o =0, and X € Cw if and only if L(X) = 0.

Proof 1t follows from Lemma 14.1.8 that the map L(X) — L(gX) is sur-
jective. We compare this map with the canonical map L(X) — L(X),, and it
suffices to show that both maps identify the same elements in L.(X). This is done
by induction. For the step 8 +— S+ 1 suppose L(X)g = L(ggX) and consider
subobjects U € V C X. Then the map L(¢ggX) — L(gp+1X) identifies U and
V if and only if V /U has finite length in C/Cg if and only if L(X)g — L(X)g+1
identifies U and V. This yields the isomorphism L(X), = L(gX). In partic-
ular, X € C, if and only if L(X), = 0. O

A dense chain in a lattice is a sublattice C # 0 having the property that for

https://doi.org/10.1017/9781108979108.022 Published online by Cambridge University Press


https://doi.org/10.1017/9781108979108.022

14.1 The Krull-Gabriel Filtration 441

every pair x < y in C there is z € C with x < z < y. Note that having a dense
chain is equivalent to having a sublattice isomorphic to

D={p-27"€[0,1]nQ| p,n e N}
Lemma 14.1.11. There is a dense chain in L if and only if m.dim L = co.

Proof Letrm: L — L be the canonical map. If L, # 0, then L is a dense
chain in L. Thus we can construct inductively a dense chain isomorphic to
D in L, since for any pair x < y in L with 7(X) < n(y) there is some z € L
with 7(X) < n(z) < n(y), and therefore x < z’ < y forz’ = (x V z) A y. Now
suppose there is a dense chain in L, say between x and y. Using induction one
shows that 7(x) # n(y), and therefore m.dim L = oo. O

We record a useful consequence.

Proposition 14.1.12. Let C be an essentially small abelian category. Then Co
contains all noetherian and all artinian objects.

Proof Let X be noetherian or artinian. Then L(X) does not contain a dense
chain, and therefore m.dimL(X) < co by Lemma 14.1.11. Thus X € Cs by
Lemma 14.1.10. O

Corollary 14.1.13. KG.dim € < co when all objects in C are noetherian.

Example: Commutative Noetherian Rings

Let A be a commutative noetherian ring. We compute the Krull-Gabriel di-
mension of the abelian category mod A. This justifies the terminology, because
this dimension coincides with the Krull dimension of the ring A.

Let X € C be an object of an abelian category C and suppose X € C, for
some ordinal a. Then the smallest ordinal @ with this property is called the
Krull-Gabriel dimension and is denoted KG.dim X.

Proposition 14.1.14. Let A be a commutative noetherian ring. Forp € Spec A
and n € N we have KG.dim A/p < n if and only if every proper chain

P=PoCPiCPpC---CPp,r
in Spec A has length r < n. Therefore KG.dim(mod A) < n if and only if every

proper chain of prime ideals has length at most n.

Proof We use the correspondence between Serre subcategories € € mod A
and specialisation closed subsets of Spec A, which takes € to Supp € (Propo-
sition 2.4.8). Then the assertion follows easily by an induction on n from the
lemma below. O
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442 Krull-Gabriel Dimension

Lemma 14.1.15. Let C C mod A be a Serre subcategory and V = Supp C.

Then the object A/p is simple in (mod A)/C if and only if p ¢ V and q € V for
allp Cq.

Proof We may assume that A/pisnotin C. Then it follows from Lemma 14.1.9
that A/p is simple in (mod A)/C if and only if for every proper epimorphism
A/p — A/a in mod A we have A/a € C. Recall that Supp A/a = V(a) for
every ideal a (Lemma 2.4.1). Thus A/a € C for every p C a if and only if
V(a) € Vforevery p C aifand only if ¢ € Vforall p C q. O

Pure-Injective Objects

Let A be a locally finitely presented category. The Krull-Gabriel filtration of
Ab(A) provides a method of classifying the pure-injective objects of A. As
before, this is done in two steps: first the indecomposable objects, and then the
general case.

We use the embedding ev: A — P(A) into the purity category, which
identifies Ab(A) = fpP(A) and Ind A = SpP(A); see Lemma 12.1.4 and
Lemma 12.1.17. For each ordinal « set Ind,, A = Sp, P(A).

