INFINITESIMAL HOLONOMY GROUPS OF
BUNDLE CONNECTIONS

HIDEKI OZEKI

1. Introduction

In differential geometry of linear connections, A. Nijenhuis has introduced
the concepts of local holonomy group and infinitesimal holonomy group and ob-
tained many interesting results [6].

The purpose of the present note is to generalize his results to the case of
connections in arbitrary principal fiber bundles with Lie structure groups. The
concept of local holonomy group can be immediately generalized and has been
already utilized by S. Kobayashi [4]. Our main results are Theorems 4 and 5
on infinitesimal holonomy groups. The proofs depend on a little sharpened form
of a theorem of Ambrose-Singer [1]. In the case of linear connections, our infini-
tesimal holonomy group coincides with that of Nijenhuis, as we shall show in
Section 6.

Finally, in the case of Cartan connections, we shall give a certain expres-
sion of infinitesimal holonomy groups.

After the completion of this work, we have learned from Dr. A. Nijenhuis
that he himself obtained a similar generalization [7].

In preparing the present note for publication, I have received valuable
criticism and kind encouragement from Dr. K. Nomizu, Mr. J. Hano and, in par-
ticular, from Dr. Nijenhuis. I am glad to express here my deep gratitude to

them.

2. Holonomy groups

Let P=P(M, G, =) be a differentiable principal fiber bundle over a base
manifold M with Lie structure group G and with projection = of P onto M. We
always assume that P satisfies the second axiom of countability and that M is
connected. By differentiabily, we understand that of class C*. We denote by
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T.(P) the tangent space to P at x and by V. the subspace of Tx(P) which is
tangent to the fiber through x.

A connection in P is given by defining at each point x of P a vector
subspace Q. of Tx(P) such that

(Q.1) Q- depends differentiably on x;
(Q.2) T(P) = Vi+ Q. (direct sum) ;
(Q.S) Qx.a=Ra'Qx,

where R, (a € G) denotes the right translation of P induced by a : Rix=x* a.
A vector in @ is called horizontal and a vector in V, vertical. Let us denote
hx (resp. v:) the projection of T:(P) onto Q. (resp. Vi) with respect to the
direct decomposition (@.2). For an element A in the Lie algebra 8 of G, we
denote by A™ the vertical vector field on P generated by A. Here A" generated
by A is the vectorfield on P induced by the 1-parameter group R, of right
translations of P where a:=exp -+ tA [1], [8]. Now define a 8-valued differential
1-form o, called the connection form, on P by

(w.1) w:(A¥)=A for AEg;
(0.2) w(X) =0 for Xe€ Q..

Then w satisfies the condition
(w.3) RY¥ e w=ada™?) -+ o.

Conversely, a §-valued differential 1-form o satisfying (0.1) and (.3) de-
fines, by (.2), a connection ., whose connection form coincides with w.

For a given connection, the curvature form 2 on P is defined by
(2.1 2:X, Y) =dw:(hx* X, hs* Y) (X, Y € T«(P)).
£ satisfies the condition
(2.2) iR =adla™) Q.
The structure equation ([1], [8]) is given by

2 =dw+ % [o, w].

A g-valued differential form 6 is called of type ad(G), if it satisfies

Ri<0=adla™) -0 (aEG),
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If 6 is of degree 0, that is, if 6 is a 8-valued function, this can be written as
6(x * a) =ad(a™) » 0(x).

(w.3) and (2.2) show that w and 2 are of type ad(G).

A (piecewise differentiable) curve x(¢) in P is called horizontal if, at each
point x(#), the tangent vector to the curve is horizontal. We denote by P(x)
the set of point ¥ such that x and y can be joined by a horizontal curve in P.

The holonomy group H(x) at a point x of P is defined by
H(x)={aEGlx+a€E P(x)},

and the restricted holonomy group H°(x) at x is the set of all the elements a
of G such that x and x * ¢ can be joined by a horizontal curve whose projection
to M is homotopic to 0 in M. As is well known [1], [8], H(x) is a Lie sub-
group of G and H(x) coincides with the connected component of H(x) contain-
ing the unit element e. Denote by f(x) the Lie algebra of H(x), which is a
subalgebra of 3. From these definitions, we get easily

(1.1) H(x+a)=adla)H(x) and H(x+a)=ada")hx);
(1.2) H(y)=H(x) and H(y)=hx) for ye P(x).

