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Abstract For ergodic group extensions of transformations with discrete spectra it
is proved that each invariant sub-o--algebra is determined by a compact subgroup
in the centralizer of a natural factor

0 Introduction
In [5] the set of ergodic measures for compact abehan group extensions of a given
transformation was described In the present paper, in a sense, we go further and
we study the set of ergodic self-joinings of ergodic group extensions of transforma-
tions with discrete spectra These joinings turn out to be natural, namely, every
ergodic self-joining of an ergodic compact, abehan group extension Tv (X xG,/I)-»
(XxG,/I) of a transformation with a discrete spectrum T (X, /JL)^(X, /A) must
be the relatively independent extension of an isomorphism between some two natural
factors of T^ (by a natural factor of a G-extension T,, we mean the action of Tv

on the quotient space X x G/ H, for H a closed subgroup of G)
In [11] (see also [3], [4]) Veech proved that for any ergodic transformation U

with the 2-fold simplicity property (we use the definition of 2-fold simplicity from
[4]), there was a one-U *. n. correspondence between invariant sub-cr-algebras and
compact subgroups in the centralizer C(U) of U This Veech correspondence is
given by

for each [/-invariant sub-o--algebra %
In this paper, using the structure of self-joinings, we prove that for any T,,-invariant

sub-cr-algebra of an ergodic group extension of a rotation there is a compact subgroup
in the centralizer of a natural factor giving rise to the Veech correspondence

1 Ergodic joinings of group extensions of transformations with discrete spectra
Let T, (i = l, ,n) be ergodic automorphisms of Lebesgue spaces (X,,9&,,(j.,),
where /x, is a Tj-invanant probability measure on a cr-algebra 58, of subsets of X,
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764 M Lemanczyk and M K Mentzen

Definition 1 [9,4] By an n-joimng of T,, , Tn we mean any T, x x Tn-invariant
measure A on 38,® ® 38n such that for each i = 1, , n and each A, e 38,

A(X,x xX,. ,xA,xX1 + 1x xXn) = Ai,(A)

The set of all n-joinings of T,, , Tn will be denoted by J( Tx, ,Tn) The subset
of 7(T,, , Tn) consisting of all ergodic measures will be denoted by
/ ' (T , , , Tn) It is clear that if A 6 J(T,, ,Tn) and

-J .A= edr(e)
IE(T, Tn)

is its ergodic decomposition with £ (T,, ,Tn) being the set of all ergodic measures
on 38,® ®38n, then

r(ye(T,, , T J ) = 1

Hence, we can say that the ergodic components of an n -joining are n -joinings In
particular, /*"(T,, , Tn) is nonempty since /*, x • XfineJ(Tt, , Tn)

If n = 2 we say (for short) joinings (instead of 2-joinings) If T, = T2 = =Tn = T
we say n-self-joinings of T

Let T (X, 38, /A)-»(X, 38, /i.) be an ergodic automorphism By the centrahzer,
C( T), of T we mean the set of all S (X, 38, /x) -> (X, ^, fj.) commuting with T, l e
ST = TS This set is endowed with the weak topology given by Sn -* S iff for each
Ae38, /A(S^'A AS~'y4)-»0 For any SeC(T) we can define the corresponding
graph joining /i,s defined on rectangles as

Hs(AxB) = n(AnSlB) (1)

The following characterization of graph joinings can be easily proved

LEMMA 1 Let A e /''(T, T) Then A is a graph joining iff for any AeSft there isSHed^
with \(AxXAXx B) = O,ie A identifies the two marginalssub-a-algebrasof 95®38

If S,, , Sn , e C( T) then the measure defined as

Ms, . v . ^ x A , x xAn_,)

is an element of

J'(T,

n x
Any T-invanant sub-a-algebra £<=• 95 is called a factor of T (more precisely, the

action of T on / is called a factor of T on 38) Assume, that two factors / , , /2 are
isomorphic, l e there exists

where X,, X2 are the corresponding quotients We can lift this isomorphism to a
self-joining A of T by