The following is a direct consequence of Proposition 14.1.4.

Corollary 14.1.16. Suppose that KG.dim Ab(A) = k. Then Ind A equals the
disjoint union | |,., Indg A. Moreover, for each ordinal @ < « there is a

bijection between Ind, A and the set of isomorphism classes of simple objects
in Ab(A)/Ab(A),. O

If the Krull-Gabriel dimension is defined, then one obtains a classification
of all pure-injective objects. This follows from Proposition 14.1.5, since pure-
injective objects in A identify with injective objects in P(A) by Lemma 12.1.8.

Corollary 14.1.17. Suppose that KG.dim Ab(A) = k. Then every pure-injective
object X in A is the pure-injective envelope of a coproduct of indecomposable
pure-injectives | |; <y Xi. The isomorphism classes of the X; and their multiplic-
ities are uniquely determined by X. O

The Krull-Gabriel filtration provides a useful method of classifying ob-
jects, even when KG.dim Ab(A) = oo. Given a class of objects X C A, we
may consider the dimension KG.dim Ab(X) of the corresponding abelian cat-
egory Ab(X). For example, an object X € A is endofinite if and only if
KG.dim Ab(X) < 0, by Proposition 13.1.9. Also, KG.dim Ab(X) < co when
X is X-pure-injective, by Theorem 12.3.4 and Corollary 14.1.13.
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Endofinite Objects

Let A be alocally finitely presented category. Then the Krull-Gabriel filtration
produces endofinite objects, provided the dimension is defined and is not a limit
ordinal.

Proposition 14.1.18. Suppose that KG.dim Ab(A) = k + 1. Then the objects
in Ind, A are endofinite.

Proof Let X € Indi A. Then the abelian category Ab(X) is by definition a
quotient of Ab(A)/Ab(A),, which is a length category by assumption. Thus
Ab(X) is a length category, and therefore X is endofinite by Proposition 13.1.9.

m]

Proposition 14.1.19. Suppose that Ind A is quasi-compact and let X # 0 be
a X-pure-injective object in A. Then the definable subcategory generated by X
contains an indecomposable endofinite object.

Proof The objects in Ab(X) are noetherian since X is X-pure-injective; see
Theorem 12.3.4. Thus KG.dim Ab(X) < co by Proposition 14.1.12. Because
Ind A is quasi-compact, the abelian category Ab(X) is finitely generated by
Proposition 12.3.11. Thus KG.dim Ab(X) = « + 1 for some ordinal x by
Lemma 14.1.2. Consider the quotient functor

0: Ab(A) -» Ab(X) - Ab(X)/Ab(X),

and choose any object Y € Ind.A such that ¥ factors through Q. Then Ab(Y)
is a quotient of Ab(X)/Ab(X), and therefore a length category. Thus Y is
endofinite by Proposition 13.1.9. Also, Y belongs to the definable subcategory
generated by X since Ab(Y) is a quotient of Ab(X). O

Remark 14.1.20. When X is X-pure-injective, then any object in the definable
closure of X is actually a direct summand of a product of copies of X, by
Theorem 12.3.4.

Interesting examples arise from Priifer modules over Artin algebras, which
are Z-pure-injective by Proposition 12.3.9. With an additional assumption there
are no finite length indecomposable direct summands.

Example 14.1.21. Let A be an Artin algebra and X a Priifer module, given by
an endomorphism ¢: X — X such that X = J,,»( Ker ¢" with Ker ¢ of finite
length. Suppose that each inclusion Ker ¢ — Ker ¢"*! is a radical morphism.
Then there is a generic module in the definable subcategory generated by X.

Proof We can apply Proposition 14.1.19 since Ind A is quasi-compact. The
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assumption on the inclusions Ker ¢” — Ker ¢"*! implies that X has no inde-
composable direct summand of finite length. It follows from Theorem 12.4.15
that there is no indecomposable module of finite length in the definable sub-
category generated by X. O

14.2 Examples of Krull-Gabriel Filtrations

In this section we compute the Krull-Gabriel filtration for several examples.
In each case we obtain as a consequence an explicit classification of all pure-
injective objects.