At each point x of P, let m(x) be the vector subspace of 8 spanned by all
the elements 2.(X, Y)(X, Y& T«(P)). Since 2 is of type ad(G), we have

(1.3) my(x * a) = ad(a“‘)mo(x).

Now, the theorem of Ambrose-Singer (Theorem 2 of [1], cf. [5], [8]) states that
h(x) is the Lie algebra generated by all me(y), y € P(x).

Later on, we shall use
Lemma 1. 9(x) is spanned as a vector subspace in § by all my(y), y € P(x).

Proof. Let m be the vector subspace spanned by all my(y), y € P(x). For
a point y of P(x), let x(¢) be a horizontal curve joining x and y. Then the
curve x(t) +a is also horizontal for any element a of G. If ae H(x), then

x+ae€ P(x), and hence y* a & P(x). Therefore we have
adla ") m(y) =mely < @) Cm.

This proves ad(a™')m C m, for e € H(x), and hence [H(x), mIC m. This shows

that m itself forms a Lie algebra. g.e.d.
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Remark. The proofs of Theorems 1 and 4 of Nijenhuis [6] are not sufficient.
The proof of Theorem 1 can be completed by the above lemma. But in the
statement of Theorem 4, “spanned” has to be replaced by “generated.”

3. Local holonomy greups

For any connected open subset U of M, »~'(U) has the natural bundle
structure and the natural connection induced those of P. For any point x of
= Y(U), we denote by H*(U, x) the restricted holonomy group at x of this con-
nection in z”U) and by P(U, %) the set of points ¥ of # () such that x and
y can be joined by a horizontal curve in z~X(U).

Definition. The local holonomy group H*(x) at a point x of P is defined
as
H*(x) = n HO(U) x)y

1 1=1/4

where U is an arbitrary connected open neighborhood of p=r+x in M.

For a point ¥ of P, take a sequence of connected open neighborhoods U
(k=1,2,3,...) of p=rn+x in M such that Uy D U4+, and QUk=(P}. Then,
for any open neighborhood V of p, there exists an integer a such that U is con-
tained in V for 2> «. Therefore we have H*(x) = (DH"( Ui, x). Since each
H* U, x) is completely determined by its Lie algebra, the minimal values of
dim H*( Uy, %) is attained for some k.. Hence we have H*(x)=H"(Uk, x) for
some k.

We have clearly

ProrosiTiON 1. The local holonomy group H*(x) has the following proper-
ties:

i) H*(x) is a connected Lie subgroup of G which is contained in H(x).
Denote by %¥(x) the subalgebra associated to H*(x) in 8;

ii) H¥(x* a) =ada™*) H*(x) and ¥ (% + a) =ad(a™ ") §*(x);

iii) There exists a connected open neighborhood U of p=wrn-x such thal,
for any connected open neighborhood V of p contained in U, we have H*(x)
=HYV, x);

iv) For any point y of P(U, %), we have H*(x) D H*(y) and §*(x) D §*(9);

V) The set {n(x) € M|dim H*(x) £ «} is open in M for any integer «.
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As to v), we remark that since dim H*(x) is constant on each fiber,

dim H*(x) can be considered as a function on the base space M.

TueoreM 1. H'(x) is generated by all H*(y), y € P(x), and Y(x) is spanned
by all H*(y), y € P(x).

The first stament means that every element a of H°(x) can be written as
a finite product a=a, . . . ax where a; € H*(y;) for some y; € P(x).

We have H(x) =H(») D §*(y) D me(y) for a point y of P(x). By Lemma 1,
hH(x) is spanned by me(y), y € P(x), and a fortiori by §*(y). The first stament
follows from the second and from the following

Lemma 2. If the Lie algebra § of a connected Lie group G is generated by
a family of vector subspaces wi (A€ A) of 8, then any element a of G can be
writlen as a finite product of the following form

a=expX;*expX:...expXz,
where each X; is contained in some m,.
Froof. Let H be the set of those elements a which can be written in the
above form. We easily see that H is an arc wise connected subgroup of G and
hence a Lie subgroup of G by a theorem of Kuranishi-Yamabe [11]. Since H

contains the elements of the form exp X, X € my, the Lie algebra §) of H contains

each m,. From the assumption, ) coincides with 8. q.ed.
TueoreM 2. If dim H*(x) is constant over P, then we have H'(x) = H*(x)
for every x € P.