X(AxB)=\ E(A\€l)(x)E(B\€2){Sx)dli(x) (2)
JX,
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Such a joining is called the relatively independent extension of the isomorphism S
Note that A need not be ergodic. In particular, when / = /, = £2 and S = id, A is
called the relatively independent extension of the diagonal measure on £ This joining
also need not be ergodic

From now on we assume that T (X, &,n)-+ (X, 58, fi) is an ergodic transforma-
tion with discrete spectrum, I e L2{X, 58, n) = span{fa aeSp(T) , fa ° T=afa},
where Sp(T) is the point spectrum of the unitary operator T L2(X, 39, //,)-»
L2(X,®,(i), Tf=foT

PROPOSITION 1 Let T'(X, 58, /t)-»(A', 03, fi) be an ergodic transformation with
discrete spectrum Then

(l) C(T) is a group, and
(n) Je(T, T) = {^ SeC(T)}

Proof Obviously (l) follows from (n) Take \eJe(T,T) We will show that A
identifies two marginal sub-o--algebras $i={A*X Ae 58}, 582 = {X x B fie 58}
To this end let us look at L2(X xX, 38058, A) and the corresponding marginal
subspaces

J
L\®2) = {/ fix, y) =f(y), / e L2(X,

Since A e/(T, T), both L2(58,) and L2(082) are naturally identified with L2(X, n)
Therefore they are spanned by {/„ a e Sp (T)}, {/„ a e Sp (T)} respectively But
A is ergodic, so

a
fo = aa fa, a a eC,

and consequently Z,2(3?,) = L2(982) as two subspaces in L2(XxX,\) This is
equivalent to saying that 55, and 3§2 are identified by A An application of Lemma
1 gives the result

Remark The notion of graph joining (1) can be easily transferred to the case
Je( 7*i, T2) where we consider isomorphism between Tx and T2. Lemma 1 still works
and the proof of Proposition 1 gives rise to a new proof of the well-known
result that if Tx and T2 are ergodic transformations with discrete spectrum and
Sp (7"]) = Sp (T2) then they are isomorphic (actually each ergodic joining between
Tx and T2 is the graph of an isomorphism)

As an immediate consequence of Proposition 1 we get

COROLLARY 1 If T (X, 98, fx.)-> (X, 58, /J.) is an ergodic automorphism with discrete
spectrum then

J'(T, ,T ) = {Ms, s,,_, 5,, ,Sn_,

Let G be a compact metric abehan group equipped with a normalized Haar
measure v Let <p X->Gbea measurable map Define

7;

= (Tx,<p(x)g)
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T9 is called a group extension of T Following [8] Tv is ergodic iff whenever aeG
(1 e a is a character of G) and a measurable

h X - * S ' = {zeC |z| = l} satisfy h(Tx)h(x)~1 = a(<p(x)), (3)

then a = 1
We will also use the following result

PROPOSITION 2 [7] Let T9 be an ergodic G-extension ofT Let Se C( Tv) Then there
are a continuous group epimorphism v G->G a measurable map f X-»G and
SeC(T) such that

S(x, y) = SAv(x, y) = (SxJ(x)v(y)) (4)

Let H <= G be a closed (compact) subgroup Then we can consider the action of
Tv on X x G/H The factors of this form are called natural factors In fact these
are the only factors of Tv that contain the cr-algebra {Ax G Ae9&} ([4], [11])

Our aim is to descnbe all ergodic self-joinings for an ergodic G-extension of Tv

Without loss of generality we can assume that T is an ergodic rotation on a compact
monothetic group X First we will work with the situation where Tv is not necessarily
ergodic Take an ergodic component A

Let II X x G -> X, Il(x, g) = x Then, if A is an ergodic ^-invariant measure on
X x G then All"1 is T-ergodic, hence XIl'* = n We will also use the following
straightforward result

