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Abstract. Thefinite nth polylogarithm /i,(z) € 7Z/p[z]is defined as Z‘Z;i zK /K" We state and prove
the following theorem. Let Lix: C, — C, be the p-adic polylogarithms defined by Coleman. Then
a certain linear combination F,, of products of polylogarithms and logarithms, with coefficients
which are independent of p, has the property that p'~"DF,(z) reduces modulo p > n+1 to
li,—1(0(2)), where D is the Cathelineau operator z(1 — z)d/dz and ¢ is the inverse of the p-power
map. A slightly modified version of this theorem was conjectured by Kontsevich. This theorem
is used by Elbaz-Vincent and Gangl to deduce functional equations of finite polylogarithms from
those of complex polylogarithms.
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1. Introduction

The finite logarithm was introduced by Kontsevich (under the name ‘The 1%
logarithm’) in [5]. The finite logarithm is the case n = 1 of the nth polylogarithm
li, € 7Z/p|z] defined by li,(z) = ZI,’;} zK/k". Also, Kontsevich proved that the finite
logarithm satisfies a 4-term functional equation, known as the fundamental equation
of information theory. The same functional equation is satisfied by the so-called
infinitesimal dilogarithm —(xlog|x| + (1 — x)log|l — x|). Cathelineau [2] defined
general infinitesimal polylogarithms and found that they satisfy interesting func-
tional equations. It was the idea of Elbaz-Vincent and Gangl [4] that these functional
equations should be satisfied by finite polylogarithms (The name ‘finite
polylogarithm’ is due to them). Inspired by their work, Kontsevich raised the idea
that the finite polylogarithm could be a reduction of an infinitesimal version of
the p-adic polylogarithm, as defined by Coleman [3]. If such a connection is
established, it makes sense to hope that functional equations of the infinitesimal
p-adic polylogarithm can be established in a similar way to its complex counterpart
and that these then imply by reduction the functional equations of the finite polylogs.
A conjectural formula for the precise p-adic polylog whose ‘derivative’, in the sense
to be explained below, reduces to the finite polylog was formulated by Kontsevich
and proved by him for small n. The purpose of this short note is to prove such
a connection between p-adic polylogarithms and finite polylogarithms.
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To state the main result we recall that Coleman defined p-adic polylogarithms,
Li,: G, — C,. These functions are locally analytic in the sense that they are given
by a convergent power series on each residue disc in C,, and they satisfy the relations
Lig(z) = z/(1 — z) and dLi,(z) = Li,_(z) dz/z. We define the differential operator D
by D = z(1 — z)d/dz. Let IF‘P be the algebraic closure of the finite field with p elements
and let W = W(IF‘p) be the ring of Witt vectors of [F,, so W is the ring of integers of
the maximal unramified extension of Q,. Let g: Fp — Fp be the automorphism which
is the inverse of the p-power map. Let X = {z e W: |z|] =|z— 1| = 1}. Our main
result is then:

THEOREM 1.1. For every n > 1 let

n—1

Fi(2) = ) axlog“(2)Lin1(2) ,
k=0

with ag = —n and

_ (_1)/( (_1)k+ln
k-t

di

fork > 0. Then the following holds for every p > n+ 1: One has DF,(X) C p"~'W and
for every z € X one has p' " DF,(z) = li,_1((z)) (mod p). Furthermore, the choice of
the coefficients ay is the unique choice of coefficients in Q for which the theorem holds
forallp>n+1.

We remark that for a given p there will be many other choices of coefficients, for
example those which are sufficiently congruent to the a.

2. The Proof

The connection between p-adic and finite polylogarithms is made by the following

PROPOSITION 2.1. Let Li?(z): = Li,(z) — Liy(z)/p". Then Li?)(X) C W and the
function Lin(p) reduces modulo p to (1 — z2)"i,(z).
Proof. According to [3], the function Liff)(z) can be computed as

L@ = [ .

