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Gauge-Invariant Ideals in the C*-Algebras
of Finitely Aligned Higher-Rank Graphs

Aidan Sims

Abstract. 'We produce a complete description of the lattice of gauge-invariant ideals in C*(A) for a
finitely aligned k-graph A. We provide a condition on A under which every ideal is gauge-invariant.
We give conditions on A under which C*(A) satisfies the hypotheses of the Kirchberg—Phillips classi-
fication theorem.

1 Introduction

Among the main reasons for the sustained interest in the C*-algebras of directed
graphs and their analogues in recent years are the elementary graph-theoretic con-
ditions under which the associated C*-algebra is simple and purely infinite, and the
relationship between the gauge-invariant ideals in a graph C*-algebra and the con-
nectivity properties of the underlying graph.

A complete description of the lattice of gauge-invariant ideals of the C*-algebra
C*(E) of a directed graph E was given in [2], and conditions on E were described
under which C*(E) is simple and purely infinite. Building upon these results, Hong
and Szymanski [3] achieved a description of the primitive ideal space of C*(E). The
results of [2] were obtained by a process which builds from a graph E and a gauge-
invariant ideal I in C*(E), a new graph F = F(E, ) in such a way that the graph
C*-algebra C*(F) is canonically isomorphic to the quotient algebra C*(E)/I. How-
ever, recent work of Muhly and Tomforde shows that the quotient algebra C*(E) can
also be regarded as a relative graph algebra associated to a subgraph of E.

In this note, we turn our attention to the classification of the gauge-invariant ide-
als in the C*-algebra of a finitely aligned higher-rank graph A, and to the formulation
of conditions under which these algebras are simple and purely infinite. Because of
the combinatorial peculiarities of higher-rank graphs, constructive methods such as
those employed in [2] are not readily available to us in this setting. However, the au-
thor has studied a class of relative Cuntz—Krieger algebras associated to a higher-rank
graph A [12], and we use these results to analyse the gauge-invariant ideal structure
of C*(A). We use the results of [12] to give conditions on A under which C*(A) is
simple and purely infinite; we also show that relative graph algebras C*(A; £), and in
particular graph algebras C*(A) always belong to the bootstrap class N of [11], and
hence are nuclear and satisfy the UCT.
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We begin in Section 2 by defining higher-rank graphs, and supplying the defini-
tions and notation we will need for the remainder of the paper. In Section 3, we
introduce the appropriate analogue in the setting of higher-rank graphs of a satu-
rated hereditary set of the vertices of A, and show that such sets H give rise to gauge-
invariant ideals Iy in C*(A). In Section 4, we use the gauge-invariant uniqueness
theorem of [12] to show that the quotient C*(A) /Iy of C*(A) by the gauge-invariant
ideal associated to a saturated hereditary set H is canonically isomorphic to a relative
Cuntz—Krieger algebra C*(A \ AH; Ep) associated to a subgraph of A. Using this
result, we show in Section 5 that the gauge-invariant ideals of C*(A) are in bijective
correspondence with pairs (H, B) where H is saturated and hereditary, and BU g
is satiated as in [12, Definition 4.1]. In Section 6, we describe the lattice order <
on pairs (H, B) which corresponds to the lattice order C on gauge-invariant ideals
of C*(A). In Section 7, we prove that for a certain class of higher-rank graphs A, all
the ideals of C*(A) are gauge-invariant; however, whilst this result does generalise
similar results of [1, 9], the condition (D) which we need to impose on A to guaran-
tee that all ideals are gauge-invariant is, in most instances, more or less uncheckable.
The situation is not particularly satisfactory in this regard. In Section 8 we show that
C*(A) always falls into the bootstrap class N of [11], and provide graph-theoretic
conditions under which C*(A) is simple and purely infinite.

NB: for consistency with [4], the author has continued to use terminology such as
“hereditary” and “cofinal” in this paper. Readers familiar with graph algebras should
be wary as to the meaning of these terms because of the change of edge-direction
conventions involved in going from directed graphs to k-graphs.

2 Higher-Rank Graphs and Their Representations

The definitions in this section are taken more or less wholesale from [12].

We regard N* as an additive semigroup with identity 0. For m,n € NF, we write
m V n for their coordinate-wise maximum and m A n for their coordinate-wise min-
imum. We write n; for the i-th coordinate of n € NF and ¢; for the i-th generator of

k
Nk son = Doy M- e

Definition 2.1 Let k € N\ {0}. A k-graph is a pair (A, d) where A is a countable
category and d is a functor from A to N which satisfies the factorisation property:
for all A\ € Mor(A) and all m,n € N¥ such that d(\) = m + n, there exist unique
morphisms p and v in Mor(A) such that d(p) = m, d(v) = nand A = pv.

Since we are regarding k-graphs as generalised graphs, we refer to elements of
Mor(A) as paths and we write r and s for the codomain and domain maps.

The factorisation property implies that d(A\) = 0 if and only if A = id, for some
v € Obj(A). Hence we identify Obj(A) with {\ € Mor(A) : d(A\) = 0}, and write
A € Ain place of A € Mor(A).

Given A € Aand E C A, we define A\E := {Ap : pp € E, r(u) = s(A\)} and EX :=
{pA: p € E,;s(u) = r(N)}. In particular if d(v) = 0, then vE = {\ € E: r(\) = v}.
In analogy with the path-space notation for 1-graphs, we denote by A” the collecton
{A € A :d(\) = n} of paths of degree n in A.
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The factorisation property ensures that if ] < m < n € Nk and if d(\) = n,
then there exist unique elements, denoted A(0,1), A\(I,m) and A(m, n), of A such
that d(A(0,1)) = I, d(A(I,m)) = m — I, and d(A(m,n)) = n — m and such that
A = X0, DA, m)\(m, n).

Definition 2.2 Let (A, d) be a k-graph. For u, v € A we denote the collection
{AeA:d\) =d(p) vdw), \0,d(n) = p, M0,d(v)) = v}

of minimal common extensions of j and v by MCE(p, v). We write A™" (1, v) for the
collection

A" (g, 0) = {(a, B) € A X Az pov = v3 € MCE(p, v)}.
IfE C A and p € A, then we write Exty (u; E) for the set
Exty (13 E) := {0 € s(1)A : there exists v € E such that u8 € MCE(p, v) };

when the ambient k-graph A is clear from context, we write Ext(u; E) in place of
Exty (145 E). We say that A is finitely aligned if | MCE(u, v)| < oo forall p, v € A.
Letv € A°and E C vA. We say E is exhaustive if Ext(\; E) # @ for all A € vA.

Notation 2.3 Let (A, d) be a finitely aligned k-graph. Define

FE(A) := |J {E C vA\ {v}: Eis finite and exhaustive}.
vEA?

For E € FE(A) we write r(E) for the vertex v € A® such that E C vA.

Notice that whilst any finite subset of vA which contains v is automatically fi-
nite exhaustive, we do not include such sets in FE(A). Note also that since vA is
never empty (it always contains v), finite exhausitve sets, and in particular elements
of FE(A), are always nonempty.

Definition 2.4 Let (A, d) be a finitely aligned k-graph, and let € be a subset of FE(A).
A relative Cuntz—Krieger (A; £)-family is a collection {#) : A € A} of partial isome-
tries in a C*-algebra satisfying

(TCK1) {t,:v € A%} is a collection of mutually orthogonal projections;

(TCK2) Ixty = Os(\).,r(w)Eap forall A, n e A;

(TCK3) tit, = Z(M)E Amin( ) tat} forall A\, u € A;

(CK) [Testrp) — tat5) = 0forallE € €.

When € = FE(A), we call {t, : A € A} a Cuntz—Krieger A-family.

For each pair (A, ) there exists a universal C*-algebra C*(A; £), generated by
a universal relative Cuntz—Krieger (A; &)-family {se(\) : A € A} which admits a
gauge-action y of Tk satisfying ~,(se (X)) = 2% Nse(N).  We write C*(A) for
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C*(A;FE(A)), and call it the Cuntz—Krieger algebra, and we denote the universal
Cuntz—Krieger family by {s) : A € A}; this agrees with the definitions given in [10].