LEMMA 2 There is a measurable T^-invariant subset Y<^ X x G, A( V) = 1 such that
for each (x, g)e Y and for each continuous function f on XxG (i e feC(Xx G))

hm Sn(f)(x, g) hm - Y f»(Tv)
k(x, g) = | fdk

Let us denote by H the stabilizer of A in G, I e

H = {geG Ag = A},

w h e r e \g(Ax B) = X(Ax Bgl) o r

J f(x, g) d(Ag) = J fix, hg) d\ for/e C(X x G)

Let us denote/0 g(x, h) =/(x, hg)

LEMMA 3 (l) H is a closed subgroup of G (n) / / (x, g), (x, h) e y then hH = gH

Proof As (I) is obvious, we will prove (n) Take feC(XxG) Then (x, g)e Y
implies Sn(f){x, g) ^n\fd\ But

Sn(f)(x, g) = Sn(f)(x, hh'g) = Sn{fo h-lg)(x, h)

since the action of G on the second coordinate commutes with Tv But from our
assumption, (x, h)e Y so

S-(/° h~lg)(x, h) —^ | /o h >gd\ = J fd(kh]g)

Because / is an arbitrary element of C(X x G), \h'lg = A, or, similarly, h~'ge H
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Let us decompose A over the factor (X, T, fi)

A = \ x d f i ( x )
Jx

L E M M A 4 Ax = vHg fi-a. e , where vH is H a a r m e a s u r e on H, g = g ( x ) a n d ( x , g ) e Y

Proof Let A be a Borel subset of G, h e H Let
M = {xeX X^Ah'1) < XX(A)}

and suppose that / A ( M ) > 0 Then

, f
A) = X(MxAh )= Xx(Ah ) du(x)

JM

f *AA
JM

<
JM

a contradiction Similarly we show that /i{x e X Xx( Ah'1) > XX(A)} = 0 Asa con-
clusion we have Xxh = Xx /x-a e Let (x, g) e Y From Lemma 3(n) it follows that

Yn({x}xG) = {x}xgH

Hence Xx{gH) = 1 This implies Axg"'(H) = 1 But for h e H

Thus A^g"1 is invariant under all translations by elements of H and therefore
Axg"1 = vH

Remark Lemma 4 implies that if we denote by A = Jx Ax dfi(x) the image of A on
X x G/ H then A, is a Dirac measure (tt-a e This allows us to define a measurable
function / X -* G/H by

/(x) = (A\r1(l), (5)
le f(x) is the only atom of Xx on G/H (f is measurable since f~l{A) =
^(A/XX^|S8)~'(1), for any Borel subset A<= G/H) Moreover, the 7^-invanance of
A implies

/(Tx) = <p(x)/(x) (6)

LEMMA 5 The system (XxG, TV,X) is isomorphic to (XxH, T#, IMXUH) where
ij/ X-»H is measurable (te ergodic T^-invanant measures induce ergodic group
extensions automorphisms)

Proof Define t X-> G by the formula t(x) = U{f(x)), where U is a measurable
selector for the natural map G^> G/H (see [10], p 5),ie U satisfies U(gH)H = gH
Then r(x)e/(x) jj-ae and, by (6), <p(x)t(x)H = t(Tx)H Put

t(x) = cp(x)t(Txrlt(x)€H (7)

Therefore from Lemma 4 it follows that

acting as ̂ (x, h) = (x, t(x)h) is an isomorphism
Let

F = {y e G there is a measurable h X -» S' such that
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Then F is a subgroup of G and put

F = ann T = {g £ G for each y e F, y(g) = 1}

LEMMA 6 F= H

Proof Let goe H, y e F Then y(<p(x)) = /i(7x)/i(x)~l and let us define a function
w XxG^S1 setting

w(x, g) = ^(x)"1y(g)

Then for fi-a e x and for a// g, w is rv-invariant The ergodicity of A forces w to
be constant A-a.e , I e M*) 'y(g) = c ̂  0 Moreover