Proof. In a sufficiently small neighborhood U of p=n-+x, we have H*(x)
D H*(y) for a point y of P(U, x). Since they have the same dimension, we
have H*(x)=H"*(y). From this, we can easily deduce that for any point y of
P(x) we have H*(x) =H*(y). Since H'x) is generated by all H*(y) for
y € P(x), we have finally H(x) = H*(x).

4. Infinitesimal holonomy groups

The definition of infinitesimal holonomy groups is preceded by several
lemmas.

Lemma 3. Let f be a 8-valued function of type ad(G) on P. Then
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i) For any vector field X on P,
X))y f= —Lod(X), f(x)]7
ii) For any horizontal vector fields X and Y on P,
o([X, YD, f=2[0:(X, Y), f(x)];

iii) If X and Y are vector fields on P invariant under right translations,
then 2(X,Y) and X~ f are functions of type ad(G).

Proof. i) Set A= w:(X)e4d. Then we have Af =v(X),, and hence

1

V(X)) f=AF+ f=1lim [{f(x- exptA) —f(x)}

t—>0

- lirrol%%ad(exp( —tA)) + F(x) —f(x)}
= —'[A, f(x)]= _r[u)x(X), f(x)]

(cf. [2]), where exptA is the 1-parameter subgroup of G generated by A.
ii) For any horizontal vector fields X and Y, we have, in virtue of the

structure equation,

22X, Y) =2dor(X, V) + LX), 0¥)]
=2dw X, Y)
= Xx(o(Y)) = Yelo(X)) - 0(LX, Y1)
= —wx[X, Y.

From this, we get ii) in virtue of i).

iii) Since £ is of‘type ad(G), we have
2:a(RaX, R.Y) =adla™) 2.(X, Y).

Hence 2(X, Y) is a function of type ad(G) if R;X=X and R, Y=Y. We

have also

(X)(xa) = Xea* [=(RaXx) * f=Xu(f o R)
=adla ) Xf) = ad(a™ "N Xf)(x).

We have completed the proof of Lemma 3. ,
We have defined, in Section‘Z, me(x) at each point x of P as the vector
subspace of § which is spanned by all the elements 2.(X, Y), X, Y & T:(P).
Now we shall define a vector subspace mp(x) of 3 inductively on % in the

following way. Consider any function of the form

https://doi.org/10.1017/5S002776300000012X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300000012X

INFINITESIMAL HOLONOMY GROUPS OF BUNDLE CONNECTIONS 111

(Ik) Vk"Vk—1 PO V]Q(X, Y),
~where X, Y, Vi,..., Vi are arbitrary horizontal vector fields on P, and
Vi...Vi2(X, Y) denotes the result of applying successively Vi, ..., Vi to

the 8-valued function 2(X, Y). Let mp(x) be the subspace of § spanned by
mMe-1(x) and by the values at x of all the functions of the form (I;). Set '(x)
= Lk} me(x). We shall later see that this [/(x) defines the Lie algebra of the
infinitesimal holonomy group.

Take a basis Xi, ..., X, (n=dim M) of vector fields on a neighborhood
Uof p=n-+x in M, and lét X the lift of X; (to = '(I/)) respectively. Here
the lift X™ of a vector field X on M is the horizontal vector field on P such
that =+ X*=X X* is uniquely determined and is invariant by R, ¢ € G.

Consider any function of the form
(11) X5 XXk XD,
where 7, [, ji, . . ., jr are taken arbitrarily from 1, ..., =

LemMma 4. For each k, mp(x) is spanned by mp-(x) and by the values at

x of all the functions of the form (ILy), furthermore
me(xa) = adla™) me(x).

Proof. The lemma is true for k=0, and we use the induction on k. Sup-
pose that Lemma 4 is true for 2— 1. From the definition, my(x) is spanned by
me-1(x) and by the values at x of all the functions of the form (I;). Since X,
..., X% form a basis of horizontal vector fields on = '(U), it is easily seen
that any function of the form (Iz) can be written as a linear combination of the
functions of the form (II,) (a £ k), where the coefficients are real valued func-
tions. This shows the first statement of the lemma. Since X 7 is right invariant,
(X, X[ is of type ad(G). By iii) of Lemma 3, any function of the form

1

(II) is also of type ad(G). Hence we get mp(xa)=ad(a™ ") mp(x). q.ed.

