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Orthogonality and characterizations

of inner product spaces

O.P. Kapoor and Jagadish Prasad

Using the notions of orthogonality in normed linear spaces such

as isosceles, pythagorean, and Birkhoff-James orthogonality, in

this paper we provide some new characterizations of inner product

spaces besides giving simpler proofs of existing similar

characterizations. In addition we prove that in a normed linear

space pythagorean orthogonality is unique and that isosceles

orthogonality is unique if and only if the space is strictly

convex.

1 . Introduction

A normed linear space is called an inner product space if there is an

inner product (x, y) defined in it such that ||x|| = (x, x) . There is a

long list of conditions on the norm, called norm postulates, strong enough

to characterize inner product spaces amongst normed linear spaces. The

best known norm postulate is by Jordan and von Neumann [7],

(JN) x, y € X , \\x+yf + \\x-yf = 2(||x||2+||i/||2) .

The other norm postulates needed here are

(Di) i f x, y € AT, .||x|| = ||2/1| = 1, then \\x+y\\2 + \\x-yf = k [ / ] ;

(D, ~) i f ||x|| = \\y\\ = 1 , then there exist a and 6 with

0 < a < 1 , 0 < g < 1 , such that
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P(l-g) \\ax+(l-a)y\\2 + a(l-a)||Ba;-(l-6)J/||
2 ~ [a+3-2oB][ae+(l-a)(l-g)]

(J) if \\x+y\\ = \\x-y\\ , then \\x+ky\\ = \\x-ky\\ for every real k

[53;

(J-) if \\x+yf = \\xf + ||y||2 then \\x+kyf = \\xf + ||/o,||2 for

every k [5];

(Li) there is a fixed real a # 0, ±1 such that x, y € X and

lb+2/ll = \\x-y\\ imply Ik+oj/H = \\x-ay\\ [«]•

The main purpose of this paper is to give some new characterizations

of inner product spaces and to provide simpler proofs of existing similar

characterizations. Before proceeding further we give below basic

definitions and notations for convenience of reference. Throughout this

paper, X is a real normed linear space. X is called strictly convex if

0 < fc < 1 , x t y imply ||fcc+(l-fc)y|| < fc||a:|| + (l-fc)||i/|| • If x, y € X ,

then x is called isosceles orthogonal to y [x I Ĵ if \\x+y\\ = \\x~y\\ ,

x is called pythagorean orthogonal to y [x I y] if ||x-h/||2 = ||x||2 + \\y\\2

and x is Birkhoff-James orthogonal to y [x I „] if ||x+%|| > ||x|| for

a l l real k . For details of these orthogonalities one can refer to James

[5] , [6]. The following results about these orthogonalities will be useful

for us.

THEOREM 1 (James [ 5 3 , [ 6 ] ) . If x t 0 , y € X , then there exist

numbers a, b, c , and d , such that x I. ax + y , x I bx + y ,

x I T OX + y > ana" dx + y J_ x • Further, if \\y\\ < ||x|| , then

\a\ £ llj/ll/lkll •

An orthogonality _L is called left (right) unique if for x # 0 ,

y € X , there exist only one a such that x j_ ax + y (ax + j / J_ x) . For

isosceles and pythagorean orthogonalities, right and left uniqueness are

equivalent. For Birkhoff-James orthogonality, the following was proved.

THEOREM 2 (James [6]). Birkhoff-James orthogonality is left (right)

unique if and only if X is strictly convex (smooth).
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2. Uniqueness of isosceles and Pythagorean o r thogona l i t y

THEOREM 3. (i) Isosceles orthogonality in X is unique if and only

if X is strictly convex.

(ii) Pythagorean orthogonality is unique.

Proof. (i) Suppose X is strictly convex and isosceles

orthogonality is not unique. I t can be easily seen that there must exist

x # 0 , y (. X , and a number a > 0 , such that x I. y and

x L ax + y . The function q{t) = ||y+te|| , -°° < t < « , is a strictly

convex function with q(l) = q(-l) and 17(0+1) = q(a-l) . In the case

0 < a S 2 we see that

q(a-l) = q^f- (-1) + |] < q(l)

= <?[§ (a-l) + jl - |)(a+l)] < <7(a+l) ,

and that yields a contradiction. In the case a > 2 , q will have two

distinct local minima - one each in the intervals [-1, l] and

[a-1, a+l] . But q is strictly convex and thus can have only one point

of minimum - a global minimum. Again a contradiction is seen. To prove

the other way we start with the assumption that X is not strictly convex.