= J w(x, g) <tf = J =\ h(xyiy(g)d(\g0)

Hence y(g0) = 1 and therefore g o eF Now, let g e F If g £ H then there is a character
•y such that

y(g)* l and y(H) = l

From (7) it follows that

since i/̂ (x) e / / This implies y e F and consequently y(g) = 1 which is a contradiction

Remark. The results contained in Lemmata 3-6 can be deduced from [5] We include
these results for completeness as well as for new and simple proofs

Now, we are in a position to pass to our main problem, namely, to describe all
ergodic self-joinings of Tv We assume that

Tv J5 an ergodic G-extenswn

Letn XxGxXxG^XxXbe defined as

Tl(x, g, y, h) = (x, y)

Assume that XeJ^T^, Tv) Then by Proposition 1,

for some SeC(T) Hence

LEMMA 7

A( U {X}XGX{SX}XG)=1
\X£X /

We define a measure A on X x G x G as follows

\(AxBxC) = \(AxBxSAxC)
Put

a \J {x}xGx{Sx}xG^Xx

a(x, g, Sx, h) = (x, g, h)
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Then we see that A is just the image of A" via a Also Tv,xlf,<,s ° a = a °(Tvx Tv)
Therefore the Lemma below is clear

LEMMA 8 The function a is an isomorphism of (XxGxXxG, Tvx T9, A) and
(XxGxG, TVXip.s,\)

In what follows we will consider Tvx<f,,s and the measure A on X x G x G Let
HczGxG,H = {(gl,g2)eGxG A(g,,g2) = A},

tf,,H2=G, H, = {geG (g,e)eH), H2 = {geG (e,g)eH),

where e is the unit element of G
Then, obviously, // , , H2 are closed subgroups of H If we put F =

{(•yi, 72)e Gx G there is a measurable function h X^S1 such that
•y1(<p(x))-y2(<p(Sx)) = h(Tx)h(xy1 then from Lemma 6, H = annF and therefore

H,=annF,, 7 = 1,2, (8)

where F, = n,(D, II, GxG^G, n,(y,, y2) = y,

LEMMA 9 T IS a 'diagonal subgroup ofGxG, te,

(yi,?2)er> (y i ,7 2 )e r imply -y2 = r2,

(yi,?2)er, (y',,-y2)er imply -y, = -y',

i^oo/ This is an obvious consequence of ergodicity of Tv and (3)

LEMMA 10 There is a group isomorphism w r2-»F1

/Yoo/ This follows from Lemma 9 (as F is a subgroup of G x G) that

w(r2) = yi lff (ri,T2)Gr

is a well-defined group isomorphism of F, and F2

Let w G/Hx-* G/H2 be the group isomorphism determined by

where (G/H,) is naturally identified with F, as ann F, = H,, 1 = 1, 2

LEMMA 11

H= U gtf.

Let g e G, (w(y2), -y2) e F Then

x wCg-'H,))

since (8) holds Therefore gH, x ^ g " 1 / / ^ / /
Now, let (g,h)eH We wish to show that

hH2 w{gHl) = H2 (9)
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Indeed, let y2eT2,

y2(hH2 w(gH1)) = y2(w(gH1)) y2(hH2) = w(y2)(gH{) y2(hH2)

= (w(y2),y2)(gH1xhH2) = l

Now, from (9), w(g//,)"' = hH2, so he w(g"'//,)
Let p F2 -» F be defined by

P(y2) = (w(y2),y2) (10)

and let p (G x G)/H^> G/H2 be determined by

p(y2) = y2°p (li)

Put/ X->G/H2

f = P°f, (12)

where / is defined by (5)

Let v G/ Hx^ G/ H2 be the topological group isomorphism defined by

v{gHx) = w{g~xHx) (13)

Finally, let us define S/u X xG/H^X xG/H2 setting

SLv(x,gHl) = (Sx,f(x)v(gH1)) (14)