LemMa 5. The vector space §'(x)=\U mp(x) is contained in §*(x).
k

Proof. We shall prove this by the induction on k. For k=0, we already
know that mo(x) C §*(x). Suppose that mg_i(x) C §*(x) for every point .
Since me(x) is spanned by my-;(x) and by the values at x of the functions of

the form (I;), it is sufficient to show that, for any horizontal vector field X and
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for any function f of the form (Ix-;), we have Xx-fe& §h™(x).

Let ¢: be the local 1-parameter group of transformations generated by X
and defined in a neighborhood of x. Then, ¢;+«x (|¢| < some ) forms a hori-
zontal curve through x since X is horizontal. By iv) of Proposition 1 we have,

for sufficiently small ¢, H*(¢:+ x) C%H*(x), and hence

7@+ %) € mp—y(Pr+ 2) TH*(@r» x) TH* ().

On the other hand, we have
X, -f=1irr(3»}<f(sa, cx) = 7F(x))
to>
Therefore we have X, f& §*(x). g.ed.

Lemma 6. Y (x) spans a subalgebra of 9.

Proof. It is sufficient to show that, for any integers / and k we have
[mi(x), me(x)] C Mpssso.  To prove this it is also sufficient to show that, for any
function g of the form (I;) and f of the form (II.), the 8-valued function [/, gl(x)
=[f(x), g(x)] can be written as a linear combination of the functions of the
form (I,) (r £ k+1+2) with coefficients of real valued functions. This will be
proved by the induction on I

i) In the case where /=0, ¢ has the expression g(x)=2.(X, Y), where
X, Y are horizontal vector fields. Since f is of type ad(G), we have, by ii) of
Lemma 3,

2[.Qx(X, Y), f(x)] = 'IJ([X, Y])x 'f
On the other hand,

v([X, Y])x'f=[X, YJx'f’" h([X, Y])x'f
=X (YS) = YAXf)— (X, YD: S

Since X+ Y+f and Y+ X f are of the form (Iz+2) and R([X, Y1) -7 of the
form (Ir+:), the above statement is true for /=0 and for any k.

ii) Suppose that the statement is true for ! and for any k. To prove the
case /+1, it is sufficient to show that, for any function g of the form (I;) and
S of the form (II;), the statement holds for the function [ X+ g, 1, where X is
any horizontal vector field. We have easily

[Xx & f(x)] = Xx([g, f]) - [g(x), X 'f]‘
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Here, the statement holds for [g X+ ] from the inductive assumption, and the
function [ g, /] can be written as a linear combination of functions of the form
(I;) (r=I1+k+2) and hence X([g f1) is a linear combination of functions of
the form (I,) (r 1+ %k+3). Therefore the statement is also true for [Xg, fJ.
This completes the induction.

By Lemma 5 and Lemma 6, §/(x) is a subalgebra of §*(x).

Definition. The infinitesimal holonomy group H'(x) at a point x of P is
the connected Lie subgroup of G which has Y)(x) as its Lie algebra.

ProrositioN 2. The infinitesimal holonomy group H'(x) has the following
Dbroperties:

i) H'(x) is a connected Lie subgroup of H™(x);

i) H'(x+a)=ad(a™)H'(2) and H(x-a)=adla)Y(x);

iili) The set {r+x€ M|dim H'(x) = «} is open in M for any integer o ;

iv) If H'(x) = H*(x) at a point, then there exists a connected open neighbor-
hood U of p=m+x such that, for any point y of P(U, x), we have H'(y)
=H"(y) = H'(x) = H*(x).

Proof. ii) follows from Lemma 4, and it means that dim H'(x) can be
considered as a function on M. iii) is seen from the fact that if the values of a
finite number of functions of the form (Ir) (2 = 0) are linearly independent at
a point %, so are they in a neighborhood of x. If dim H'(x) =dim H*(x) at x,
this holds in a neighborhood of x by v) of Proposition 1 and by iii) of the above.
Hence we get iv) from Theorem 2.

Tueorem 3. H%x) is generated by all H'(y), y€ P(x), and H(x) is
spanned by all Y(y), y e P(x).

The proof is similar to that of Theorem 1.