There is also a Toeplitz algebra TC*(A) associated to each k-graph A. By defini-
tion, this is the universal C*-algebra generated by a family {sy(\) : A € A} which
satisfy (TCK1)—(TCK3), and hence is canonically isomorphic to C*(A; @). Indeed,
each C*(A; €) is a quotient of TC*(A):

Lemma 2.5 Let (A, d) be a finitely aligned k-graph, and let € C FE(A). Let Jg denote
the ideal of TC*(A) generated by the projections

{ T1 (s7(r(E)) = sy(\)sy(N)*) : E€ €}

AEE

Then C*(A; €) is canonically isomorphic to TC*(A)/ Je.

Proof The universal property of TC*(A) gives a homomorphism 7: TC*(A) —
C*(A; &) satisfying w(s5(A)) = se(A) for all A. Since {sg()\) : A € A} satisfy (CK),
we have J¢ C ker7 and hence 7 descends to a homomorphism #: TC*(A)/Je —
C*(A; &) such that #(sy(\) + Je) = se () for all A.

On the other hand, the family {s(\) + Je : A € A} C TC*(A)/Je satisfy (CK)
by definition of Je¢, so the universal property of C*(A; €) gives a homomorphism
¢: C*(A;€) — TC*(A)/Je such that ¢(se (M) = s3(\) + Je for all A\. We have that
7 and ¢ are mutually inverse, and the result follows. ]

3 Hereditary Subsets and Associated Ideals

Definition 3.1 Let (A, d) be a finitely aligned k-graph. Define a relation < on A° by
v < wifand only if vAw # @.

(i)  We say that a subset H of A is hereditary if v € H and v < w imply w € H.
(ii) We say that H C AV is saturated if, whenever v € A° and there exists a finite
exhaustive subset F C vA with s(F) C H, we also have v € H.

For H C A° we call the smallest saturated set containing H the saturation of H.

Lemma 3.2 Let (A, d) be a finitely aligned k-graph and let G C A°. Let ©G := {v €
MY : there exists a finite exhaustive set F C vAG}. Then

(i)  XGisequal to the saturation of G; and
(ii)  if G is hereditary, then £.G is hereditary.

Proof First note that if v € G, then {v} C vAG is finite and exhaustive so that G C
3 G. Note also that G is a subset of the saturation of G by definition. To see that G
is saturated, let v € A° and suppose F € vA(XG) is finite and exhaustive. If v € F,
then v € G by definition, so suppose that v ¢ F. Let E := {\ € F : s(\) € G}. By
definition of G, for each A\ € E, there exists E\ € s(\) FE(A) with s(E\) C G. Then
(12, Lemma 5.3] shows that F' := (F \ E) U ({J,cy AE) belongs to FE(A). Since
F’ C vAG, it follows that v € XG by definition. This establishes (i).
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To prove claim (ii), suppose G is hereditary, and suppose v, w € A% satisfy v € £.G
andv < wysay A € A with r(A) = v, s(A) = w. If v € Gthen w € G because G is
hereditary, so suppose that v € £G \ G. By definition of X there exists F € vFE(A)
such that s(F) C G. By [12, Lemma 2.3], Ext(\; F) is a finite exhaustive subset of wA.
Since s(F) C G, and since, for @ € Ext(\; F), we have s(a) < s(u) for some p € F,
we have s(Ext(\; F)) C G. It follows that w € 3G, completing the proof. [ |

Lemma 3.3 Let (A, d) be a finitely aligned k-graph, and let I be an ideal of C*(A). Then
Hp:={v € A% :s, € I} is saturated and hereditary.

To prove Lemma 3.3, we first need to recall some notation from [8].

Notation 3.4 Let (A, d) be a finitely aligned k-graph and let E be a finite subset of A.
As in [8], we denote by VE the smallest subset of A such that E C VE and such that if
A, p € VE, then MCE(A, 1) C VE. We have that VE is finite and that A € VE implies
A = pp' for some i € E by [8, Lemma 8.4].

Proof of Lemma 3.3 Suppose v € H; and w € A® with v < w. So there exists
A € vAw. Since s, € I, we have s,, = sis,s) € I, and then w € Hy; consequently Hj is
hereditary. Now suppose that v € A° and there is a finite exhaustive set F C vA with
s(F) C Hy. By [10, Lemma 3.1], we have s, € span{s)s} : A € VF}. Since A € VF
implies A = aqa’ for some « € F, and since Hj is hereditary, we have s(VF) C Hj.
Consequently, for A € VF, we have s)s} = s\sy)sy € I, sos, € I, givingv € H;. R

Notation 3.5 For H C A, let Iy be the ideal in C*(A) generated by {s, : v € H}.
Let HA denote the subcategory {\ € A : r(A) € H} of A.

Lemma 3.6 Let (A, d) be a finitely aligned k-graph, and suppose that H C A° is satu-
rated and hereditary. Then (HA, d|py ) is also a finitely aligned k-graph, and C*(HA) =
C*({sn : r(\) € H}) C C*(A). Moreover this subalgebra is a full corner in Ip.

Proof One checks that (HA, d|gy) is a k-graph just as in [9, Theorem 5.2], and it is
finitely aligned because (HA)™"(\, 1) C A™P(\, p).

The universal property of C*(HA) ensures that there exists a homomorphism
m: C*(HA) — C*({s) : r(\) € H}). Write vy for gauge action on C*(HA) and
~| for the restriction of the gauge action on C*(A) to C*({s) : r(A\) € H}). Then
mo(yg), = (y]);omforallz € T*, and [10, Theorem 4.2] shows that 7 is injective.

For the final statement, just use the argument of [1, Theorem 4.1(c)] to see that
C*({sx : r(\) € H}) is the corner of Iy determined by the projection Py :=
> ven Sv € M(I), and that this projection is full. [ |

4 Quotients of C*(A) by I

We now want to show that the quotients of Cuntz—Krieger algebras by the ideals Iy
of Section 3 are relative Cuntz—Krieger algebras associated to A \ AH.
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Let (A, d) be a k-graph, and let H C A° be a saturated hereditary set. Consider
the subcategory A\ AH = {\ € A :s(\) € H}.

Lemma 4.1 Let (A, d) be a finitely aligned k-graph, and let H C A° be saturated and
hereditary. Then (A \ AH, d|x\ap) is also a finitely aligned k-graph.

Proof We first check the factorisation property for (A \ AH, d|x\a), and then that
(A\ AH, d|j\ap) is finitely aligned. For the factorisation property, let A € A\ AH,
and let m,n € NE m+n = dO). By the factorisation property for A, there exist
unique p, v € A such that d(p) = m, d(v) = nand A = pv. Since s(v) = s(\) € H,
we have v € A\ AH. Since, by definition of <, we have r(v) < s(v) it follows
that r(v) ¢ H because H is hereditary. But r(v) = s(u) so it follows that p €
A\ AH. Finite alignedness of the k-graph A\ AH is trivial since (A \ AH)™"(\, 1) C
AR\, p) forall A, € A\ AH. [ |

Definition 4.2 Let (A, d) be a finitely aligned k-graph and let H be a saturated hered-
itary subset of A°. Define &y := {E\ EH : E € FE(A)}.

Lemma 4.3 Let (A, d) be a finitely aligned k-graph, and suppose that H C A° is satu-
rated and hereditary. Then Ey C FE(A \ AH).

Proof Suppose that E € €y and that pu € r(E)(A \ AH). Suppose for contradiction
that (A \ AH)™"(\, u) = @ forall A € E. Since E € &y, there exists F € FE(A) such
that F \ FH = E. We have

(4.1) Exta (u; F) = Exta(p; E) U Exty (s F \ E) = Exty (us E) U Exty (u; FH).