Uniserial Categories

Let A be a locally finitely presented abelian category and set C = fp A. Let
us compute the Krull-Gabriel filtration of Ab(A) = Fp(C, Ab)°? when C is
uniserial.

We write Fp,(C, Ab) for the Serre subcategory consisting of all finite length
objects in Fp(C, Ab), and Eff(C, Ab) denotes the Serre subcategory of efface-
able functors in Fp(C, Ab) given by all functors F with presentation

0 — Hom(Z,-) — Hom(Y,-) — Hom(X,-) — F — 0
coming from an exact sequence 0 > X - Y — Z — 0in C.
Proposition 14.2.1. Let C = fp A be uniserial. Then we have
Fpy(C,Ab)* ={X € IndA | X ¢ fpA} and Eff(C,Ab)* =Ind A NInjA.
In particular, Eff (C, Ab) € Fp,(C, Ab).

Proof Let X € IndA. Then X is the source of a left almost split morphism
by Corollary 13.1.30, and therefore X is an injective envelope of a simple
object S in P(A) by Theorem 12.3.13. Note that S is finitely presented when
X is finitely presented. Thus X € fp A implies X ¢ Fp,(C, Ab)*. On the other
hand, when F in Fp(C, Ab) is simple and the quotient of Hom(Y, —), then we
may choose Y indecomposable, and it is pure-injective since Y is endofinite by
Corollary 13.1.29. Thus Y is an injective envelope of F in P(A). It follows that
X ¢ Fpy(C, Ab)* implies X € fp A.

The identity Eff (€, Ab)* = Ind A N Inj A is Proposition 12.3.17.

The inclusion Eff(C, Ab) C Fp,(C, Ab) is clear since X € Ind A and X ¢
fp A implies X € Inj A, by Theorem 13.1.28. O
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We recall from Proposition 2.3.3 the equivalence
Fp(C, Ab) /Eff(C, Ab) — C°
and record some consequences.
Corollary 14.2.2. We have KG.dim Ab(A) < 1. O

Corollary 14.2.3. We have Fp,(C, Ab) = Eff(C, Ab) if and only if all injective
objects in C are zero. O

Dedekind Domains

Let A be a Dedekind domain, that is, a commutative hereditary integral domain.
For simplicity we assume that A is not a field. We write modg A for the category
of finite length A-modules, Q(A) for the quotient field, and Max A for the set
of maximal ideals. Note that

mody A = U To and (mod A)/(mody A) = mod Q(A),
peMax A

where T, denotes the uniserial category of finite length p-torsion modules.
Recall that a module is p-forsion if each element is annihilated by some power
of p.

Let us consider the functor 7: Fp(mod A, Ab) — (mod A)°P given by

Coker Hom(¢, —) — Ker ¢ (¢ a morphism in mod A).

We write Eff(mod A, Ab) for the Serre subcategory of Fp(mod A, Ab) given
by all functors F with presentation

0 — Hom(Z,-) — Hom(Y,-) — Hom(X,-) — F — 0

coming from an exact sequence 0 - X — Y — Z — 0 in mod A. Clearly,
Ker 7 = Eff(mod A, Ab). Furthermore, let Fp(mod A, Ab)’ denote the kernel
of the composite

Fp(mod A, Ab) — 2 (mod A)» 224,

(mod Q(A))°P.
Lemma 14.2.4. The functor  induces an equivalence
Fp(mod A, Ab) /Eff (mod A, Ab) = (mod A)°P

which yields further equivalences

Fp(mod A, Ab)’/Eff(mod A, Ab) —=> (mody A)°P
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and

Fp(mod A, Ab) /Fp(mod A, Ab)" = (mod Q(A))°P.

Proof The functor r is a left adjoint of (mod A)°® — Fp(mod A, Ab) given
by X +— Hom(X, —). Thus the first equivalence follows from Proposition 2.3.3.
The other equivalences are then consequences which are derived from the

[‘r‘l‘:ii = mod Q(A); see Proposition 2.2.8. O

equivalence
Next consider the functor
7: Eff(mod A, Ab) — mod A, F— F(A).
Lemma 14.2.5. The functor T induces an equivalence
Eff(mod A, Ab)/(Ker7) = mody A,
and the inclusion modyg A — mod A induces an equivalence
Eff(mody A, Ab) = Ker~.