5. Theorems

Tueorem 4. If dim H'(x) is constant over P, then we have H'(x) = H*(x)
=H'(x) for every x & P.

This can be obtained from Theorem 2 and from the following

Lemma 7. If dim H'(x) is constant in a neighborhood of x in P, then we
have H'(x) = H*(x).
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Proof. On a sufficiently small neighborhood V of p=r+x in M, we have,
for any point y of P(V, x),

(5.1) (%) D H*(y) DH(y) D mo(y).

Therefore we see from Lemma 1 that §*(x) is spanned by all §(y), y& P(V, x).
Therefore it is sufficient to show the existence of a neighborhood U of p on
which (%) =9(») holds for any y € P(U, x).

Now take a finite number of functions fi, . .., f« of the form (II;) (2 =0)
such that fi(x), ..., f«{x) form a basis of )/(x). Then we see from the as-
sumption of the lemma that fi(y), ..., f.(») form a basis of §/(y) for any
point v in a sufficiently small neighborhood of x. Since fi, . .., f« are of type
ad(G), filva), ..., faly+a) also form a basis of §'(y+a). This shows that
there exists a neighborhood V of p such that fi(y), ..., f«ly) form a basis of
§(y) for every point ¥ of » (V). Take a neighborhood U of p in V so small
that (5.1) holds in = ().

We shall prove 0(x) = §'(y) for any point y of P(U, x). Let x(t)
(0=t =1) be a horizontal curve joining ¥ and » in = '(U). Though x(t) is
piecewise differentiable in general, we assume first that x(¢) is differentiable
throughout 0 = ¢ = 1.

Set gi(t) = f,(x(¢)). Since the curve x(t#) is horizontal, we have
(dgi/dt)e € §'(x(t)).
As a(t), ..., g&(t) form a basis of §/(x(¢)), dgj/dt can be written as

(dgj/dt): = %ajk(t) « @),

where ajr(t) is differentiable in ¢

Consider the differential equation for the unknown g;
dBj/dt=—I§Bk'a'kj (J=1...a)

This has a-linearly independent solutions 8;; with initial condition
Bi(0) = 8;;.
We see easily that these solutions can be extended for 0 £t = 1, constructing

successively the solutions. We have
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23

d ki PR d R Ly . d ‘
dt (_,‘Z:BU g])—zdt(ﬁu) &+ %ﬂu dt &8j

J=1

= = 220 Bikt aki* &+ > 23 Bij  ajk & =0.
J1k=1 jo1lk-1

Hence we have i}ﬁz‘j(t) + gi(t) = gi(0). This proves §/(x(0)) = §(x(1)), because
the det [B:(1)] ]is not 0. This also can be proved successively for the case
where x(#) is piece-wise differentiable. Therefore we have proved H'(x) = H"(x).

A point p of M is called singular with respect to H™ (resp. H') if, for any
sufficiently small neighborhood U of p, dim H*(x) (resp. dim H'(x)) is not
constant over = '(U/). From Lemma 7 and from iv) of Proposition 2, we see
that the set @ of singular points of H” is contained in the set 2’ of singular
points of H’. In the same way as Nijenhuis [6], we can prove that % and 2’
are closed sets without interior points.

In the case of an analytic bundle, a connection is called analytic if the
horizontal space Q. depends analytically on x. Then one can see that the hori-
zontal component 2X of any analytic vector field X is analytic and that « and

£ are also analytic.

THEOREM 5. If the bundle and the connection are analytic, then, H'(x)

=H*(x)=H'(x) for every x & P.

Proof. It is sufficient to prove that dim H'(x) is locally constant. In fact,
in this case, dim H'(x) is constant over P and hence we get the theorem from
Theorem 4.

Now take analytic local coordinates x', ..., x”* defined in a neighborhood

Uof p=r+xin M. We can assume that x'(») =0 and that U is homeomorphic

with the open subset of R™ composed of the points (x', ..., 2*) such that
S1(xH* < @ (a>0), by the mapping g — (x'(q), ..., x"(¢)). We shall prove
1=1

that dim ’(y) is constant over = '(U).
Set X;=0/ox' and let us denote by X; the lift of X;. For any system of
n-real numbers (d), ..., a") such that 3)(a')*=1. Consider the vector field
i=1

X= éang on U. Theray u(t) (—a<t<a) defined by x'(u(t))=d't has
i=1

Xuu, as its tangent vector at u(#). The lift X* of X is given by 2)a¢'X; and
i=1
is an analytic horizontal vector field on = '(U). The lift x(#) of w«(t) through

x has X3: as its tangent vector at x(#). Since the set of all the lifts x(¢)
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of any ray «(¢) defined in the above way covers U, it is sufficient to show
B (x(0)) =Y (x(¢;)) for any point x(#;) on the curve x(%).