Now FH C AH by definition, and then Ext(u; FH) € AH because H is hereditary.
Since (A \ AH)™"(\, u) = @ for all A\ € E, we must have A™"(\, u) C AH x AH
for all A € E, and hence we also have Exty(u; E) C AH. Hence (4.1) shows that
Exta(us F) C AH. But F is exhaustive in A, so Ext(u; F) is also exhaustive by [12,
Lemma 2.3], and then since H is saturated, it follows that s(11) € H, contradicting
our choice of u. [ ]

Theorem 4.4 Let (A, d) be a finitely aligned k-graph, and let H C A° be saturated and
hereditary. Then C*(A) /Iy is canonically isomorphic to C*((A \ AH); Eg).

To prove Theorem 4.4, we need to collect some additional results. Recall from [12,
Definition 4.1] that a subset € of FE(A) is said to be satiated if it satisfies

(S1) if Ge Eand E € FE(A) with G C E, then E € &;

(S2) if G € € withr(G) = vand u € vA \ GA, then Ext(1; G) € &;

(S3) if G€ Eand 0 < ny, < d(X) for A € G, then {\(0,n)) : A\ € G} € &;

($4) if G € €, G’ C G and for each A € G', G is an element of € such that
r(G}) = s(A), then ((G\ G") U (U,cer AGY)) € E.
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Lemma 4.5 Let (A, d) be a finitely aligned k-graph, and let H C A° be saturated and
hereditary. Then €y is satiated.

Proof For (S1), suppose that E € &y and F C A \ AH is finite with E C F.
By definition of &y, there exists E’ € FE(A) such that E’ \ E'H = E. But then
F’ := FUE'H € FE(A) by [12, Lemma 5.3]. Since F = F’ \ F'H, it follows that
Fe &y

For (S2), suppose that E € €y, that u € r(E)(A \ AH) and that x ¢ EA. Since
E € &y, there exists E’ € FE(A) such that E’ \ E'H = E. Since 1 € A\ AH, we have
i & E'H, and hence Exta (u; E’) € FE(A) by [12, Lemma 2.3]. We also have

Exty (p1; E') = Exty (115 E) U Ext (1; E'H)
= Exta\am (1 E) U Exta (u; E)H U Exty (u; E'H).

Since both Ext A(u; E)H and Exty (u; E'H) are subsets of AH, it follows that
Exty\ap (13 E) = Exta (3 E') \ Exta (s E)H,

and hence belongs to €.

For (S3), suppose that E € &y, say E’ € FE(A) and E = E’\ E'H. Foreach \ € E,
let 1, € NFwith 0 < 1y, < d(\). For i € E'H, let n,, == d(p). Since E’ is exhaustive
in A, we have that {4(0,n,) : © € E'} is also a finite exhaustive subset of A by [12,
Lemma 5.3], and since

{X0,n)) : X € B} = {pu(0,n,) : p € E'} \ {u(0,m,) : p € E'H},

it follows that {\(0,1,) : A € E} € Ep.

Finally, for (S4), suppose that E € &y, say E’ € FE(A) and E = E’ \ E'H. Let
F C E, and for each A € F, suppose that F\ € &y with (F)) = s(A). We must show
that G:= (E\ F) U ( User /\F,\) € Ey. Since each Fy, € &y, for each \ € F, there
exists a set Fy € FE(A) with Fy = F{ \ F{H. Let G’ := (E’'\ F)U({J,cp AF}). We will
show that G = G’ \ G’H, and that G’ is finite and exhaustive in A; it follows from
the definition of £y that G € €y, proving the result.

We have G’ € FE(A) by [12, Lemma 5.3], so it remains only to show that G =
G’ \ G'H. But since H is hereditary, we have

G'H= ((E'\F)U(U AF,))H

AEF
=(E'\FHU (U AFH)) =E'HU (U \F})H
AEF AEF

because F C E C A\ AH. Consequently

G'\G'H=((E'\F)u (ALEJF)\F;)) \ (E'HU (ALEJFAF;H)) =G

as required. [ ]
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Lemma 4.6 Let (A, d) be a finitely aligned k-graph, and let H C A° be saturated and
hereditary. Let {ty : A\ € A} be a Cuntz—Krieger A-family, and let If; be the ideal in
C*({tr: A € A}) generated by {t, : v € H}. Then {t\+1}; : A € A\ AH} is a relative
Cuntz—Krieger (A \ AH; Eg)-family in C*({t) : A € A})/I};.

Proof Relations (TCK1) and (TCK2) hold automatically since they also hold for the
Cuntz—Krieger A-family {t) : A € A}. For (TCK3), let A\, x € A \ AH and notice
that since {t) : A € A} is a Cuntz—Krieger A-family, we have

G+ + ) = Y tath+ 1y
(a,B)EA™IN (A, 1)

To show that this is equal to 3, 5 c(a\Apmin(y p fatj; + I we need to show that
(c, B) € A™™(\, 1) \ (A \ AH)™(X, p) implies tot} € If;.

So fix (o, B) € A™P(\, 1) \ (A \ AH)™"(\, u). Then s(a) = s(3) € H, and hence
SaSh = SaSs(a)Sh € I,.

It remains to check (CK). Let E € €y, say E’ € FE(A) and E = E’ \ E’H, and
let v := r(E). We must show that HAGE(tV — t\t}) belongs to Iy;. We know that
[Lcp (ty — ta£3) = 0, and it follows that

(4.2) [T —te)( I & — ) = 0.

AEE HEE'H

Since H is hereditary, Notation 3.4 gives V(E'H) C AH, and [] pevE (b —tuty) <
[1,.ceu(ty — tut;). Furthermore by [10, Proposition 3.5] we have

b= [ t—ta)+ > Quy*™

neV(E'H) WEV(E'H)

V(E'H) .
where Q(t ) HW’EV(E/H)\{H}(t/" Iz t/’/“tuﬂ )
Hence we can calculate

TGt —6x5) = (T1(t — tat) 8y

AEE AEE
=(Mt-u))( I G-t + X QuoyEm).
\EE pweV(E'H) pweV(E'H)

Hence (4.2) gives [T, cp(ts — tat3) = ([Lhep(ts — t223) ( S evem Q(t)l\L/(E/H)) ,
and hence belongs to Iy because V(E'H) C AH, so each Q(t)/\j(ElH) € Iy. [ |

Finally, before proving Theorem 4.4, we need to recall some notation and defini-
tions from [10, 12].

Let (A, d) be a finitely aligned k-graph, and let G C A. As in [10, Definition 3.3],
I1G denotes the smallest subset of A which contains G and has the property that if
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A, 1and o belong to G with d(\) = d(p) and s(\) = s(u) and if (o, 3) € A™" (1, 7),
then Aa € G. If follows from [10, Lemma 3.2] that IIG is finite when G is. We denote
by IIG X4 IIG the set of pairs {(\, 1) € IIG x IIG : d(A\) = d(), s(A) = s(p)}.

Let {t) : A € A} satisfy (TCK1)—(TCK3). As in [10, Proposition 3.5], for a finite
set G C A and a path \ € IIG, we write Q(t)lATG for the projection

(4.3) QY= J] &8 -t

A eIG)\{A}

and for (A, 1) € IIG x4, IIG, we define

CIONEST G | RO
AN EIG)\{A}

By [10, Lemma 3.10], we have
QN tats = BN = 11 Q1)

As in [9], for m € (N U {co})X, Q,, is the k-graph with vertices {p € NF :
p € m}, morphisms {(p,q)} € N¥ : p < g < m} with r(p,q) = p, s(p,q) =
qand d(p,q) = q — p. Recall from [12, Definition 4.4] that a graph morphism
x: Qm — Ais a boundary path of A if, whenever n < m and E € x(n) FE(A), we
have x(n,n + d(\)) = A for some A € E. We write r(x) for x(0) and d(x) for m. The
collection A := {x : xis a boundary path of A} is called the boundary-path space
of A. For A € A and x € OA with r(x) = s()\), there is a unique boundary path
Ax such that (\x)(0,d()\)) = X and \x)(d(\),d(\) +n) = x(0,n) for all n € Nk,
Likewise, given x € OA and n < d(x), there is a unique boundary path x| such
that (x|ﬁ("))(07 m) = x(n,n + m) for all m € N¥. As in [12, Definition 4.6], we define
partial isometries {Sy : A € A} C B(£2(OA)) by

Sxex 1= O5(\),r(x)€rx-

Lemma 4.7 of [12] shows that {S) : A € A} is a Cuntz—Krieger A-family called the
boundary-path representation and that

(4.4)
0 otherwise.