Proof A torsion module X with projective presentation 0 — P; — Py —
X — 0 induces an exact sequence

0 — Hom(X, —) — Hom(Py, —) — Hom(P;,—) — Ext' (X,-) — 0

in Eff(mod A, Ab), and evaluating at A yields an isomorphism Ext' (X, A) =
Tr X. Thus the functor 7 is a right adjoint of o-: mody A — Eff(mod A, Ab)
givenby X +— Ext!(Tr X, —) and satisfying Too = id. Now the first equivalence
follows from Proposition 2.2.11.

The second equivalence is easily checked; it uses that Hom(X, A) = 0 for all
X € modg A, and a quasi-inverse is given by F +— F|mod, A- O

For an abelian category A let A denote the full subcategory consisting of
all objects of finite length.

Lemma 14.2.6. We have Eff(modg A, Ab) = Fp,(modg A, Ab). In particular,
the assignment

A/p" —> Hom(A/p",-)/Rad(A/p", -)

identifies the indecomposable objects in modgy A with the simple objects of the
category Eff (modg A, Ab).

Proof The category mody A is uniserial and has no non-zero injective objects.
Thus finite length functors and effaceable functors in Fp(mody A, Ab) coincide.
This follows from Corollary 14.2.3.

Each indecomposable object in mody A is the source of an almost split

https://doi.org/10.1017/9781108979108.022 Published online by Cambridge University Press


https://doi.org/10.1017/9781108979108.022

14.2 Examples of Krull-Gabriel Filtrations 447

morphism A/p" — A/p""! @ A/p™*!, and this provides in Fp(modg A, Ab)
the presentation of a simple functor

Hom(A/p""!, -) @ Hom(A/p™*', =) — Hom(A/p",-) — Sapm — 0.

Clearly, any simple functor § is of this form, because we have S(X) # 0 for
some indecomposable object X. O

For p € Max A set
Apo = colim A /p" and A, =limA/p".
Note that Ay~ is an injective envelope of A/p, while
A, = limHom(A/p", Ap=) = Hom(colim A/p", Ap=) = Hom(Aps, Aps).

In particular, both modules are indecomposable and pure-injective. The module
Ay is called a Priifer module, while Ap is called adic.

Theorem 14.2.7. The abelian category Ab(A) = Fp(mod A, Ab) admits a
filtration

{0} C Eff(mody A, Ab) C Eff(mod A, Ab) € Fp(mod A, Ab)’ C Ab(A)

such that each quotient is a length category. This provides a complete list of
indecomposable pure-injective A-modules, by taking the injective envelope of
a functor that is simple in one of the quotient categories.

(1) The simples in Eff(mody A, Ab) correspond to A/p", p € Max A, n > 1.
(2) The simples in % correspond to Ap, p € Max A.

(3) The simples in % correspond to Ap~, p € Max A.

(4) The simple in % corresponds to Q(A).

The modules A/p" and Q(A) are endofinite. The modules Ap~ are X-pure-
injective.

Proof The filtration of Fp(mod A, Ab) follows from the series of the above
lemmas. This yields a classification of all indecomposable pure-injective A-
modules, using the analogue of Corollary 14.1.16 which is based on the Krull—
Gabriel filtration; see also Proposition 14.1.6.

Lemma 14.2.6 takes care of the first layer of the filtration. Lemma 14.2.4
describes the last two layers of the filtration, which yield the indecomposable
injective A-modules by Proposition 12.3.17. The remaining layer is given by
Lemma 14.2.5 and yields the remaining indecomposable pure-injectives.

It is clear that A/p" has endolength n, while Q(A) has endolength 1. The
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module Ay~ is actually injective, and therefore X-injective since the ring A is
noetherian; see Theorem 11.2.12. O

Corollary 14.2.8. We have KG.dim Ab(A) = 2 and obtain the following filtra-
tion of Ind A:

Ind {A={A/p" |peMaxA,n>1}
Indg A = {Ap~ | p € Max A} U {4, | p € Max A}
Ind; A ={Q(A)}.

Proof For the category of finite length objects in Ab(A) = Fp(mod A, Ab)
we have

Eff(modj A, Ab) = Fp,(mody A, Ab) = Ab(A)g
and obtain the following commutative diagram where all functors are exact.