LEMMA 12 77ie map SjD establishes an isomorphism of the natural factors
(XxG/Hi,Tv,fixv) and (XxG/H2,TV, fixv)

Proof It is sufficient to show that SjtV ° Tv = Tv° SjtV This is equivalent to proving
the equality

f(Tx)f(x)-1v(<p(x)H1)<p(Sx)-lH2 = H2 /*-a e (15)

Using (6) and (12), (15) can be reduced to showing that

p(((p(x),<p(Sx))H)v(<p(x)H1MSx)-iH2=H2

Take yeF2 Then by (12), (10) and (13)

7lp((<p(x), <p(Sx))H) v(ip(x)Hl)<p(Sx)-JH2-]

= y°p((<p(x),<p(Sx))H) yivWix)^)) y((<p(Sxy')H2)

= p(y)a<p(x),<p(Sx))H) yMvWHi)) 7((^(Sx)H2)-1)

= w(y)(q>(x)Hl) y(<p(Sx)H2) y(v(<p(x)Hl)) y(<p(Sx)H2)-
1 = 1

THEOREM 1 If Tv (X x G, n x v) -> (X x G, /x x v) is an ergodic group extension of
a transformation with discrete spectrum and Xey(7'((,, Tv) then there exist closed
subgroups / / , <= G, H2<^ G and an isomorphism of the corresponding natural factors
S {XxG/Hx,T^)^(XxG/H2, TJ such that for any Borel sets A^XxG,
B^XxG

k{AxB)=\ E(A\H,){x,gHx) E{B\H2){S{x,gHx))
JXxC/H,

where E(A\H,) denotes the conditional expectation with respect to the natural
factor (X x G/ H,, fix v), i = 1, 2 (/ e A is the relatively independent extension of an
isomorphism of two natural factors)
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Proof It follows from Lemmata 4, 11, 12, since

=
JG

vH = "H, gH, x vH2
G/H,

Although we have dealt with the case X € Je{Tv, T,,), all Lemmata 7-12 go through
when k€je(TVl, TV2) where <p, X-» G, , <p2 X -* G2, TVl, TV2areergodic This proves
the following

THEOREM 2 Let TVi {X x G,, fi x v,) -»(X x G,, n x v,) be an ergodic group extension
of T, i = l ,2 / / A e / e ( r v i , TV2) then there exist two closed subgroups H, c G, and an
isomorphism of the natural factors

S (Xx GJHy, r^,/iX vx)-*(X x G2/H2, TV2, fi x y2)

SMC/I that for any Borel sets A<=XxGh BcXxG2

l(AxB)=\ E(A\Hl)(x,gHl) E(B\H2)(S(x, gHJ) d(^x V})(x, gHx)
JxxC,/H,

Remark. A combination of Lemma 5 and Theorem 2 allows us to describe all ergodic
n -joinings of ergodic extensions TVi, ,TVn Indeed, let A eJe(TVi, , TVn) Then
the measure A given by

\(A^xA2x x An_,) = A(A,x x A n _ , x ( X x Gn))

is an ergodic M-1-joining of TVl, ,TiPn_t From Lemma 5 it follows that
(TV|x x TVn_,,A) is isomorphic to some H-extension of T Therefore A is an
ergodic joining of this H-extension of T and TVn Then we apply Theorem 2

Remark The result of Theorem 2 can be generalized as follows Let T (X, 58, /A)-»
(X, 38, /A) be an ergodic (not necessarily with a discrete spectrum) transformation
of a Lebesgue space, (? X-» G an ergodic cocycle If leJe(Tv, Tv) projected on
Je(T, T) is the graph joining of an SeC(T) then A must satisfy the conclusion of
Theorem 1