{e o ifx(0,d(N) = A,

Sj‘\ex = ¢ Flaw

Proof of Theorem 4.4 Fixv € A”\ AH and fix E € FE(A \ AH) \ &p.
Claim 4.7 For all a € span{sys}, : A\, x € AH}, we have

i) sy —all>1;
(i) [[(TTaeGrr —sasy) —all > 1.
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Proof of Claim: Express a = ), a,s5)s, where F is a finite subset of AH, and
{ar, : A\, p € F} C C. Let 7g be the boundary-path representation of C*(A) and let
A:=ng(a) = Z)\#EF Ll)\ﬁl,SAS;.

To check (i), note that since v € H and since H is saturated, we have that vFNA° =
@ and that vF € FE(A). Hence there exists 7 € vA such that A™"(7, \) = @ for all
A € F. By [12, Lemma 4.7(1)], there exists a boundary path x in s(7)OA. By choice
of 7, we have that 7x € vOA \ FOA. But now

(45) HSV _A” > ||(Sv _A)eTxH = Hsverx - Z (a)\,,uS/\S;eTx)H'
A\ UEF

Since T7x ¢ FOA by choice, (4.4) gives Sperx =0 for all 4 € F, and hence (4.5) gives
IS, — Al > ||Sverx|| = |lexx|]| = 1. Since 7 is a C*-homomorphism, and hence
norm-decreasing, this establishes (i).

For (ii), note that E ¢ £y, and F C AH is finite, so we know that EU F ¢ FE(A).
Hence there exists 7 € A such that A™"(o,7) = @ forall o € EUF. By [12,
Lemma 4.7(1)], there exists x € OA such that r(x) = s(7). Set y := 7x € OA. By
choice of 7, we have that y(0,d(c)) # o forall 0 € EU F. Hence S}e, = 0 for all
o € EU G by (4.4). In particular, o € F implies Sje, = 0,50 Ae, = 0,and A € E
implies Sye, = 0. It follows that (H/\EE(S’(E) — 5)53))e, = Sypye, = e,. Hence

[ CTTSimy =380 = A) | = [ ( TT(Sim — $1S3) —A) ¢ | = lley || = 1.
\EE AEE

It follows that || [T,cz(Syz — SAS}) — Al > 1. Again since 7g is norm-decreasing,
this establishes (ii) and the Claim. [ |

Since Iy C C*(A) is fixed under the gauge action, ~y descends to a strongly con-

tinuous action 8 of T* on C*(A)/Iy such that 6, o mln = g8 o v, foallz € Tk

s+ly 7T-erI %

It is easy to check using (TCK3) that span{sys}, : A, x € AH} is a dense subset of
Iy. Hence Claim 4.7 shows that neither s, nor H/\EE(ST(E) —s)s}) belongs to . Since
v € A°\ Hand E € FE(A \ AH) \ &y were arbitrary, and since Lemma 4.5 shows
that €y is satiated, the gauge-invariant uniqueness theorem [12, Theorem 6.1] shows
that Win is injective. [ |

5 Gauge-Invariant Ideals in C*(A)

Theorem 4.4 and [12, Theorem 6.1] combine to show that every nontrivial gauge-
invariant ideal in C*(A \ AH; £x) which contains no vertex projection sg,, (v) must
contain some collection of projections

{ I (SgH(r(E)) — seH()\)SgH()\)*) :E€ B}

AEE

where Bis a subset of FE(A \ AH) \ €.

Since C*(A\ AH; Ep) itself is the quotient of C*(A) by Iy, it follows that the ideals
I of C*(A) such that the set H; defined in Lemma 3.3 is equal to H should be indexed
by some collection of subsets of FE(A \ AH) \ Eg.
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In this section, we show that the gauge-invariant ideals of C*(A) are indexed
by pairs (H, B) where H is a saturated hereditary subset of A° and B is a subset of
FE(A \ AH) \ &y such that BU &y is satiated.

Definition 5.1 Let (A, d) be a finitely aligned k-graph and let H C A° be saturated
and hereditary. Let B be a subset of FE(A \ AH). We define Jy p to be the ideal of
C*(A) generated by

{sy:v e H}U{ I (sxp) — sxsy) : E € B}.
AEE

We define I(A \ AH)j to be the ideal of C*(A \ AH; ) generated by

{ 1 Geu (r(E)) — se,,(Mse, (\)*) : E € B}
AEE

If H C A is saturated and hereditary, and if B is a subset of FE(A \ AH) \ €5 such
that £y U B is satiated, then q(Ju 5) = I(A \ AH)p where q is the quotient map from
C*(A) to C*(A) /Iy = C*(A\ AH; Ep).

We now investigate the structure of C*(A)/ Ju p.

Lemma 5.2 Let (A, d) be a finitely aligned k-graph and let H C A° be saturated and
hereditary. Let B be a subset of FE(A \ AH) \ €y such that £y U B is satiated. Then

C*(A\ AH;Ey)/I(A\ AH)p = C*(A\ AH; (4 U B)).

Proof By Lemma 2.5, we have that C*(A\AH;&y) = TC*(A\AH)/Je, and
C*(A\AH; (€y U B)) = TC*(A\AH)/ J¢,,up- Hence we just need to show that a €
TC*(A\AH) belongs to J¢,,upifand onlyif g(a) € I(A\AH)p, whereq: TC*(A\AH)
— C*(A\AH; Ep) is the quotient map.

By definition of I(A\ AH)3, the inverse image g~ ' (I(A\ AH)3) under the quotient
map is precisely the ideal in TC*(A \ AH) generated by

{ TL(s7(r(B) = sy(Msy(N)*) : E € B}

AEE
U {AH (s7(r(E)) — sg(AN)sg(N)*) : E€ €}
€E

thatis, g '(I(A \ AH)p) = Je,,up as required. [ ]

Corollary 5.3 Let (A, d) be a finitely aligned k-graph, let H C A° be saturated and
hereditary, and let B C FE(A \ AH) \ Eg. Then

C*(A)/Jup = C*(A\ AH; (€4 UB)).
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Proof We will show that C*(A)/Jyg = (C*(A)/In)/I(A \ AH)g; the result then
follows from Lemma 5.2. Let

qup: C*(A) = C*(A)/Jup, qu:C*"(A) — C*(A)/Iy,
qg: C*(A) /Iy — (C*(A)/In)/I(A\ AH)g

be the quotient maps. The kernel of gy p is contained in that of g5 o gy, giving a
canonical homomorphism 7 of C*(A)/ Jy g onto (C*(A)/Iy)/I(A \ AH)p. On the
other hand, since Iy C Jy p, there is a canonical homomorphism m, of C*(A)/Iy
onto C*(A)/ Ju g whose kernel contains I(A \ AH)g by definition. It follows that
m, descends to a canonical homomorphism 7, of (C*(A)/Iy)/I(A \ AH)p onto
C*(A)/ Ju g which is inverse to 7. [ |

Definition 5.4 Let (A, d) be a finitely aligned k-graph. For each gauge-invariant ideal
Iin C*(A), recall that Hy denotes {v € A® : s, € I}, and define

Br:={E€ FE(A\ AH)) \ &, : AH (sey, (r(E)) — sg,,, (Nse,, (V) € qu, (D}
cE

where gy, is the quotient map from C*(A) to C*(A)/Iy,.

Theorem 5.5 Let (A, d) be a finitely aligned k-graph.

(i) Let I be a gauge-invariant ideal of C*(A). Then H; C A° is nonempty saturated
and hereditary, Ey, U By is a satiated subset of FE(A \ AHy), and I = Jy, ,.