'p
where p is the measure on Z, defined by
a

4
pla+p"2) = =

prk a=0,1,....p"—1.
z

Since for z € X u. takes integral values, this shows the first statement. Reducing
modulo p we may replace the function xi— x* by the function xi— a* if
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x = a (mod p), which is congruent to it modulo p on Z;. This implies that Li,(f’)(z) is
congruent modulo p to

a

p—1 p—1 2
- 7)) = - .
;a w.(a+pZp) ;a T

COROLLARY 2.2. Let o € X be a root of unity. Then we have Li, (o) € p"W and
p7"Lin(@) = —li(a())/(1 — 2) (mod p). k

Proof. Since « € X C W the order of « is prime to p and we have o/ = « for some
k. By using the definition of Li,(f’) repeatedly we find

Li, () = Li? (@) + p"Li, (o)
= Li?(2) + p"Li? (o) + p~>'Li, ()
k—1 _
co= Y pTMLIP (o) + p L, ().
i=0

Since o = o we may move the last term to the left-hand side of the equation and
obtain

) 1 k—1 y ) ;
Liy(x) = T—pn Z[’ "Lil ()
i=0

o k=1
P —l=iny ; 4 n
:pkn_1zp(k CULEDE) e "W,

i=0

and dividing by p” and reducing modulo p we obtain using the proposition

—LiP" =1 = @Y i
= —li,(c(2))/(1 —a) (mod p).

PROPOSITION 2.3. Let o be a root of unity in X. Set Ijin(oc) = p~"Li,y(«). Then for
w € W we have

. Y Wk
p"Lin(1 +pw) = 3 Lip () 77 (mod p).
k=0 )

Proof. Let g,(w) = p~"Li,(a(1 + pw)). Then one finds

ol +pw) 1+ pw

l—a(l+pw) 1—ay__%
l—ocpW

go(w) = = Lio@ + Y be(pw)*
k=1

with b, € W. Write

2u(w) = Liy() + Z drwt .
k=1
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It is easy to verify that

d 1 e
agn(w) =gu—1(w) 1+ pw = gnl(w)(l + ; Ck(PW)k) s

with ¢, € W. To find the coefficients d}! modulo p for k < p one can simply reduce the
above equations modulo p and one easily finds that

Li, ()

di = !
0 when n<k<p.

when k<n

It thus remains to show that also for k > p the coefficient d}! is divisible by p. For this
it is easier to consider the function f,(u) = Li,(x + u) which satisfies fo(u) € W{[u]],
d/dufyr1(u) = gfy(w) with g(u) € WTul] and f£,(0) € W.

LEMMA 2.4. In the situation above we have vy(ay) = — v,(k!), where v, is the p-adic
valuation and ay is the kth coefficient in the power series expansion with respect
to u of any of the functions f,.

Proof. Let ai(h) be the kth coefficient of 4 for any power series &. We have

(@) > minly, (@ ()]

<

This implies that

Vp(@(fu+1)) = minfvp(ar(fu)] = vp(k) -

<

The lemma is clearly true for » = 0. Suppose it is true for n. Then

p@lfoi) = minf=vp(1)] = 1p(K) > = (G = DY) = vp0k) = = (KD .

Since g,,(w) = p~"f,(apw), to finish the proof we have to check that for every k > p we
have k —n — v,(k!) > 0. The well known estimate v,(k!) < k/(p — 1) and the assump-
tionn < p — 2 imply that it is sufficient to require k(1 — 1/(p — 1)) > p — 2, and this is
satisfied for k > p.
Proof of Theorem 1.1. Using the fact that D is a derivation and that
Dlogh(z) = z(1 — z)dilogk(z) =z(1 - z)klogk-l(z)l =(1 — 2)klog""'(2)
z V4

and

DLix(z) = z(1 — z)%Lik(z) =z(1 - Z)Lik,l(z)é = (1 — 2)Lix_1(2)
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we see that

n—1

DF,(2) = D) axlog"(z)Lis-(2)
k=0
n—1

= (1=2) ) ar(klog" ' (2)Liy-1(2) + log (2)Lis--1(2))
k=0
n—1
=(1—2)) 102" ()List-1(2)ax + (k + Dagy1).
k=0
Here we understand that a, = 0. Every z € X can be written as a(1 4+ pw) with o a
root of unity in X and w € W. We have

p ' log(a(1 4+ pw)) = p~'log(1 +pw)=w (mod p).