2 Structure of factors of group extensions of transformations with discrete
spectra (Veech theorem)
Let Tv (X x G, 58, /I) -»(X x G, 38, jl) be an ergodic group extension of a transfor-
mation with discrete spectrum T (X, 38, p,)-»(X, 98, /u.), (L = n.xvG and 58 the
corresponding product o--algebra For each closed subgroup H <= G we have a
natural factor Tv (X x G/H, fi)-* (X x G/H, /I). Let C,(TV, H) denote the group
of all invertible elements of the centrahzer of Tv on ( X x G/H, /I) Assume that
Sfc'c: CX(TV, H) is a subgroup Then this S€ determines a factor of Tv on Xx G/H
(and hence a factor of Tv on X x G) by

/(SO = {A e 33 for each S € 5Jf, 5A = A}

The point is that when we pass through all compact 3€ for all possible closed H a G
we get all factors (Theorem 3)
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Let /<= § be a T,,-invariant sub-o--algebra Following (2) this / gives rise to a
self-joining of Tv by

llx(/l(AxB)=\ E(A\t)(x) E(B\t)(x) dfi(x),
Jx

where X is the quotient corresponding to /
Put A =/I x^/I Since A is not necessanly ergodic, let

A = l edy(e) (16)

be its ergodic decomposition, y a probability measure on Je(Ttp, Tv)
The following lemma is well-known ([4], [9])

LEMMA 13 Let A be a Borel subset ofX x G Then Ae /iff \(Ax Acu Ac x A) = 0

Let E = {ee Je(Tv, Tv) for each Aet, e(Ax Acu Acx A) = 0}

LEMMA 14 y(E) = l

The proof of this is easy and is therefore omitted

LEMMA 15 Let eeJe(Tv, Tv) By Theorem 1,

E( \Hl)(x,gHl)-E( \H2)(SftV(x,gHl))dil(x,gH1)
xG/H,

Then eeEifffc 9bHiHl and for each A e /, SJ^(A) = A

Proof We start with the following observation

S8u (~i 3&H =
 S8H H (17)

since 3!lj = { A e J for each g € /, Ag = A}, J <= G closed Hence, the sufficiency
easily follows Denote S = S^v Let Ae £, ee E Then

e(AxAc) = 0 and e(AcxA)=0

The definition of e implies

-L

I E{A\HX) E(Ac\H2)SdtHi = 0, (18)

E(Ae\Ht)' E(A\H2)SdjlHl = 0 (19)

Assume that E(A\H,){x,gHx)*Q, 1 Hence, by (18) E(AC\H2)° S(x, g//,) = 0,
i.e £(A|//2)°S(x, gH,) = l It follows that Si^gH^^A But, from (19)
E(A | H2) o S(x, gH,) = 0 (since £(AC | H,)(x, gH.) # 0,1), a contradiction We con-
clude that for /IH,-a.e (x, gH,), £(A|H,)(x, g//,) = 0 or 1, l e Ae aHi Suppose
that A & 08H2 Then for a set of positive /IHl measure

and
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However this implies (see (18), (19)) that either (x, gHx) c A or (x, gH^) <= Ac which
is a contradiction Therefore, from (17), Ae 58H,H2 Moreover

0= XA XA< ° S d/1 = I
JXxC/H, JxC/H

forces S~'A = A to hold This completes the proof
Let H be the largest closed subgroup of G such that

Such a group exists, as we can take H as being the closure of the group generated
by {//, £a J H J Since the map / G^L2(X x G, /I) given by f(g) = / ° g where
f° g{x, h) =f(x, hg), fe L2(X x G, /I) is continuous, / c 3§H In other words, there
exists a smallest natural factor of Tv, containing / We will consider this factor as
a group extension for which t is a factor

LEMMA 16 IfH(f) = {SeC(Tv,XxG/H) for each AeSS~1A = A} then H ( / ) c
C , (7 ; ,XxG/H) (te all elements from the centrahzer of Tv (XxG/H, /!)->
(Xx G/H, fl) which do not move any A E / a r e invertible)