(ii) Let H C A° be nonempty, saturated and hereditary, and let B be a subset of
FE(A\AH) \ g such that Eg U B is satiated in A \ AH. Then Hj,, = H
and By, , = B.

Proof Theorem 6.1 of [12] shows that H; is nonempty, and Lemma 3.3 shows that it
is saturated and hereditary. That € U B; is satiated follows from [12, Corollary 4.10].

Let I be a gauge-invariant ideal of C*(A). We have Jy, 5, C I by definition, so there
is a canonical homomorphism 7 of C*(A)/ Jy, 5, onto C*(A)/I. By Corollary 5.3, this
gives us a homomorphism, also denoted 7, of C*(A \ AHy; €y, U By) onto C*(A)/I.
Since I is gauge-invariant, the gauge action on C*(A) descends to an action 6 of TX on
C*(A)/Isuchthat 6,0m = mo~y,, where  is the gauge action on C*(A\AHj; €5, UBy).

Suppose that m(sey, ug,(v)) is equal to 0 in C*(A)/I. Then s, € I by definition, so
v € Hy. Hence 7 (s, up, (v)) # 0 forallv € (A '\ AH;).

Now suppose that E € FE(A \ AHj) satisfies

(T e um (r(ED) = st 0m (Nseun (N = Oceqayi
AEE

Then either E € €y, or else E € B; by the definition of B;. But then HAGE(ST(E) —
sxsy) € Ju, B> so that

[T Gseyyum, ((E)) = seyy,u (MNsey, un, (A)*) = Oc=(a\AHE ., UB) -
AEE
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Hence W(HAeE(SgHIUBI(T(E)) - SgHIUBI(/\)SgHIUBI()\)*)) # 0 for all E € FE(A) \
(Eg UB).

By the previous three paragraphs we can apply [12, Theorem 6.1] to see that 7 is
faithful, and hence that I = Jy, p, as required.

Now let H C A° be saturated and hereditary, and let B be a subset of FE(A \ AH) \
&g such that €5 U B is satiated.

We have H C Hj,, and B C Bj,, by definition. If v € Hj,,, thens, € Jup
and hence its image in C*(A \ AH; €y U B) is trivial. It follows that either v € H or
se,us(v) = 0. Butsg,,up(v) # 0 forallv € (A \ AH)? by [12, Theorem 4.3], giving
v e H.

If E € By, ,, then we have

T G52 (1) = 52, (s, (%) € I\ AH)y © C7(A\ AH; &)
€E

Hence H/\GE(SSHUB(V) — se uB(A)se,up(A)*) is equal to the zero element of
C*(A\ AH; Ey)/I(A\ AH)g = C*(A\ AH; € U B).

Since €y U B is satiated, it follows that either E € €y or E € Bby [12, Theorem 4.3].
But B, , N €y = @ by definition, and it follows that E € B as required. ]

Remark 5.6 (i) Given a saturated hereditary H C A, the ideal I}; (see Notation 3.5)
is listed by Theorem 5.5 as Jy .

(ii) It seems difficult to establish an analogue of Lemma 3.6 for arbitrary Jy 5. A
good strategy would be to aim to describe I(A \ AH)g = Jy /I as (Morita equiv-
alent to) a k-graph algebra. But this seems difficult even when B is “singly gener-
ated,” i.e., when €y U B is the satiation (see [12, Definition 5.1]) of £ U {E} where
E € FE(A\ AH)\ Ep.

6 The Lattice Structure

In this section we describe the lattice ordering of the gauge-invariant ideals of C*(A)
in terms of a lattice order on the pairs (H, B) where H C A° is saturated and heredi-
tary, and B is a subset of FE(A \ AH) \ €y such that £y U B is satiated.

Definition 6.1 Let (A, d) be a finitely aligned k-graph. Define
SHXS(A) := {(H, B): @ # H C A% H is saturated and hereditary,
BCFE(A\AH)\ €y and € UBis satiated} )
Define a relation =< on SHXS(A) by (Hy, B;) = (H,, B,) if and only if

(i) H, C Hy;
(ii) ifE € By and r(E) € H,, then E \ EH, belongs to &y, U B,.
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Theorem 6.2 Let (A,d) be a finitely aligned k-graph. The map (H,B) — Jypisa
lattice isomorphism between (SHXS(A), %) and (I"(A), C) where I"(A) denotes the
collection of gauge-invariant ideals of C*(A).

Proof Theorem 5.5 implies that (H, B) — Jy p is a bijection between SHXS(A) and
I'(C*(A)). Hence, we need only establish that for (H;, By), (H,, B,) € SHXS(A),

(61) ]H1~,31 C ]Hz.Bz if and Ol’lly lf(Hl,Bl) = (Hz,Bz).

First suppose that Ji, 5, C Ju, p,- Theorem 5.5 shows immediately that H, C H,,
so if we can show that F € By with r(F) € H, implies F \ FH, € €y, U By, it will
follow that (H] s Bl) = (Hz7 Bz)

Suppose that E = F \ FH, for some F € B; with r(F) ¢ H,. Suppose further
for contradiction that E ¢ Ep, U B,. Let g;: C*(A) — C*(A)/ Ju, p, wherei = 1,2
denote the quotient maps; by Corollary 5.3, we can regard g; as a homomorphism
of C*(A) onto C*(A \ AH;;Ey, U B;) fori = 1,2. Since Jy, 5, C Ju, 5,> there is
a homomorphism 7: C*(A \ AH; €, U By) — C*(A \ AHy; €, U By) such that
T oqi = qp. Since F € By, we have q1 ( [],cp(sip) — $15})) = 0, and hence

(6.2) @ (1 (srmy = 50) = 7(q1 (I] (svm — 1)) ) = 0.

AEF AEF

Since s(A) € H, implies g,(s)sy) = 0 by definition, we have that

(6.3) @ TGy = xs3)) = T1 (sen,um, (r(E)) — se,,, us,(Mse,, u, (A)*),
AEF AEE

We consider two cases: Case I: E belongs to FE(A\ AH,). Thensince E & Ey, UB,,
[12, Corollary 4.10] ensures that [ ], . (SgHZUBZ(T’(E)) — SgHZUBZ()\)SSqugZ()\)*) is
nonzero. Case 2: E ¢ FE(A \ AH,). Then there exists p € r(E)A \ AH, with

Ext(u; E) = &; we then have

[1 (SSHZUBz(r(E)) - SSHZUBz(A)SEHZUBZ(A)*) SSHZUBZ(,LL)SSHZUBZ(,U)*
AEE

= Sey, UBZ(M)SEHZUBZ(N)*

by (TCK3). Since S€11,UB, (M)58H2u32 (1)* # 0 by [12, Corollary 4.10], it follows that

T (s, (r(B)) = s, (V)5 () s ()5, (1) 0.
€E

In either case, (6.3) shows that qz( H)\GF(S,(F) - s,\sj)) is nonzero, contradict-
ing (6.2). This establishes the “only if” assertion of (6.1).

Now suppose that (H;, B;) = (H,, B;) € SHXS(A). Let v € Hj. Since (Hy, By) <
(Hz, B,), we have that H; C H,, and hence v € H, giving s, € Jy, , by definition.
Nowlet E € B;. If r(E) € Hy, then sz € Ju, 5, by definition, and hence HAEE(Sf(E)_
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Sy = ( [Der(sre — 5/\5f\)) sie) € Ju,p,. If 1(E) € H,, then since (Hy,By) =<
(Hy, B,), we have that E \ EH, € €y, U By. For A € AH,, we have s)s} = sxsq)s} €
Ju, 5, and hence g;(s)s3) = 0, so

(64) @ T1Gumy —asd) = T (senu (r(E)) = e,y up, (Mse, us, ().
A€EE AEE\EH,

Since E \ EH, € €p, U B,, and since {Sgqugz()\) : A € A\ AH,} is a relative
Cuntz—Krieger (A \ AHy; Eyy, U By)-family, relation (CK) gives

T (seum(r(E)) = se,,up, (Nse,um (V) = 0.
AEE\EH,

Hence H/\GE(Sr(E) —5)sy) € kerg, = Ju, 5, by (6.4) and Corollary 5.3.
Since all the generating projections of Jy, p, belongto Jy, p,, it follows that Jy, 5, C
JH, B, establishing the “if” assertion of (6.1). ]

7 k-Graphs in Which All Ideals Are Gauge-Invariant

In this section we use the Cuntz—Krieger uniqueness theorem of [12] to show that for
a certain class of k-graphs, the ideals Jy p identified in Section 5 are all the ideals in
C*(A); that is, every ideal in C*(A) is gauge-invariant.

