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Let x denote a primitive character modulo k. Using two different representations for
Dirichlet Z,-functions, Apostol [1] recently derived a representation for

involving the sums

r = l

where m is a positive integer. Furthermore, if z(r) = (r |/>)>tne residue class character modulo
the odd prime p, he derived a representation for Afm(x) involving the sums

r= 1

A completely elementary proof of these identities is given here.
We shall use the simple facts,

» 2.,rt/ik r*. if
r=l C | 0 , if

and

X ' O . (2)
r = l

Let G(w, x) denote the Gaussian sum

and put G(x) = G(l, x)- We shall need the factorization theorem for Gaussian sums associated
with a primitive character [2, p. 67],

G(m, x) = x(m)G(x). (3)

Throughout the sequel, x denotes a primitive character.

THEOREM 1. If n is a positive integer, define

fix, «) = I X('O] , 2«tt/tf •
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Then
k

( - f c ) " / ( X . n) = G(j) E . = h h • • • ] « X ( J i + h + ••• +]*)•

Proof. If kJi'h, for any positive integer r,
r 2nih/k_ 2m(r+l)h/k

y e2mjh/k _ I e

J = l 1 -

Hence

fix, n) = E f(h) II Z e2"-^+ t,
*=1 m=l Um=l 1 - e J

(4)

w h e r e 1 ^ rm ^ /:, 1 ^ m ^ n . N o w s u m b o t h sides of (4) ove r rm, 1 ^rm^k, l ^ m g n .
U p o n u s i n g (1) , w e find t h a t

* = 1 r i = l r , , = l j i = l j n = l

Invert the order of summation on rm andjm ( l g m ^ n ) and use (1). We obtain

=(-Dn I
JiJi Jn=

E /i y2 • • • h cO"i +;2+• • • +;„, z)

h.h jn=l

by (3), and the proof is complete.
For 1 ^ m ̂  4, Apostol [1] expressed Mm(x) as a linear combination of Tt(x),..., TJj).

From his calculations it became clear that the same result is valid for an arbitrary positive
integer m. These representations for Mm(yj) can be derived from Theorem 1. We shall work
out the details for the first two examples.

Example 1. If x is not an integer, then

ii cot nx = i+e2l"'*/(l - e2nix). (5)

Hence, by the use of Theorem 1 and (2), we have

i.e.,
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Example 2. Upon using (5) and (2), we find that

~&2T2ix) = k2f(x, l)+k2f(x, 2). (6)
To evaluate fix, 2) we use Theorem 1. Lettingy2 = r—jl andy'j =j, we obtain, with the use
of (2),

i j I* rX(r).
l r=j+l

If we invert the order of summation, we find that

:rx(r)V;+ £ rX(r
r-2

2

j = r-k )

ir2(r-l)X(r)+ £
r=l

(7)

upon simplification and the use of (2). We now substitute (7) into (6) and use the results of
Example 1. After a little simplification we arrive at

Next, we show that the second class of identities given by Apostol [1] can be derived in
an elementary manner.

THEOREM 2. Ifp is an odd prime and n is a positive integer, define

p - l

(-P)"9(J>, n) = G(x) t hh-hxUi+h + ...+ti+'l\ t JeW"}". (8)
h,h....Jn=l fc=l U=l J

Since

the second expression on the right side o/(8) may be written as

Proof. Proceeding as in the proof of Theorem 1, we arrive at

jljl J n = l ' r = l
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Since each congruence r2 = h (mod/)) has either 0 or 2 solutions modulo p, we have

) = 2 t JiJi---
jl.Jl Jn=l

= t hh • • -y/Z
Jl,J2 Jn=l (1=1

•Jljj ln=l h=l U = l

upon the use of (3).

Theorem 2 may be employed to show that Mm(x) can be written as the sum of a polynomial
in p and a linear combination of Slt. •., Sm. We shall work out the details for the first two
cases.

Example 3. Upon the use of (5) and Theorem 2, . : . . . •

x)- £ / £
= ip(p-l)-G(x)Mi(x) + PE J

or, upon simplification,
G(/)M1(z)=-i />51 .

Example 4. Employing (5) and the value of g(p, 1) from Example 3, we have

Using Theorem 2 and Example 2, we find after simplification that

- £ -/j2£1
 ( )

Pjl.J2=l *=1

This last expression may be evaluated by separating out the terms when j \ +j2 =p or 2p.
Upon doing this, we find that the triple sum in (9) becomes

(P-1) t JU2+P2(P-1)- t :

jl.Jl=l J1.J2=
Jl+J2 = P j+J*

Upon substituting the above into (9) and simplifying, we obtain

C(*)M2(x) = IPSI-VP'SL -\p(p- l)(p-2).
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