So let x t y € X such that ||a;|| = \\y\\ = ||x+2/||/2 = 1 . Then

lk+2/ll = llx+zy+z-j/H = \\(x+y)-(x-y)\\ ,

or

II*'II = II* 'VII = \\x'-y'\\ ,

where

x' = x + y and y' = x - y t 0 .

Then we have

ll*'+(i/72)-(» 72)11 = I|x' + (y72)+(»72)|| = lk'-(2/72)-(t,'/2)i| .

Thus

y ' 1 2 1 . x ' + y ' / 2 , a n d y ' / 2 [ ^ x ' - y ' / 2 ,

and therefore the isosceles orthogonality is not unique. That completes
the proof of part (i).
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(ii) Let us assume tha t pythagorean orthogonality i s not unique.

Then we must have elements x i- 0 and y € X , and a number a > 0 such

tha t x I y and x I ax + y ; tha t i s

(1) \\x+y\\2 = ||x||2 + \\y\\2 and \\x+ax+y\\2 = ||x||2 + ||OHH»||2 .

o
Set t ing ^ ( i ) = ||«/+fcc|| we have, "by ( l ) ,

(2) 2

(3) g(a+l) = l|x||2 + g(a) .

Clearly g i s a convex function on -°° < t < to . Let us f i r s t prove that

for 0 < t < 1 and s and s such that S^S-,) / ?(so) w e have

(U) ? ( t S ; L +( l - t ) s 2 ) < tg[Sl) + (l-t)g{s2) .

{l-t)2\\y+s2x\\2

[||2/+Slx||2+||j/+S2x||2-2||j/+Slx||

s ^(sj + U-t)g[s2) ,

where the inequalities will be strict if g[s ) # g{s^\ • That proves (1»)

Now suppose 0 < a < 1 ; we get by using (2), (3), and (k),

(5) g(a) < ag(l) + (l-a)g(O) ,

(6) g(l) < ag(a) + (l

= ag(a) + (l-a) {g(a

and that yields

c^(l) + (l-a)g(O) < g{a) ,

contradicting (5).

In the case a > 1 , we use convexity of g , and (2) and (3) to
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obtain ^(0) t g(a) and g[l) ? 3(01+1) , and then by (h) we get

(7)

and

(8)

contradicting (7)- In the case a = 1 we have

g{2) = g(l) + |M|2 = g(0) + 2\\xf

and

<?(i) < *[g(o)+g(2)) = g(o) + ||x||2 ,

which is false. Thus in all cases we get a contradiction. Hence

Pythagorean orthogonality is unique in any nonned linear space.

3. Characterizations of inner product spaces

We begin with a theorem that combines two results of Day ([7],

Theorems 5.1j 5-2), characterizing inner product spaces.

THEOREM 4. For a noxmed linear space X the following are

equivalent:

(i) X is an inner product space;

(ii) x, y i X , x \ y ^ x \^ y ;

(Hi) x, y £ X , x j^ y =>• x \ y .

Proof, (i) ** (ii) is obvious. To show (ii) •* (Hi) let us first

prove that if (ii) holds then X is strictly convex. If not then there

exist x t y € X such that ||x|| = \\y\\ = »x^tt = 1 , x 1 y . By Theorem

1 there exis ts a number a # 0 such that x I ax + y ; that i s

(9) l|x+ax+y||2 = ||ax+j/f|2 + ||x||2 = 1 + \\ax+y\\2 .

Therefore
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(10) ||(l-Kx)a:+2/|| = \\(l-a)x+y\\ .

By Theorem 1 , | a | £ 1 . From equat ion (9) we get

(2+a)2 = (2+a)2 2Hox+i/||
2 >

That means d > -1 . Thus a = -1 . Then, from (9),

1 = hf = \\x-yf + 1 ,

which contradicts the assumption that x ? y . Thus X is strictly

convex. Now suppose that (ii) does not imply (Hi). There exist points x

and y such that x L y but i I j . Choose a # 0 such that

x I ax + y . But then, by (ii), x j. <xs + y . Thus x _L 2/ and

x I. ax + y , contradicting the uniqueness of isosceles orthogonality in

strictly convex spaces proved in Theorem 3 above.