Recall from [12, Definition 6.2] that if x: Qi 4.9 — A and y: Qig) — A are
graph morphisms, then MCE(x, y) is the collection of all graph morphisms z: X 4(;)
— A such that d(z); = maxd(x);, d(y); for 1 <i <k, and such that z|g, ,, = x and
2oy, = ¥-

Recall also from [12, Theorem 6.3] that if (A, d) is a finitely aligned k-graph and
€ is a subset of FE(A), then (A, €) is said to satisty condition (C) if

(1) For all v € A° there exists x € vO(A; &) such that for distinct \, i in
Ar(x), we have MCE(\x, ux) = &;

(2) for each F € vFE(A) \ &, there is a path x as in (1) such that x €
vO(A; €) \ FO(A; €).

(©

Definition 7.1 Let (A, d) be a finitely aligned k-graph. We say that A satisfies condi-
tion (D) if

(D) (A \ AH, &) satisfies condition (C) for each saturated, hereditary H C A°.

Theorem 7.2 Let (A, d) be a finitely aligned k-graph which satisfies condition (D).

(i) LetIbeanideal of C*(A). Then Hy is nonempty, saturated and hereditary, BjUEy,
is satiated in A \ AHp, and I = Jy, p,.

(ii) Let H C A° be nonempty, saturated and hereditary, and let B C FE(A\ AH)\ &y
be such that BU &y is satiated in A\ AH. Then Hy, , = H and B}, , = B.
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Proof The proof of (i) is the same as the proof of of Theorem 5.5(i) except that,
since we do not know a priori that I is gauge-invariant, we do not automatically have
an action 7 on C*(A)/I such that 6, o m = 7 o y,. Consequently, we cannot apply
[12, Theorem 6.1] to deduce that 7 is faithful; instead, we use our assumption that
(A\ AH, &) satisfies condition (C) to apply [12, Theorem 6.3].

The proof of (ii) is identical to the proof of part (ii) of Theorem 5.5. [ |

8 Classifiability

We show that all relative k-graph algebras C*(A; €) fall into the bootstrap class N of
[11]. We show that if A satisfies condition (C), then C*(A) is simple if and only if A
is cofinal. Finally, we show that if in addition every vertex of A can be reached from a
loop with an entrance, then C*(A) is purely infinite.

Our results in this section are informed by and generalise Theorem 5.5, Proposi-
tion 4.8 and Proposition 4.9 of [4], though our methods are more akin to those of
[1]. The author thanks D. Gwion Evans for drawing his attention to the results of [5]
which provide the basis for the proof of Proposition 8.1.

Proposition 8.1 Let (A, d) be a finitely aligned k-graph and let € be a subset of FE(A).
Then C*(A; €) is stably isomorphic to a crossed product of an AF algebra by 7F, and
hence falls into the bootstrap class N of [11]; in particular, C*(A; €) is nuclear and
satisfies the Universal Coefficient Theorem.

The strategy for proving Proposition 8.1 comes from [4, §5], but the techniques
employed are drawn from [10, 5]. We first need to establish some preliminary lem-
mas.

Lemma 8.2 ([4, Lemma 5.4]) Let (A, d) be a finitely aligned k-graph and € C FE(A).
Suppose there is a function b: A — 7% such thatr d(\) = b(s(\)) — b(r(\)) for all
A€ A Then C*(A; &) is AF.

Proof It suffices to show that for E C A finite, we have that C*({se(\) : A € E})
is finite dimensional. Recalling the definition of VE from Notation 3.4, define a map
M on finite subsets of A by

(8.1) M(E) := { (A\i(0,d(A)) Ay (n2, d(N)) - - - Mi(my, d(N))
leN \ {0},)\1‘ € VE, n; < d(/\l)}

We claim that

(a) M(E) is finite;

(b) EC VE C M(E);

(©) Vrenrcey PSOD) = Ve b(s());

(d) A\, p,0,7 € E implies se(N)se (p)*se(0)se(T)" € span{se(n)se(()* : n,¢ €
M(E)};
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(e) if M?(E) # M(E), then min{zle b(s(\); : A € M*(E) \ M(E)} is strictly
greater than min{Z:f:1 b(s(w))i : p € M(E) \ E}.

For (a), note that each path in M(E) can be factorised as «; - - - aq(n)| where each
a; = u(n,n+ e) for some n € Nk 1 <1<k and it € VE. Moreover, i < j =
b(s(a;)) < (b(s(o)) + d(aj)) < b(s(ej)) = «; # «j. Since VE is finite, the
number of possible values for ¢; is finite, and it follows that M(E) is finite.

We have E C VE by definition, and VE C M(E) by taking I = 1 in (8.1), estab-
lishing (b).

For (c¢), first note that A\ € M(E) = s(\) = s(u) for some i € VE, so

(82) Vb)) <V bs(u).

AEM(E) HEVE
Next recall from [8, Definition 8.3] that for finite F C A,

MCE(F) :={A € A:d(\) = V d(u), A(0,d(n)) = pforall u € F},

neF

and that VE = |J{MCE(F) : F C E}. So A € VE = )\ € MCE(F) for some
subset F of E. In particular, MCE(F) is nonempty, so we must have F C vA for some
v € A% Write n for b(v), and calculate:

b(s(\) =n+ \ dlp) =n+ \ (b(s(n) —n) =\ b(s(w)).

neF neF MEF

Hence Ve p b)) < Ve (1), 50 Vyepg BEO)) < Ve bls(i) by (8.2).
The reverse inequality follows from (b), establishing (c).

Claim (d) follows from (8.1) and (TCK3). Finally, (e) follows from an argument
identical to the proof of (e) in [10, Lemma 3.2] but with d()\) replaced with b()\)
throughout. This establishes the claim.

It now follows as in [10, Lemma 3.2] that M*°(E) := U?jl M (E) is finite and that
span{se (A)se ()* : A, 0 € M(E)} is a finite-dimensional subalgebra of C*(A; &)
containing C*({s¢ (A) : A € E}). [ |

Let A x4 7 be the skew-product k-graph which is equal, as a set, to A x Z* and
has range, source and degree maps given by r(\, n) := (r(\),n — d(N)), s(A\, n) :=
(s(\), n), and d(\, n) := d(\) (see [4, Definition 5.1]). For E € € and n € 7K, let
Exg{n}:={(\,n+d(\): € E},andlet & x4 75 := {Ex4{n} :E€ & ne 7t}

Recall that a coaction 6 of a group G on a C*-algebra A is an injective unital homo-
morphismd: A — A®C*(G) satistying the cocycle identity (id ®6g)0d = (d®id)od.
The fixed point algebra is the subspace A° := {a € A : §(a) = a ® e}. Thereis a
universal crossed product algebra A x5 G associated to the triple (A, G, J), and this
algebra admits a dual action 6 of G. Crossed product duality says that A x5 G x ;Gis
stable isomorphic to A.

Lemma 8.3 ([5, Theorem 7.1]) Let (A, d) be a finitely aligned k-graph, and let € be a
subset of FE(A). Then
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(i) & x4 7 is a subset of FE(A x4 7%);

(i) C*(A x4 7K & x47%) is AF;

(iii) there is a unique coaction § of Z¥ on C*(A; €) such that §(sg (\)) := se (\) @ d(\)
forall A € A;

(iv) the crossed product C*(A; €) x5 Z* is isomorphic to C*(A x4 75 & x 4 7).