Now consider all the functions f of the form (IIz) (2 = 0)
f=X5 .. X[e(XE, XI)

defined on #~'(U), and set g(¢) =(x(t)), which are analytic functions defined
for —a <t <a. Fix a point x(#). We can prove (see the lemma below) that
there exists 6 > 0 such that all the functions g(¢) so obtained can be expanded

in the common neighborhood |t—t,| <& of # as follows
— m
g() = =0T gy

gt = 5 L= D gomiy,

where we have
g(t)=Xin - f
g"(t) = X3 (X*)

Therefore, for each ¢ in |t— 4] <4, all g™ () belong to H'(x(¢#)). Since all
g(t) span B/(x(t)), the first Taylor expansion shows that §'(x(#)) is contained
in 9'(x(2,)). Similarly, %(x(#)) C ¥ (x(¢)) and hence they coincide. For each
t (|24] <a), the set {x(#)|0=|t| £|#|} being compact, we have ¥H(x(0))
=H(x(t)). qed.

LemMa 8. In an analytic manifold, let x(t) (|t| <a, x(0) =p) be the inte-
gral curve of an analytic vector field X which is defined in a neighborhood V
of p and is not 0 everywhere. For an analytic function f and for a finite number
of analytic vector fields X1, . . ., X. defined on V, consider all the functions g(x)
and h(t) of the form
&%) =(Xj . . . X;,/)(x)
h(t) = g(x(2)),

where ji, . . ., Jr are arbitrarily taken from 1, ..., a. Then there exists 6 > 0
such that all h(t) so obtained can bz expanded in the common neighborhood
[t < 3 as follows

_s " om
h(t) =235 h"™10).

m
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Proof. From the assumption, we can take analytic local coordinates (',
., ™) such that the curve (¢, 0, ..., 0) ({t] <some a) coincides with x(#)
and X =20/0x"' (see § VII, Chap. Il of [2]). Now we see that the above expansion
of n(t) is the same as that of g(x) in a power sieries of x¥'. Each X; can be
written as X;= gﬁja/axi. Since f and fi; are analytic, they can be expanded
in a power series of (x',..., ") in a common neighborhood x| <a;. Now
the lemma can be seen from the following fact:
If two analytic functions f1, f» of (x', ..., x") are expanded in a neighbor-

hood |x'| < a, then the functions fi- /. and fi - of./x’ can be expanded in the
same neighborhood. q.ed.

6. Linear connections

Let P be the bundle of frames over a connected n-dimensional manifold M.
P is a principal fiber bundle with structure group GL(n, R) over M. A con-
nection in P is called a linear connection of M. The purpose of this section is
to show that our infinitesimal holonomy group coincides with that of Nijenhuis.
In order to do this, we must first clarify the relation between a connection in
P and the covariant differentiation on M induced by this linear connection. We
shall follow the formulation which has been given recently by K. Nomizu [8].

A connection in P induces a covariant differentiation of tensor fields on
M [8], [9]. Let us denote by FxT the covariant differential of a tensor field
T on M in the direction of a vector field X. Let F be an n-dimensional vector
space with fixed basis &, . . ., £». Since P is the associated principal bundle of
the tangent bundle of M, any point % = (e;, . . ., e,) of P gives a linear mapping
of F noto the tangent space 7»(M) to M at p=r-x such that

x:&i—ei
Since 8{(n, R) is considered as the Lie algebra of all linear endomorphisms of
F, each element A of 8((n, R) gives, for each point x of P, a linear endo-
morphism of Tp(M) (p=r+x) of the form
g Acxt T(M) > Tp(M).

In the following, we shall denote by X™ the lift of a vector field X on M
and by X, Y, Z Vi, ..., V& ... arbitrary vector fields on M.
We shall use the following (see K. Nomizu [81)
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LemMa 9. For each Z, define an F-valued function fy on P by

fulx) =x"Zp), where p=r-x.