If we assume that a; € Z[1/(n + 1)!] we now find from the last computation and from
Proposition 2.3,

p'"DF,((1 + pw))

n—1 —k—
1 ~
= (1=2) ) wa + (k + Dags1) Z ;L e 1-m()W"
k=0 m=0
=1~ oc)lZ; ;(ak + (4 Dae) 775 k), Liy-1-1(2).
It follows that to make the reduction of p' " DF, independent of w for all p > n + 1 it
is necessary and sufficient that for /=1,...,n— 1 we have
! 1
> (ak + (k + Dagyr) —==0. 2.1)
= (/= k!

If this is satisfied then the reduction of p'™"DF,(a(1 + pw)) is

(ao + a1)(1 — @)Lin_1(2) = —(ao + a1)lin_1(c(x))

so we should also require ap + a; = —1.
Let A(¢) = Z;(l) art*. Then the relations (2.1) can be written as

e'(A(t) +dA()/df) =a (mod ")
where a is a constant. This implies that
A() +dA(r)/dt = ae™"  (mod ")

and after solving the resulting differential equation that the n — 2 first equations
in (2.1) are equivalent to A(7) = (at + b)e™ (mod ") for some other constant b.
We have

—l=ay+a1=b+@->b)=a.
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Now, in (b — f)e™" the coefficient of 7" is

G e
W =1 (n— 1)

b (1—=>b/n).

It is easy to see that for Equation (2.1) with / = n — 1 to be satisfied, this coefficient
must be 0 and hence » = n. This gives the choice of the coefficients in the theorem
and shows that they are the unique choice in Z[1/(n+ 1)!]. Now if we have
coefficients in Q satisfying the theorem, then we may clear denominators not
dividing (n + 1)! and using only independence of w we obtain that these must be
a rational multiple of our ;. But since the reduction of p!™"DF, is nontrivial
the multiplier must be 1.

Remark 2.5. We have the equation
Fi(2) = —nLy(2) — Ly—1(2) log(2) ,

where

n—1 m

—n" .

LH(Z)ZZ( m') Liy—m(z) log™(z)
m=0 :

is the function defined in [1]. By loc. cit. the function F, satisfies F,(z)+
(—=1)"F,(1/z) = 0. Differentiating this relation one gets

zDF,(1/z) + (—=1)"DF,(z) =0 .
Reducing modulo p, we find
zlip_1(1/2) + (=1)"li,—1(2) = 0.

This relation is easily verified directly.

3. Another Proof of the Main Result

In this section we sketch another proof of the main result. This proof has two
interesting features: First of all, it proves directly the formula for F, in terms of
the functions L,(z) defined at the end of the last section. This formula is of course
simpler than the original formula. The other feature is that the key ingredient in
the proof is a formula, discovered by Rob de Jeu and the author, which seems
to be of some further importance. This formula shows up in the computation of
syntomic regulators. These two features suggest that the proof to be described below
may in some way be more ‘correct’ than the first one, although it is if anything
slightly more complicated.
The formula alluded to above is the content of the following proposition:

https://doi.org/10.1023/A:1013727116183 Published online by Cambridge University Press


https://doi.org/10.1023/A:1013727116183

FINITE AND p-ADIC POLYLOGARITHMS 221

PROPOSITION 3.1. We define a sequence of functions fi(z, S) inductively as follows:

S

S
fo(z, S) = m, fir1(z,8) = -[ fi(z,)dlogt .