Proof For part (i), fix E x4 {n} € € x47F, and suppose that r(\, m) = r(E x4{n}).
Then m = n+ d(\) and r(\) = r(E). Since E € FE(A), there exists a € Ext(\; E). It
is straightforward to check that (o, m + d(«)) € Ext((A, m); E x4 {n}). Since (\, m)
was arbitrary, it follows that E x4 {n} € FE(A x4 7%), and since E x4 {n} was itself
arbitrary in & x4 7¥, this establishes (i).

For (ii), define b: (A x4 Z¥)° — 7¥ by b(\, n) := n. Then the pair (A x4 Z*, b)
satisfies the hypotheses of Lemma 8.2, so C*(A x4 7% & x4 7%) is AE.

Parts (iii) and (iv) now follow exactly as (i) and (ii) of [5, Theorem 7.1]. [ |

Proof of Proposition 8.1 We have that C*(A; &) x57F 2 C*(A x 475 & x 47¥) is AF.
But crossed product duality gives C*(A; £) stably isomorphic to C*(A; €) x 57K x SZ",
s0 C*(A; €) is stably isomorphic to a crossed product of an AF algebra by 7F. ]

To give a simplicity condition for C*(A) we adapt the methods of [1, Proposi-
tion 5.1] to our situation.

Definition 8.4 Let (A, d) be a finitely aligned k-graph. We say that A is cofinal if for
allv € A% and x € OA, there exists n < d(x) such that vAx(n) # @.

Proposition 8.5 Let (A, d) be a finitely aligned k-graph, and suppose that A satisfies
condition (C). Then C*(A) is simple if and only if A is cofinal.

Proof First suppose that A is cofinal, and suppose that I is an ideal in C*(A). If
s, € [forallv € A% then I = C*(A) by (TCK2). Suppose that v € A® with s, & I.
We must show that H; is empty, for if so then [12, Theorem 6.3] shows that I is trivial.
Since Hj is saturated, we have that

(8.3) ifv' ¢ Hyand E € vFE(A), then there exists A € E such that s(\) ¢ H;.
To prove the proposition, we first establish the following claim:

Claim 8.6 There exists a path x € OA such that x(n) & H;j for all n < d(x).

Proof of Claim: The proof of the claim is very similar to the proof of [12, Lemma
4.7(1)], but with minor technical changes needed to establish that we can obtain
x(n) ¢ Hj for all n. Consequently, we give a proof sketch with frequent references to
the proof in [12].

As in the proof of [12, Lemma 4.7(1)], let P: N> — N be the position function
associated to the diagonal listing of N*: P(0,0) = 0, P(0,1) = 1, P(1,0) = 2,
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P(0,2) = 3,P(1,1) = 4.... Forl € N, let (i}, j;) be the unique element of N? such
that P(i, ]l) =1

We will show by induction that there exists a sequence {A; : I > 0} C vA and
enumerations {E;j : j > 0} of s(\;) FE(A) for all I > 0 such that

(i) s(\) € Hjforall I;
(i) Ap1(0,d(A)) = N foralll > 1
(iii) Ap1(d(N;),d(Ain)) € E;, j,Aforalll > 0.

As in the proof of [12, Lemma 4.7(1)], we proceed by induction on J; for I = 0 we
take Ao := vand fix {Eg j : j > 0} to be any enumeration of {E € FE(A) : r(E) = v}.
These satisfy (i) by definition of Hj, and trivially satisfy (ii) and (iii).

Now as an inductive hypothesis, suppose that I > 0 and that Ay,...,\; and
{E\j:j>1},....,{Ej : j > 1} have been chosen and satisfy (i)—(iii). Just as
in the proof of [12, Lemma 4.7(1)], we have that [ > i; so that E; j, has already been
defined. If Ai(d(N;,,,d(N))) € Ej,, j,, already, then I > 0 because E € FE(A) im-
plies ENA° = @, so Ay := )\ and Eyyyj = Eyj for all j satisfy (i)—(iii) by the
inductive hypothesis. On the other hand, if \;(d(\;,,,d(\))) € Ei,, j.,> then E :=
Ext ()\l(d()\i,+1 , d()\l)));E,‘m’jM) € FE(A) by [10, Lemma C.5]. By (8.3), there exists
v € Esuch that s(v) ¢ H;. But now Ay := Ay satisfies (i) by choice of vy,
and taking {Ej;1j : j > 1} to be any enumeration of {E € FE(A) : r(E) = s(vi1)}
we have (ii) and (iii) satisfied just as in the proof of [12, Lemma 4.7(1)].

The remainder of the proof of [12, Lemma 4.7(1)] shows that x(0, d(\;)) := A, for
all I defines an element of vOA, and since H; is hereditary, condition (i) shows that
x(n) ¢ Hj for all n < d(x). This proves the claim. [ |

Now fix w € A Let x € vOA with x(n) € Hj for all n as in Claim 8.6. Since
A is cofinal, there exists n < d(x) such that wAx(n) # @. Since x(n) ¢ Hj by
construction of x, and since Hj is hereditary, it follows that w ¢ H;. Consequently
H; = & as required.

Now suppose that C*(A) is simple. Let x € A, and let

H, :={we A": wAx(n) = @ for all n}.

It is clear that H, is hereditary. We claim that H, is saturated: suppose that E €
vFE(A) with s(E) € H,, and suppose for contradiction that A € vAx(n). It A = pu’
for p € E, then p/ € s(u)Ax(n), contradicting s(1) € H,. On the other hand, if
A & EA, then Ext()\; E) is exhaustive by [12, Lemma 2.3]. Since x € 9(A;E), it
follows that x(n, n + d(a)) = « for some o € Ext()\; E); say (v, ) € A™™(A, p)
where i € E. Then 8 € s(u)Ax(n + d(a)), again contradicting s(u) € H,. This
proves our claim.

Now H, # A° because, in particular, r(x) ¢ H,. It follows that if H, is nonempty,
then it corresponds to a nontrivial ideal Iy, which is impossible since C*(A) is simple
by assumption. Hence A is cofinal as required. ]

We now give a condition under which C*(A) is purely infinite.
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Definition 8.7 Let (A, d) be a finitely aligned k-graph. We say thata path p € Aisa
loop with an entrance if s(11) = r(u) and there exists o € s() A such that d(u) > d(«)
and (0,d(c)) # a. We say that a vertex v € A° can be reached from a loop with an
entrance if there exists a loop with an entrance p € A such that vAs(u) # @.

Proposition 8.8 Let (A, d) be a finitely aligned k-graph, and suppose that A satisfies
condition (C). Suppose also that every v € A° can be reached from a loop with an
entrance. Then every nontrivial hereditary subalgebra of C*(A) contains an infinite
projection. In particular, if A is also cofinal, then C*(A) is purely infinite.

The hypotheses of Propositon 8.8 are stronger than those of [4, Proposition 4.9].
There is actually a minor error in the latter, and the stronger condition presented here
is needed even in the setting of [4]. Our proof is based on [1, Proposition 5.3]. First
we need to recall some definitions and establish some technical results and notation.
Definitions 8.9 and 8.10 and the proof of Lemma 8.12 are based almost entirely on
the definitions and techniques used in [10] from [10, Notation 3.12] to the proof of
[10, Proposition 3.13]. We present them separately here because the conclusion of
Lemma 8.12 is not stated explicitly in [10].

Definition 8.9 Let (A, d) be a finitely aligned k-graph, and let E C A be finite. As
in [10, Notation 3.12], for all n and v such that (IIE)v N A" is nonempty, we write
T"E(n,v) for the set {v € vA \ {v} : A\v € TIEforsome A € (IIE)v N A"}. By
the properties of ITE, the set T(\) := {v € s(A\)A \ {s(A\)} : Av € IIE} is equal to
T"E(n,v) for all A € (IIE)v N A" [10, Remark 3.4]. If, in addition to (IIE)v N A" #
@, we have T"E(n,v) & FE(A), we fix, once and for all, an element £"5(n, v) of
vA such that Ext(€"E(n, v); T"E(n,v)) = @, and for A € (IIE)v N A", we define
&y =M (n,v).