Proof If S e / / ( / ) is not invertible, so S"1 carries the whole <r-algebra 38H to a
smaller sub-tr-algebra which is a natural factor of Tv {XxG/H,{L)-*
(X x G/H, /I) Hence, this factor is determined by a closed (nontnvial) subgroup
F of G/H Then it is clear that / c 3§Fi where F, is the inverse image of F under
the natural map G^G/H If F is not trivial, FX&H and we get a contradiction

By exactly the same arguments we can prove the following

LEMMA 17 For each eeE (E considered for^,7; (Xx G/H, /!)->• (Xx G/H, (I)),
e = (/^)s and S is an invertible element of the centrahzer of Tv, Tv (Xx G/H, /!)->
(Xx G/H, ji)

THEOREM 3 (Veech Theorem) If £ is a T^-invanant sub-a-algebra for an ergodic
group extension Tv (X x G, /!)-> (X x G, (L) of a transformation with discrete spec-
trum, then there exists a natural factor of T^, Tv (XxG/H, (lH)-*{XxG/H, /I)
such that / = {Ae^H for each Se H{f), SA = A} and H{£) is a compact subgroup
of the centrahzer ofTv (X x G/ H, /I) ^ (X x G/ H, /Z)

Proof This natural factor is taken as the smallest natural factor of Tv which contains
/ Then Lemmata 16 and 17 reduce our problem to the following for this natural
factor the relatively independent extension of the diagonal measure on / has the
ergodic decomposition which consists of some invertible S's belonging to the
centrahzer of Tv (Xx G/H, /I)->(X x G/H, /I) We are now in the situation of
Theorem 18 2 from [4]

Remark. From Theorem 3 it follows that for each factor / of an ergodic group
extension Tv (XxG,9 , / i ) - > ( XxG, i , l i i ) we can pass from / to ^ in two steps,
each one of which is a group extension operation (the first not necessarily abelian)

Remark. Although, throughout the paper we have dealt with a discrete spectrum
rotation T (X, 38, fi) -+ (X, 38, /*), Theorem 3 is still valid if we replace T by a 2-fold
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simple transformation (see [4]), 1 e a transformation where besides graph joinings
fis, SeC(T) we admit only / i x / j a s a new ergodic self-joining of T

Example 1 Let T (X, 38, /i) -> (X, 98, /t) be denned as Tx = x + a, where X = [0,1)
(modi), fx is the Lebesgue measure and a is irrational Let <j> X-»X, <p(x) = x
Using the following classical result ([1])

For m e Z, m * 0, b e [0,1) the cocycle

<J/(x) = mx + b is ergodic, (20)

one can easily compute the centrahzer of Tv as well as its natural factors Tmtp(m e N)

= mp(Sx)-up(x),

Hence, from (20) s = 1 and using Anzai's result [1], m/3 = m'a for an integer m'
Therefore the centralizer Tv does not contain nontnvial compact subgroups, l e
subgroups for which the projection on the first coordinate is different from {id}
Consequently from C{TV) we can read merely all natural factors, while for instance
the transformation

U(x,y) = (x + 2a,x + y)

is a factor of Tv (via the map (x, y) >-* (2x, 2y)) However this factor can be read
from the centrahzer of T2<p as the group {0, \} can be lifted to the centralizer of T2v

Remark. These circle extensions of some rotations are well-known to be coalescent
(I e their centrahzers are groups) However in [6] some new examples of ergodic
circle extensions of rotations are constructed with the coalescence property being lost

Example 2 It would be interesting to know whether for ergodic group extensions
the following formula holds

C((TV)") = C(TIP), n>2 (21)

It is not difficult to see that total ergodicity (I e

A &Je{{Tv)", (7;)") for each natural n) (22)

of all \eJe(Ty, Tv) forces (21) to be true Indeed, let Se C((Tv)
n) Then take

A = - O Z S + / Z S O 7 ; + + / I S ° ( T ; ) " - 1 )
n

It is not hard to see that A € J{TV, Tv) is in fact ergodic Then from (22) it follows
that \eJe((Tv)",(Tv)

n) and consequently A=/Is, ie SeCiT^,) Nevertheless
(21) does not hold in general For instance for the examples from Example 1,
Tv(x,y) = (x + a,x + y), C(Tv) ^ C((Tv)2) as \ can be lifted to the centralizer of