To prove (Hi) implies (i), we employ the reasoning of ([/], Theorem

5.1). Let ||x|| = ||j/|| = 1 . Then x + y _l x - y and, therefore,

Ik-H/H2 + \\x-yf = Ik+z/fx-z/H2 = 1* .

The result follows from (Di).

THEOREM 5. For a normed linear space X the following are

equivalent:

(i) X is an inner product space;

(ii) x, y Z X , * I

(Hi) x, y t X , x j_j y ^ x \ y .

Proof. (i) *** (ii) is s traight . To prove (ii) =* (iii) we f i r s t show

that i f (ii) holds then X is s t r i c t l y convex. If not, le t x f y such

that ||x|| = Hz/1| = ||(x+2/)/2|| = 1 , x i (x+j/)/2 . There exists a * 0

such that ^ I a £i£ + x . Then

(11)

and, therefore,
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(12) x+y = 1 for al l real k .

With k = -I/a , equation (12) yields |a| 2 1 . Again putting k = - -—
a+£

in equation (12) and using the fact that every convex combination of x

> 1 . Thus a = -1 , and thereforeand y is of norm 1 , gives

1 =

a+2

x+y x~y = 1 +

Hence x = y which is a contradiction. X must therefore be strictly

convex. Suppose that di) does not imply (Hi). Let x and y € X such

that x \ y but x \ y . But then there exists a number a f 0 such

that ay + x \ y . By (££,*, ay + x I y , but that contradicts the left

uniqueness of Birkhoff-James orthogonality in strictly convex spaces stated

in Theorem 2 above. Hence (ii) ̂  (iii).

We now prove (iii) °* (i). Let ||x|| = \\y\\ = 1 . If x J_ y and

X + J / J _ X - J / , then

o o o

h = ||a;+i/+x-i/II = ||x+y|| + \\x-y\\ .

If x J_ z/ , then choose a € / such that x J_ z and x + z j_ x - z .

This choice is possible (see Sundaresan ([9], Lemma l)). Then

llsll2 = \\x+z
2

II
That means ||x|| = ||s|| = l . Let a and
Then

x-s

I • ill -
5 be such that y = ax + gs .

\\yf = ||ax+B3||2 = a2 +

||x«/||2 = ||(l-Kx)x+e2||
2 =

\\x-yf = ||(l-a)x-e3||2 = ( i -a) 2 + 62

Thus again we see that

+ \\x-yf = + 2 =
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Day's criterion (Di) gives the result.

Lorch [S] proved the criterion (Li) mentioned in the beginning,which

was a considerably weakened form of the criterion (J). We give below a

similarly weakened form of (J1).

COROLLARY 6. A normed linear space X is an inner product space if

and only if

(Lj) for some fixed a + 0, 1 ,

" = Ikll2 + hf ~ II*+CK/I|2 = H 2 + \\ay\\2 .

Proof. The case of a = -1 has been proved by Day ([/], Lemma 5-3).

Without loss of generality we can assume that a > 1 . Suppose x and

O O O

y € X are such that \\x+y\\ = \\x\\ + \\y\\ . By repeated application of

(Lj) we will have, for a l l n 2 1 ,

\\y+anxf = \\yf + | |an* | | 2 .

Then, for a l l n > 1 ,

(13)

In the limit we obtain, from (13),

(Ik) 2\\x\\N+(x, y) = 0 ,

where N {x, y) is the right-hand Gateaux derivative of the norm

functional at x in the direction of y . Equation {±k) shows that

x ]_ y (see James [6]). Thus x I y °* x J_ y . Therefore X is an

inner product space by Theorem 5. The necessity of (L^) is easy.

To complete the picture we have the following:

THEOREM 7. For a normed linear space X the following are

equivalent:

(i) X is an inner product space;

(ii) x, y £ X 3 * L S °* * L J »

(Hi) x, y i X 3 x J^ y ** x J_j y .