Notice that if A, i € IIE satisfy s(A) = s(u) and d(A\) = d(u), then we also have
T(\) = T(p) and &, = &,.

Definition 8.10 Let (A, d) be a finitely aligned k-graph, let E C A be finite, and let
{tr : X € A} be a Cuntz—Krieger A-family. For each #,v such that (IIE)v N A" is
nonempty and T"E(n, v) is not exhaustive, we define

Pn,v = Z 5)\@5;& c C*(A)
AE(TIE)vNA"

Notation 8.11 Let (A, d) be a finitely aligned k-graph. We write ® for the linear map

from C*(A) to C*(A)” determined by ®(a) := fT v, (a) dz. We have that ® is positive
and is faithful on positive elements.

Lemma 8.12 Let (A, d) be a finitely aligned k-graph, let E C A be finite, and let a =
Z/\,/IEHE A\ uSAS), witha # 0. Forn € N and v € A° such that (IIE)v N A" is

nonempty and TVE(n, v) is not exhaustive, let

Fne(n,v) = span{s,\@s;& A p e (IEyvN A"}
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Then for all n, v such that (IIE)v N A" is nonempty and TV (n, v) is not exhaustive, we
have that P, ,®(a) € Fng(n, v). Furthermore, there exist ny, v such that (ILE)vy N A™
is nonempty and TVE(ny, vy) is not exhaustive, and such that ||P,, ,, ®(a)|| = ||®(a)|.

Proof By [10, Lemma 3.15], we have that each 5/\&5;@ < Q(S))H\E where Q(S)EE is
defined by (4.3). Since the Q(s)f\“z are mutually orthogonal projections, it follows that
s,\@sjfA Q(S)EE = 5,\,/,,5,\@3;&. Hence, for (X, 1) € IIE x4, I1E, we have

(8.4) P,,0O(s Ei = Pn_vQ(S)EES/\SZ = S\ SN SAS) = SAGShe,

and hence P, ,®(a) € Fng(n, v). Moreover, taking adjoints in (8.4), shows that each
P,, commutes with each @(s)?ﬁ .

By definition of the O(s f\“i, and by [12, Corollary 4.10], we have that @(s)lgfl is
nonzero if and only if T()) is not exhaustive. Moreover, since the Q(S)E\IE are mutu-
ally orthogonal and dominate the s¢, s}, , we have that the latter are also mutually

orthogonal. It follows from this and from (8.4) that

b~ Y Pub

(IIE)vNA" 42
TYE (n,v) FE(A)

is an injective homomorphism of W{@(S)Eﬁ : A\, p € IIE x4 IIE}. Since injective
C*-homomorphisms are isometric, it follows that || Y P, ,®(a)|| = ||®(a)]|.

Since the P, , are mutually orthogonal and commute with ®(a), there therefore
exists a vertex vy and a degree ny such that || ®(a)|| = ||Py,.P(a)||. Clearly for
this ng, vo we must have (IIE)vy N A™ nonempty and T(A) non-exhaustive for A €
(IIE)vy N A™, for otherwise we have P, ,, = 0, contradicting a # 0. [ |

Lemma 8.13 Let (A, d) be a finitely aligned k-graph, and suppose that every v € A°
can be reached from a loop with an entrance. Then for each v € A, the projection s, is
infinite, and hence for each X € A, the range projection sysy is also infinite.

Proof Fixv € A% and let i be a loop with an entrance such that vAs(p) is non-
empty. Fix A € vAs(u), and fix o € s(u)A such that d(o) < d(p) and (0, d(«v)) #
a. We have s, > sys7 ~ sisy = $yu), so it suffices to show that sy, is infinite.
But (TCK3) ensures that SuSpSasy = 0, and it follows that sy,) = SpSu ™~ Sus; <
Ss(r) — SaSp < Ss(p)-

For the last statement, notice that sy is infinite by the previous paragraph, and

"
SASX ~ Sf\S)\ = S5(\)- |
Lemma 8.14 ([1, Lemma 5.4]) Let E C A", letw € s(E), and let t be a positive element
of Fp(w) :== span{sAsZ : A\, i € Ew}. Then there is a projection r in C*(t) C Fg(w)

such that rtr = ||¢||r.

Proof The proofis formally identical to that of [1, Lemma 5.4] [ |
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Proof of Proposition 8.8 Our proof follows that of [1, Proposition 5.3] very closely.
Fix a nontrivial hereditary subalgebra A of C*(A), and a positive element a € A such
that ®(a) € C*(A)7 satisfies | P(a)|| = 1. Let b = ZWEE by usxs), be a finite linear
combination such that b > 0 and [[a — b|| < 1; this is always possible because
span{sysy : A, u € A} is a dense *-subalgebra of C*(A). Let by := ®(b). Since ® is
norm-decreasing and linear, we have

1= [lbo|l = [|@(@)[| = |e®)I] < [|®(a—b)] < [la—bl|l <

|

and hence ||by|| > 2. Furthermore, by > 0 because ® is positive. Apply-

ing Lemma 8.12, we ébtain a projection P, ,, such that b, := P, , by satisfies
by € Fg(ng, vo) and ||by|| = ||bol|, where (ITE)vy N A™ is nonempty and TUE (n, vy)
is not exhaustive. Notice that b; > 0. By Lemma 8.14 there exists a projection
r € C*(by) with rb;r = ||b ||r; note that r is clearly nonzero. Let v; := s(¢/(ny, 1)),
and let S := {A&)\ : A € (TIE)vy N A™}.

Since by € span{sysy : A, u € S}, which is a matrix algebra indexed by S, we
can express 7 as a finite sum r = ZA’Mes rAusxsy,> and the S xS matrix (r) ;) is a
projection.

Since (A, d) satisfies condition (C), there exists x € v;0A such that for A\, u €
Ar(x) with A # p, we have MCE(\x, ux) = @. By [12, Lemma 6.4], for distinct
A, i € S, there exists ”Jj\,u such that A™™(Ax(0, n’iw), 1x(0, n’;’“,)) = . Let

M= \/{n}, : A\ €S, \# u},

and let xp; := x(0,M). Let q := ZMLES A S \xy Syryy - SINCE the matrix (ry,) is a
nonzero projection in Ms(C), we know that g is a nonzero projection in Fn,+d(e,)»
and since s, sy, is a subprojection of s, , we have q < r. Using the defining property
of xjr as in the proof of [12, Lemma 6.7], we have that gP,,, ,,bq = Py, .,bog = qb14.
Now g < P, ,, by definition, so our choice of r gives

3
qbq = qb1q = qrbyrq = ||by||rq = ||bollq > 27

Since |la — b|| < i, we have qaq > qbq — iq > %q — iq = %q, and it follows that gag
is invertible in gC*(A)q. Write ¢ for the inverse of gaq in gC*(A)q, and let

t= cl/zqal/z.

Then t*t = a'/?qcqa'/? < ||c||a, so t*t € A because A is hereditary.
We now need only show that *¢ is an infinite projection. But

t*t ~ tt* = M2gagc!/? = Locyg = 4,

so it suffices to show that q is infinite. By choice of ny, vy, there exists o € S. By
Lemma 8.13, spx,,S;,, 18 infinite. But s,y s, is @ minimal projection in the finite-
dimensional C*-algebra span{syx, sy, : 0,7 € S}, which contains g. Since g # 0,
SoxuSox,, 18 €quivalent to a subprojection of g, so q is infinite. ]
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Corollary 8.15 Let (A, d) be a finitely aligned k-graph. Suppose that A satisfies con-
dition (C) and is cofinal, and that every v € A° can be reached from a loop with an
entrance. Then C*(A) is determined up to isomorphism by its K-theory.

Proof We have that C*(A) is nuclear and satisfies UCT by Proposition 8.1, is simple
by Proposition 8.5, and is purely infinite by Proposition 8.8. The result then follows
from the Kirchberg—Phillips classification theorem [6, Theorem 4.2.4]. [ ]
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