Then, when z, S € W and z = S (mod p) the following formula holds:
- k ny . n—k n
D (=1 k! (k)ka(Z, S)log"™*(8) = (=1)'nl(Lus1(S) = Lui1(2)) - 3.1)
k=0

We would like to remark on the potential importance of this formula. The con-
struction of p-adic polylogarithms by Coleman is an inductive procedure. At each
step the degree n polylogarithm Li, is constructed as a locally analytic function
satisfying the differential equation d Li,(z) = Li,_(z)dlogz. This determines Li,
up to a locally constant function and a Frobenius condition replaces this by a
globally constant function ambiguity. As remarked by Kontsevich the distribution
relation removes the ambiguity completely. The formula above allows for a different
approach: The functions f, have no ambiguity in their definitions and are in fact
given by converging power series in S and z — S. Once the f, are given, the formula
determines L, up to a locally constant function and the distribution relation deter-
mines it completely. The functions Li, can be determined from the L,.

For our purposes, the formula is also useful because it allows us to relate the values
of L, at two congruent points.

LEMMA 3.2. Suppose z€ X and w e W. Then

v

P fu(z, 2(1 4 pw)) = (mod p) .

1—z n!

The proof is a direct computation similar to the proof of Proposition 2.3. Suppose
now that z is a root of unity. Then log(z(1 + pw)) = pw (mod p?). Thus, using (3.1)
we immediately obtain

n+1

p_"_l(—l)nn!(Ln_H(Z(l +pw)) — Ly1(2) = cupa w (mod p)

1—=z

with

SRy L (Y L
c”“_;(_l) (k+1)!<k>_n+1k2:(;( D <k+1)_n+1 '

SO

1
PLAEL A+ pw) = Ly(@) = ~(=1)' =W (mod p).

1—z
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We can define the derivation D on functions of two variables as
0 d
D=S1-S5)— 1—2)—.
S( S) S +z(1 —2) o

One easily obtains the following
LEMMA 3.3. If z, S € X and z = S (mod p) then p*|Dfi(z, S).

Differentiating the key formula we find, with S = z(1 + pw),

7" (=1)"'n(DLy41(S) — DLy+1(2))

=p™" Z(—l)" ()[ P 102" HS) + (1 = Kfisa(z. $)log ()1 = 5)

—Z( DH(5) 01 = Kfis1 . $)log" ()1 = 2) = dyrzn” (mod p),

where

dny1 = Z(— ) (k—i—l)'( ) n—k):—lil:(_D/(’;) =1

Let z be a root of unity. Since log(z) = 0 we have

n—1 . 1ym
DLn(Z) = Z(l - Z) |:L1n1(2)£ + Z( I’}’ll') <Linm1(z)élogm(2)+
m=1

+mLi,_n(z) log" ' (2) iﬂ
= (1 — 2)(Li,_1(2) — Li,_1(2)) = 0.

Thus we find
P DL(S) = —(—l)"%zw"’l (mod p) .

n

Suppose now that we let F(z) =), _, emLmn(z)log" " (z). Substituting first of all a
root of unity in X we find DF(z) =e,_1(1 —z)L,_1(z) so we should have
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¢,_1 = —1. Then

n

pl_nDF(S) = Z €m (DLm(S) log"™(S)+

m=1

+ (1= m)Ly(S)log" " (S)(1 = $))p' ™"

n
m — —
= 2 :em(_(_l)mzwm lwn my
m!
m=1

1
+(n —m) (mem(z) — (=" %ﬁ wm> Wl — 2))

S Xn:((—l)"’em (% +(n—m) %))4‘

m=1

+3 el —mpLyz) W =) (mod p)

m=1

We wish to choose the coefficients ¢,, in such a way that this expression is indepen-
dent of w. Since in the second sum we know by Corollary 2.2 that p~L,,(z) is
not congruent to 0 modulo p (as a function of z) we see that the only nonzero
coefficients can be ¢, and ¢,_;. By fixing ¢,_1 = —1 we get the equation

n, 1 nf m—1 1 =
(=D'en i+ (=1) <(n TR 1)!) =0

from which we can recover e, = —n.
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