Eff(mody A, Ab) —— Fp(mod A, Ab) —» Ab(A)/Ab(A),

I H l

Eff(mod A, Ab) ——— Fp(mod A, Ab) ———» (mod A)°P

I H l

Fp(mod A, Ab)’ —— Fp(mod A, Ab) — (mod Q(A))°P
The assignment
(X,Y) — Ext'(Tr X, -) ® Hom(Y, -)
provides an equivalence
(mody A) X (modg A)°P = Ab(A);/Ab(A)o.
Thus Ab(A); = Fp(mod A, Ab)” and we obtain the Krull-Gabriel filtration
{0} € Eff(mody A, Ab) C Fp(mod A, Ab)” C Ab(A).
It follows that KG.dim Ab(A) = 2. O

A subset U C Ind A is Ziegler closed if and only if the following conditions
are satisfied.

(1) If pe Max A and {n > 1 | A/p" € U} is infinite, then Ay, A, € U.
(2) If U contains infinitely many finite length modules or a module that is not
of finite length, then Q(A) € U.
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The Projective Line

Let k be a field and P}( the projective line over k. We view P}( as a scheme
and consider the category Qcoh P}( of quasi-coherent sheaves on ]P’,lc. This is
a locally finitely presented category and the subcategory of finitely presented
objects identifies with coh IP’,I(. We denote by Ind P}( the set Ind(Qcoh ]P’,lc) of
indecomposable pure-injectives.

Recall that we have the following pullback of abelian categories

cohP}( — > mod k[y]
mod k[y~'] —— mod k[y,y™!]

which extends to a pullback of Grothendieck categories.

Qcoh P}{ —— Mod k[y]

| |

Mod k[y~'] —— Mod k[y,y™!]

This reflects the covering IP’}( = U’ U U"” where we identify
U’ = Spec k[y] U” = Speck[y™!] U'NnU" =Speck[y,y™'].

We use this covering to describe Ind P}C, though it does not extend to a full
covering of Ind P,lc. To be more precise, the functors Qcoh P}c — Mod k[y]
and Qcoh P}( — Mod k[y~'] admit fully faithful right adjoints, which iden-
tify Mod k[y] and Mod k[y~'] with definable subcategories of Qcoh P, ; this
follows from Theorem 12.2.9. In particular, we have embeddings Ind k[y] C
IndP; and Ind k[y~'] € Ind P} with

Indk[y] NInd k[y~'] = Ind k[y, y~'].
However, Ind P}, # Ind k[y] U Ind k[y~'].

The classification of indecomposable pure-injective modules over the Dede-
kind domain A = k[y] from Theorem 14.2.7 provides a description of most
objects in IndP,. For instance, the inclusion Ind A — IndP; extends the in-
clusion Spec A — P}( and is given by

AP Oy Aps > Opo i=colim Opn Ay > Oy = lim Opn.
Also, Q(A) — 2, with 2 the sheaf of rational functions.

Theorem 14.2.9. The following is, up to isomorphism, a complete list of inde-
composable pure-injective quasi-coherent sheaves on ]P’llc.
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(1) Foreach n € Z, the sheaf C(n).

(2) For each closed point p € ]P’]l< and r > 1, the sheaf Oyr.
(3) For each closed point p € P, the sheaves Oy~ and O).
(4) The sheaf of rational functions 2.

The coherent sheaves and 2 are endofinite objects. The sheaves Oy~ are %-
pure-injective objects.

Note that Oy~ is the injective envelope of ). Also, the sheaf of rational
functions 2 is an injective object. This follows from the analogous fact in
Mod A for A = k[y], using that the functor Mod A — Qcoh ]P’,l( preserves
injectivity.

The proof of the above theorem amounts to an analysis of the abelian category

Ab(P}) := Ab(QcohP}) = Fp(C, Ab)®?  with € = cohPy,

and we begin with some preparations.
Let Cy := cohg ]P}{ denote the category of torsion sheaves, which equals the
category of finite length objects in C, and set

Cy:={Y € C|Hom(X,Y)=0forall X € Cp}.
Lemma 14.2.10. (Cy, C,) is a split torsion pair for C.