Thern we have
6.1) (PxZ)p=2(X5f);
And the curvature tensor R on M is given by

(6.2) R(X, Y)(Z)p=4x, 2.X% Y¥) 57"} (Zp)
= x{ 2 X*, Y*)(fulx))}.

A tensor field T of type (1.1) is a rule which assigns to each pEe M a
linear endomorphism of 7»(Af). The covariant differential 7T of T is given
by ([8], [9])

(6.3) PvTWZ)=Pu(T(Z))—-T(F2Z)
In particular, if T=R(X, Y) (X, Y fixed), we have
(6.4) FyR(X, Y)(Z) =P, (R(X, Y)Z))—R(X, Y)F.Z)

for any Z. The covariant differentiatial of 7y, R(X, Y) taken in the directions

Ve, . .., Vi successively will be denoted by

Polr, RCX, Y), ...,  Poo...VrR(X, Y).

Lemma 10. (Py,...Pv,R(X, Y))(Z),
={x  (Vi)e(Vicr. . . VXS, Y*) s x5 1(Zp) (p=n+x).

Proof. The case where & =0 is just (6.2). For a vector field W = R(X, Y)(Z),

we have

(6.5) fw(x) =x"H{R(X, Y)(Z)p} = 2:X*, Y*)(fu()).
By (6.1) and (6.5), we get

(6.6) {Pri(R(X, YIZ)}p=x A VEQXY, Y(f2)))

where 2(X™* Y™*)(f;) is considered as an F-valued function on P. On the other

hand, we have

(6.7) VEQX", YH()
={ Vi QX" Y (falx) + 20X, YNV f2).

From (6.1), this can be written as
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(6.8) (Vi (X%, Y*) (x™HZp))
= VHQ(XF, Y)(f2)) = 2 X*, YN ((F, Z)p))

.From (6.4) and (6.5), we get
(6.9) (P R(X, Y))(Z)p={x+ V52(X", YY) - 271} (Z,).

This proves the lemma for the case #=1. The general case can be obtained
successively by using (6.3) for T'=F,,_, ...V R(X, Y), in stead of (6.4) in
the above argument. q.ed.
The holonomy group H(x) (resp. H'(x), H'(x)) can be represented on
Tp(M) (p=n+x) as the group of linear automorphisms {x *a-*x 'la € Hlx)
(resp. H*(x), H'(x))}. Then 0(x) (resp. hH*(x), §’(x)) is represented on 7()

1

as x* Olx) e x7" (resp. x+ 0™(w) 2™, x+0(x)+2""). From Lemmas 4 and 10,

we get the following

LEmMma 11, x - 0'(x) * 57" is spanned by the values at p=n-x of all the

tensors of the form
R(X, Y), FryRX, Y), ..., Py o o P RIX,Y), oo .

1

TueoreMm 6. The Lie algebra x -+ 1)'(x)+x™' of the infinitesimal holonomy

group represented on the tangent space Ty M) (p=r-<x) is spanned by the

values at p of all the tensors of the form
RX,Y), PR Vi; X, Y), ..., FPPRY Vi, ..., Vi3 X, Y), .. .,

where X, Y, Vi, ..., Vi, ... are arbitrary vector fields on M.

The successive covariant differentiatials FR®, ..., P*®R of R can be ex-

pressed as follows:

(6.10) (FRY}(V:; X, Y)=Fr, - R(X,Y)-RF X, Y)-R(X, VYY)
(V(Q)R)(Vx, Vo X, Y)=VFy, - FPR(Vy; X, Y))
—FVRF, - Vi X, Y)=FVR(V; Fr, X, Y)=-R(V 5 X, F, Y)

From (6.10), and from Lemma 11, we obtain the theorem.

Remark. In coordinates (x', ..., x"), set X;=09/ox'. Then Fx; X; can be

expressed as
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VxiXi= EEF?ij.
k=
PPRYVy, ..., Vi X, Y) is expressed as follows:

(PORN Xjys « « «, Xiv 3 Xiy X0) = 20Vjp.. s Rils® + d%” & X..
o, f
Theorem 6 is nothing but Theorem 5 of Nijenhuis [6].