It is also interesting to ask whether there is any relation between two isomorphic
sub-tr-algebras / , , £2 of a G-extension Tv and the subgroups / / ( / , ) , H(£2) m the
centrahzers of the smallest natural factors containing these two sub-tr-algebras It
will follow from Theorem 4 that the answer is positive and the corollary after this
theorem says what this relation is
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Assume that U is an isomorphism of two invariant sub-o--algebras £x, £2 of Tv

Let X xG/ Hx and XxG/ H2 be the smallest natural factors of Tv containing
algebras £x and £2, respectively, as factors

THEOREM 4 There exists an isomorphism S X xG/ Hx^> X x G/ H2 satisfying

Proof The proof consists of two steps First we will establish the following property
of ergodic joinings of / , and t2

If v is an ergodic joining of / , and £2 then v

is the projection of some ergodic joining of X x G/Hx and XxG/ H2 (23)

Indeed, set v to be the relatively independent extension of v to (XxG/ Hx)x
(XxG/H2),ie

0=\ E( |/,)(*)£( \£2)(y)dv
Je,<g>t2

Obviously, v need not be ergodic Let

rdy(r)
Hi)

be the ergodic decomposition of v
If II, is the projection of X x G/H, onto the (quotient) Lebesgue space correspond-

ing to £,, i = l,2, then

JjJJ'(H,,H2)

Ergodicity of v yields that for -y-a e T, T° (HI X Tl2) = v In particular, there exists
an ergodic joining r such that r ° (II, x II2) = v, and property (23) is proved

To end the proof of Theorem 4, denote by (lv the graph joining on £x®£2,
corresponding to the isomorphism U By virtue of (23) there is a measure
T€je(Hx,H2) such that

/ I U = T° ( I1 1 XI1 2 ) (24)

Take A e / , Then, by definition of fiu,

jly(Ax U(AC)) = /I(An U~xU(AC)) = 0

On the other hand, using (24) we have

{Lu(Ax L/(A')) = T°(n,xII2)(Ax U(Ac)) = r(Ax U(A1)) (25)

since Ax U(Ac)e£,®£2

There are subgroups F,^G/H,, i = l,2, and isomorphism S XxG/F,-*
XxG/F2 (where F, is the subgroup of G, for which G/F, is naturally isomorphic
to (G/H,)/F,, i = 1,2) satisfying

- I E( |F,) E( \F2)°Sdfi
XxC/F,
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Therefore, by (24) and (25)

0 = | E{A\F,)(x)E{U{Ac)\F2)°Sdii
JxxG/F,

[ |FI)(x)<# (26)
Jxxa/F^

Similarly

= [ E(Ac\F,)(x) E(§-lU(A)\Fx){x)diL (27)
JxxG/F,

Now, if Ft is a nontnvial subgroup of X / H b i e F) 2 / / , , then for some set A e / ,
the function £ ( . 4 ^ ) is not a characteristic function In other words, for a set of
positive measure, E{A\Fl){x)^0,1 By (26) and (27), for such an x,

0 = E(A\Fl)(x) E(S-lU{Ac)\F2)(x)
and

0=E(Ac\Fi)(x) E(S-lU(A)\F2)(x)

Using the same arguments as in the proof of Lemma 15, we obtain a contradiction
Therefore F, = H, Since U is an isomorphism, F2 = H2 Thus 5 is an isomorphism
of X x G/Hx and X x G/H2 and S\fl = U

COROLLARY 2 If £\, £2 are two isomorphic invariant sub-cr-algebras then there is an
isomorphism S of the smallest natural factors X x G/ Hx and X x G/ H2 ofTv contain-
ing / , , (2 respectively, such that H(/2) = SH(£t)S~l •
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