Proof Fix an object X € C. Since X is noetherian, there exists a maximal
subobject X, of finite length. Then every finite length subobject is necessarily
contained in Xy, so it is unique. Next, if ¢: § — X/Xj is non-zero for some
simple S, then ¢ is injective and we can form the pullback to obtain a larger
finite length subobject of X, a contradiction. Thus X/X, € C,, and therefore
(Cop, C4) is a torsion pair.

We know from the classification of objects in C that C = Gy Vv C,. Thus the
torsion pair (€, C,) is split, so Xy is a direct summand of X. Alternatively, one
uses Serre duality (Example 6.5.4). O

Next we consider the subcategories Cy and €, of Qcoh P}( which are obtained

by closing under filtered colimits. Observe that éo and é+ are locally finitely
presented categories, with fp Cy = Cg and fp C; = C,.

Proposition 14.2.11. We have
IndP. = Ind €y L Ind &,

Proof The subcategory C; C € is covariantly finite because the inclusion
admits a left adjoint. From this it follows that C, is a definable subcategory;
see Example 12.2.6. Therefore Ind P}( NGy =1IndC,.

https://doi.org/10.1017/9781108979108.022 Published online by Cambridge University Press


https://doi.org/10.1017/9781108979108.022

14.2 Examples of Krull-Gabriel Filtrations 451

The category Cy is uniserial, and therefore all mdecomposable objects in Go
are pure-injective, by Theorem 13.1.28. Thus Ind Pl N (?0 =Ind (30
Any object X € Ind Pl fits into a pure-exact sequence 0 — X9 — X —

X, — 0 with Xy € Gy and X, € C,; see Example 12.1.10. If X, # 0, then
Xo has an indecomposable direct summand which is pure-injective, again by
Theorem 13.1.28. Thus X, = X. O

Proposition 14.2.12. We have KG.dim(grmod k [x, y]) = 2, with filtration
0 € grmod,, k[x, y] € grmod, k[x,y] C grmod k[x, y]
and subquotients grmod,, k[x, y] = grmod k,

d, k[x, d k[ x,
ermodi K6 ) oo bt g EOIRLE .
grmod, k [x, y] grmod, k[x, y]

Proof Proposition 5.1.6 yields equivalences

1
grmod k [x, y] s cohP!  and coh P,
k

grmod, k[x, y] cohgp ]P’,l(

— mod k(1).

From this the assertion follows. m]

Proof of Theorem 14.2.9  First observe that all objects from the list are pure-
injective. In fact, each object X € C is endofinite since Hom(C, X) has finite
length over k and therefore also over End(X) for all C € C. The inclusion
Indk[y] — Ind IP’}{ preserves endofiniteness and X-pure-injectivity, since these
properties are preserved by any inclusion of a definable subcategory. Thus 2
is endofinite and each 0y~ is X-pure-injective, by Theorem 14.2.7.

It remains to show that the list is complete. We argue via a filtration of
Ab(P ). The split torsion pair (Cy, C,) yields a sequence of additive functors

e, —— e 2% e/e, e

which induces a diagram of exact functors

Fp(Co, Ab) =2 Fp(C, Ab) ——» Fp(€,, Ab)

by Proposition 2.2.20 and Example 2.2.21. Now observe that the canonical
functor grmod k[x,y] —» coh P}( induces an equivalence grprojk[x,y] =
C+ when restricted to the subcategory of projective modules. Thus we have
filtrations

0 C Eff(Cy, Ab) C Fp(Cy, Ab)
and

0 € grmod,, k[x, y] € grmod, k[x, y] € grmod k[x, y] = Fp(C,, Ab)
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such that each subquotient is a length category, by Corollary 14.2.3 and Propo-
sition 14.2.12.