Proof, (i) =* (ii) and (Hi) is straight. Suppose (ii) holds. Let
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x t 0 , y € X . Choose a such that x I ax + y . But then

x I k(ax+y) for a l l k , because Birkhoff-James orthogonality i s

homogeneous. By (ii), x L k(ax+y) for a l l k . Thus, by Corollary h.J

of [5] , we have (ii) ** (i) . To prove the (iii) =* (i), we proceed as

follows. Let ||x|| = Hj/ll . Then x + y J . x - y and therefore

x + 1/ J.T x ~ U • T h u s w e have

\\x+y+k(x-y)\\ > ||x+z/|| for a l l k .

In part icular for a l l a > 1 we have

2

I* + 2/ + V 1 <a^)|11 a +1 "

Therefore, for al l a > 1 ,

Thus (iii) implies the following criterion of inner product spaces by Lorch

(Ls) IkII = ||i/II =* Wax+a^yW > ||x+y|| for a l l a .

That completes the proof of Theorem 7-

REMARK 8. A proof of (iii) appears in [3 , p . 155] where i t i s l i s t e d

as cr i ter ion (M). In a paper, Holub [4] has announced the equivalence of

(i) and (ii) without proof in the equivalent form, namely: x, y € X ,

\\x\\ = ||i,|| ^ x + j / l j X - y .

THEOREM 9. Let X be a normed linear space and 0 < a, b < 1 .

Then the following are equivalent:

(i) X is an inner product space;

(ii) x, y 6 X and \\x+yf + \\ax+byf = \\ax+yf + \\x+byf

implies x _[_ y ;

(iii) x, y i. X and x |_ y implies

I I * II2
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For proving this we first prove:

LEMMA 10. Let X be a normed linear space and 0 < a, b < 1 ,

0 # x, y € X . Then there exists a number a such that

\\(a+l)x+y\\2 + \\ax+b(ax+y)\\2 = \\ax+ax+y\\2 + \\x+b(ax+y)\\2 .

Proof. Set

g(t) = \\x+tx+y\}2 + \\ax+btx+by\\2 - \\ax+tx+y\\2 - \\x+tbx+by\\2

r + | (x+y)\\ .-llarll^ + jl&c + \ {ax+by)\ - | |bx | | j

(|| I ) ( | + i (x+by)\\ - |

Then, for t # 0 ,

\ (a:-M

i (ax+y)\\ -||x||2)/(l/t) - [|te + \ (x+by)\\ -

and

lim 2 ^ - = 2||x||#+(x, x+j/) + 2\\bx\\N+(bx, ax+by)

- 2\\x\\N+(x, ax+by) - 2\\bx\\N+(bx, x+by)

= 2\\x\\2(X+ab-a-b) > 0 .

Here W+(x, y) and // (x, y) are respectively the right (left) Gateaux

derivatives of the norm at x in the direction of y . For the properties

of these needed here, see ([6], p. 272). Therefore g{t) •+ °° as t •* +00

and git) •*• -°° as t ->• -°° . Hence there is a number a such that

^(a) = 0 , which was to he proved.

Proof of Theorem 9. (i) •» (HJ is straight.

We first show that J is strictly convex. If not,

choose x t y as extreme points of the unit ball of X such that

llxll = \\y II =
X+ty

2

,2

= 1 . Then
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p o o
for otherwise h + (a+b) = (a+l) + (b+l) , which requires a = 1 or

b = 1 . Without loss of generality we assume a > b . By Lemma 10 choose

a * 0 such that

(15)

Then fi£J implies ^ - L a ̂  + y ; that is

(16) ky\\ > = 1 for all real k .

Putting k = - ̂  in (l6) yields |a| 5 1 , and then fe = - ̂  in (l6)

yields |a+2| - 1 . These two together give a = -1 . But then (15) gives

a-b

Therefore

a+b
2

a+l

2-1 a+l
2 x 2

= X • W r i t i n S

1-2)

a+l

We see that y is a convex combination of two points of the unit sphere

which is false since y was taken to be an extreme point of the unit 'ball.

Thus X must be strictly convex. Now suppose (ii) does not imply (Hi).