7. Cartan connections

In this section, we shall show how the infinitesimal holonomy group of a
Cartan connection can be expressed on the reduced bundle. However, we do
not give here in detail the notion of a Cartan connection (see Ehresmann [3],
Kobayashi [5]).

The structure group of a differentiable principal fiber bundle P= P(M, G)
is said to be reducible to a Lie subgroup G' of G if there exists a differentiable
principal fiber bundle P’'= P'(M, G') with structure group G’ and a differentiable
mapping ¢ of P’ into P such that ¢(x+a)=¢(x)*a (e G, x € P') and ¢ is
base-preserving [10]. In this case, P’ with together ¢ is called the reduced
bundle and P’ can be considered as a submanifold of P (so that we consider the
set P’ as a subset of P by the injection ¢).

We shall consider in this section only the case where the structure group
of P is reducible to a closed subgroup G’ of G such that dim G/G’ = dim M, and
we denote by (P’, ¢) the reduced bundle. Then a connection on P is called
Cartan connection if the restriction o' =¢*+w of its connection form » to P’
satisfies the condition:

If 0(X)=0 (XE T«(P)), then X=0.

Such a connection exists if and only if the associated bundle E(M, F, G')
of Pis “soudé & M’ where F=G/G' and G’ acts on F to the left [3], [5].

For a Cartan connection, let us denote by &' the restriction ¢*+« 2 of the
curvature form 2 to P'.

Take a subspace m of § such that 8 =¢'=m (direct sum as vector spaces)
where &' is the subalgebra corresponding to the identity component of G'. For
any vector field X on M we are denoting by X™* the lift of X to P. We shall
also denote by X' the vector field on P’ sucl} that, at each point x of P/,

od X em and 7(Xh) = Xpr. X' is uniquely determined, because . is a
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linear isomorphism of the vector space {Y & T«(P)|wi(Y) & m} onto Tr..(M).

LemMmA 12. Let f be a 3-valued function on P of type ad(G). Then, for
any vector field V on M, the function V*f is also of type ad(G), and its restric-
tion to P' is equal to the function
Ve +Lo'(V), 1],
where f' denotes the restriction of f to P'.

Proof. Since V* is right invariant on P, V*f is of type ad(G) by iii) of

Lemma 3. At any point ¥ of P/, we have
V;{:hx' V;T:hx' VQ

because my* V¥ =n,+ VL= V. Hence the vector V.= Vi— VJ is vertical in

P. By i) of Lemma 3, we have
Veof=—LwdV5), f(x)]
Since Vi is horizontal and since VY is tangent to P’, we have
0d(V) = 0:( V) = 0 V).
Therefore, at each point x of P/,
Vief=Vief=Vif
= Vi + LoV, £(x)]
= Ve S+ LoV, 1'(x)]
This proves our lemma.

Using the above notation, §'(x) of a Cartan connection can be calculated

on the reduced bundle from the following

TueoreMm 7. The Lie algebra Y (x) of the infinitesimal holonomy group of
a Cartan connection at a point x of the reduced bundle P' is spanned by the
values at x of all the functions f *) on P! obtained in the following way :
For any vector fields X, Y, Vi,..., V&, ... on M, define 3-valued func-
tions ¥ on P' successively by
=X, Y
U =vie O+ Lo(V), 1]
=1192(X', YNLo'(V]), 2/(X, Y] ...
R = Vi 794 ' (Vien), rP7.00
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Proo/. Remark first that, at each point x of P/, we have
QUK Y = 0uX*, ¥,

since Jiy+ Xv=hye X, her Y'e=h,+ Y5. This shows that f© =2(X", Y") is
just the restriction to P’ of the function 2(X*, Y¥*). Applying Lemma 12 to
the function 2(X* Y*), we see that f'¥ is also the restriction to P' of
Vio(X*, Y*). In the same way, we see that f'* is the restriction to P’ of
Vi...VER(X" Y*) which is a 9-valued function on P of type ad(G). This
proves the Theorem.

Remark. In general, the vector field X' is not right invariant (for instance,
in the case of conformal connections). However, from the above proof we see
that the function ¥’ defined as above are independent on the choice of m such
that 9=98"'+m.

In particular, in the case of affine connections, the generators of the non-
homogeneous holonomy groups in the above theorem can be given by certain
cxpressions involving the torsion and curvature tensors on the base manifold.

We hope to take up this problem at another occasion.
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