From these filtrations we obtain a classification of all indecomposable pure-
injective objects, using the analogue of Corollary 14.1.16 which is based on
the Krull-Gabriel filtration; see also Proposition 14.1.6. To be more precise,
the filtration of Fp(Cy, Ab) yields the objects in Ind éo, while the filtration of
Fp(C,, Ab) yields the objects in Ind é+, keeping in mind the decomposition

IndP} = Ind Gy U Ind &,

from Proposition 14.2.11. We have 0, and Oy~ in Co, with the sheaves O,
corresponding to the simple objects in Fp(Cy, Ab). On the other hand, the
sheaves &'(n) correspond to the simple objects in Fp(C,, Ab), the sheaves ﬁAp
correspond to the simple objects in the next layer of Fp(C,, Ab), while the sheaf
of rational functions 2 arises from the last layer of Fp(C,, Ab). m]

Remark 14.2.13. We have KG.dim Ab(P}() = 2 and obtain the following filtra-
tion of Ind P; :
Ind_1 P} ={0(n) |In€Z}U{Oy | peP,r>1}
IndyP} = {Op | p €PLYU{O, | p € P}}
Ind; P, = {2}.

This is the analogue of Corollary 14.2.8 with a similar proof.

The Kronecker Quiver
We consider the following Kronecker quiver

o33 o

and fix a field k. A representation (V, W, ¢,) consists of a pair of vector
spaces together with a pair of linear maps between them

¢

Vv —= W.

v
The representations of the Kronecker quiver identify with modules over its path
algebra, which is the Kronecker algebra.

The sheaf .7 = & & (1) is a tilting object of coh P}( and its endomorphism

algebra A = End(.7") identifies with the Kronecker algebra, because of (5.1.7)
and (5.1.8). Thus the functor Hom(.7, —) induces a triangle equivalence

D?(cohP}) = D’ (mod A).
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This follows from Theorem 5.1.2. In fact, the tilting object .7 induces a split
torsion pair (T, F) for coh P!, and we have

T = (cohy P}{) V (add{0'(n) | n = 0}) and F =add{0(n) | n < 0}.

On the other hand, there is a split torsion pair (U, V) for mod A with equiva-
lences

Hom(Z,-): T =57V and Ext'(7,-): F = U.
An explicit description is given in Proposition 5.1.17. In particular, we have
V= (regA) V (add{P, | n = 0}) and U = add{I, | n = 0}.

The following diagram illustrates the tilting from coh JP’,‘C to mod A.

F T X7

[
coh, P} cohy P}
|

mod A

Next we extend the torsion pairs by taking for each subcategory the closure
under filtered colimits; see Example 12.1.10. Observe that f} and ﬁ are locally
finitely presented categories such that each object decomposes into a coproduct
of finitely presented objects, and such that each object is pure-injective and
pure-projective; see Theorem 13.1.20 and Example 13.1.21.

The following is the analogue of Proposition 14.2.11.

Proposition 14.2.14. We have
IndP' =IndTUIndF  and  IndA=IndU U Ind V.

Proof The proof is essentially the same as that for Proposition 14.2.11. That
each indecomposable pure-injective object over P}{ or A belongs to one of the
subcategories uses the fact that the objects in F and U are pure-injective and
pure-projective so that both torsion pairs yield split exact sequences. O

The functor Hom(.7, —) preserves filtered colimits and extends therefore
to an equivalence J = V. Analogously, Ext! (.7, ) yields an equivalence
F = U Combining these equivalences with Proposition 5.1.17 and Proposi-
tion 14.2.14 gives the following bijection Ind P! =5 Ind A:

ﬁpn (g an ﬁpw g Rpoc ﬁ"p = [\;p o@ = Q
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and

On)—» P, (nz20) O Ly (n<0).
In fact, we use that Oy~ = colim Oy, so

Ry~ 1= colim Ry» = colimHom(.7, Op») = Hom(.7, Op=).

PN

Analogously, 0, = 1lim Oy, so
Ry := lim Ryn = limHom(.7, Opn) = Hom(.7, O).

Finally, the distinguished sheaf 2 (indecomposable endofinite but not finitely
presented) corresponding to the generic point of ]P’}( is mapped to the distin-
guished module Q, which is indecomposable endofinite but not finitely pre-
sented.

The following theorem summarises the description of Ind A.

Theorem 14.2.15. The following is, up to isomorphism, a complete list of
indecomposable pure-injective A-modules.

(1) For each n > 0, the modules P,, and I,.

(2) For each closed p € P,lc andr > 1, the module Ryr.

(3) For each closed p € P}, the Priifer module Ry~ and the adic module Ry.
(4) The generic module Q.