Let x J_ y and

llx+t/ll2 + Wbx+ayf * llfcx+i/ll2 + ||x+ay||2 .

Choose a # 0 by Lemma 10 such that

O O Q O

||at/+x+j/|| + \\a(ay+x)+by\\ = \\a(ay+x)+y\\ + ||ai/+x+t>j/|| .

But then ay + x J_T y , which violates the left uniqueness of Birkhoff-James

orthogonality in strictly convex spaces. Hence (ii) °* (iii) .

(Hi) "* fiyl Let y J_ x . By ('iiij and the fact ay J_ 3x for all

a and 3 we get
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\\y+x\\2 = \\by+x\)2 + \\y+axf - \\by+ax\\2

= {\\b2y+x\\2+\\by+ax\\2-\\b2y+axf)

+ {\\by+ax\\2
+\\y+a2x\\2-\\by+a2xf) - \\by+ax\\2

= {\\b2y+x\\2+\\y+a2xf) - \\b2y+ax\\2 - \\by+a2xf

+ {\\b2y+ax\\2+\\by+a2x\\2-\\b2y+a2xf)

= \\b2y+xf + \\y+a2xf - \\b2y+a2x\\2 .

By induction one gets that

y l j x =* ||z/+x|| = ||Z>Wz/+x|| + ||j/+a"x|| - \\bny+anx\\ , n > 1 .

This in the limit yields

2 2 2

which is sufficient for X to be an inner product space,as seen in Theorem

5.

THEOREM 11. Let X be a normed linear space and 0 < a, b < l .

Consider the following statements:

(i) X is an inner produot space;

(ii) x, y € X and

Ilx+^H2 + Wax+byf = \\ax+yf + \\x+byf •» ||x+2/|| = ||x-j/|| ;

(Hi) x, y £ X and

Then (i) °* ('ii>' °* (Hi), and (Hi)

Proof. Ci; =• Cii; is straight. To prove (ii) °* (Hi) we again first

prove that if (ii) holds then X is strictly convex. If not, choose, as

before, x ± y such x and y are extreme points with

llxll = llyll =
x+y = 1 . Assume a 5 b . Then as in Theorem 8, use Lemma

10 to get a number a # 0 such that equation (15) holds. Then, by (ii),

we have

(IT)

https://doi.org/10.1017/S0004972700008947 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700008947


Inner product spaces 415

Equation (17) together with the last part of Theorem 1 shows that

|a| 5 l . if 0 < a 2 l , then equation (15) yields

(2-KX)2 + [a+b(a+l))2 = (l+a+a)2 + (ba+b+l)2 ,

which is false. If -1 5 a < 0 , then, from equation (17), we have

Thus a = -1 is the only possibility. The rest of the argument is the

same as in Theorem 9- Thus X is str ictly convex. Now suppose (ii) does

not imply (Hi.). Then there exist points x and y such that

\\x+y\\ = Has-!/1| ; but

Ilx-H/H2 + \\ax+byf * WaxMjf + \\x+byf .

Then there exis ts a number oc such that

||x+(ax-H/)||2 + \\ax+b(ax+y)\\2 = ||ax+(ax-H/)||2 + \\x+b(.ax+y) f .

By (ii) we have

llx+ctc-H/ll = \\x-{ax+y)\\ .

Thus x J . y and x I. cxx + y , which contradicts the uniqueness of

isosceles orthogonality proved in Theorem 3.

Now suppose (Hi) holds with a = b • Let ||x|| = \\y\\ = 1 . Then

||x+z/*x-2/|| = \\(x+y)-(,x-y)\\ and therefore

2 ^ x - j / ) ! ! 2 = ||a(x+j/)+(x-2/)||
2 + \\x+y+a(x-y)f ,

2 1+a _ ^ 1-a ..IP _ , . 2
x - = ^ » +a a

—*-—v
+ a

The result follows from Day's characterization (D, ~) with a = 3 = —^- ,

and ~ replaced by = .

REMARK 12. We feel that in Theorem 11, (Hi) should imply (i) even

when a + b • It also remains to be seen whether the condition

x, y € X , x l p y • \\ax+byf + ||x-H/||2 = \\ax+yf + ||x+Zn/||2
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is sufficient for the norm of X to be an inner product norm.
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