The finitely presented modules and Q are endofinite. The modules Ry~ are
2-pure-injective. |

Remark 14.2.16. We have KG.dim Ab(A) = 2 and obtain the following filtra-
tion of Ind A:

Ind_; A=Ind A NmodA
Indg A= {Rp~ | p P} U{Ry | p Py}
Ind; A = {Q}.
This is the analogue of Corollary 14.2.8 with a similar proof.
A subset U € Ind A is Ziegler closed if and only if the following conditions

are satisfied.

(1) Ry~ € U provided Hom(Ry, X) # O for infinitely many X € U N mod A.

2) R% € U provided Hom(X, Rp) # 0 for infinitely many X € U N mod A.

(3) O € U provided U contains infinitely many finite length modules or a
module that is not of finite length.
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Injective Cohomology Representations

Let G be a finite group and k a field of characteristic p > 0. We recall the
functor T: Inj H*(G, k) — StMod kG; it identifies the torsion free injective
H*(G, k)-modules with a definable subcategory of Mod kG which we denote
by T(G, k) (Corollary 12.4.24).

The p-rank of a finite group G is the largest integer n such that G has an
elementary abelian subgroup of order p". We note that the Krull dimension of
H*(G, k) equals the p-rank of G by a theorem of Quillen [29, Theorem 5.3.8].

Proposition 14.2.17. KG.dim Ab(T(G, k)) + 1 equals the p-rank of G.

Proof Set R = H*(G, k). We consider the category of graded R-modules
and the definable subcategory Inj R of injective R-modules. It follows from
Proposition 14.1.14 that the Krull dimension of H*(G, k) equals

KG.dim Ab(Inj R) = KG.dim Ab(grmod R).
For the definable subcategory Inj, R of torsion free modules we have

KG.dim Ab(Inj, R) = KG.dim Ab((grmod R)/(grmod, R))
= KG.dim Ab(grmod R) — 1.

We claim that
KG.dim Ab(Inj, R) = KG.dim Ab(T(G, k)),

and then the proof is complete because of Quillen’s result. The claim follows
from an iterated application of the lemma below, because the functor 7' preserves
products and coproducts, so it identifies isolated points. O

Let A be a locally finitely presented category and B C A a definable sub-
category. We consider the Krull-Gabriel filtration of Ab(B) and this yields
subsets Ind, B € Ind B := B N Ind A for each ordinal o > —1.

Lemma 14.2.18. Suppose that Ab(B) is noetherian. Then for a« > —1 and
X € U := g5, Indg B the following are equivalent.

(1) X is isolated, so {X} C U is open.

(2) X € Ind, B.

(3) If X is isomorphic to a direct summand of a product [1;c; Y; of indecom-
posable objects in U, then X = Y; for somei € I.

Proof Apply Theorem 12.3.13. The assumption on Ab(B) to be noetherian
is needed; it implies that each simple object in P(B) is finitely presented. O
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Example 14.2.19. Let G = Z/2XZ/2 and k be a field of characteristic two. We
denote by A the path algebra of the Kronecker quiver. Then (5.1.23) provides a
functor Mod A — Mod kG which identifies the Priifer modules Ry~ (p € P})
and the generic module Q with the indecomposable objects in T(G, k).

Notes

The method of classifying the pure-injective objects via the Krull-Gabriel
filtration is taken from Jensen and Lenzing [118], which is modelled after [79].
Note that the corresponding dimensions may differ, depending on the use of
all simple objects versus the use of the finitely presented simple objects in a
locally finitely presented Grothendieck category.

The general decomposition theory of injective objects in Grothendieck cat-
egories is based on the spectral category in the sense of Gabriel and Oberst
[82].

The classification of pure-injectives works well for modules over Dedekind
domains, and in particular for abelian groups; for the classical approach see
Kaplansky [119] and Fuchs [77].

The striking parallel between abelian groups and modules over tame hered-
itary algebras was pointed out by Ringel [171]. The Krull-Gabriel dimension
for a tame hereditary algebra is equal to two by work of Geigle [87], and for the
Ziegler topology we refer to [161, 174]. The computation of the Krull-Gabriel
filtration for uniserial categories is taken from joint work with Vossieck [135].
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