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ON A NEW SINGULAR DIRECTION OF ALGEBROID FUNCTIONS

SONGMIN WANG AND ZONGSHENG GAO

In this paper, we prove that for an algebroid function w(z) with finite lower order, sat-
isfying limsup(T(r, u;)/(log r)2) = oo, there exists a T direction dealing with multiple

r—ioo

values.

1. INTRODUCTION AND MAIN RESULTS

The u-valued algebroid function w = w(z)(z e C) is denned by the irreducible
equation (see [5, 6])

(1) Au{z)w" + Av^{z)wv-1 + ... + A0(z) = 0,

where Av(z),..., A0(z) are all entire functions without any common zeros. In particular,
w(z) is a meromorphic function when u = 1. In 1930s, Valiron [13], Ullrich [12] and
Seleberg [10, 11] generalised the value distribution theory of meromorphic functions(see
[4]) to the corresponding theory of algebroid functions. The singular direction for w{z) is
one important objects studied in the theory of value distribution of algebroid functions.
Many people, such as Valiron [14], Lii [7], Land Gu [8] and Gao and Wang [2], have
studied the Julia direction and Borel direction of algebroid functions.

Recently, Zheng [16] introduced a new singular direction of meromorphic functions,
called the T direction. Then Guo, Zheng and Ng [3] proved that a meromorphic function
f(z) must have at least one T direction, provided that limsup(T(r,/)/(logr)2) = oo.

r—K»

Thus a natural question is whether there exists a T direction for an algebroid func-
tion w(z). In this paper, we investigate the existence of the T direction dealing
with its multiple values for an algebroid function with finite lower order (that is,
liminf((log+T(r,u;))/logr) < oo), which implies that the algebroid function has a T

r-+oo \ /
direction, under the condition limsup(T(r, w)/(logr)2) = oo.

r—«»

Let w(z) is a v-valued algebroid function, defined by (1). Then the single-valued
domain Rz of its definition is a Riemann surface, which is a f-sheet covering of the z-
plane. A point in Rz is denoted by I if its projection in the z-plane is z. The open set
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which lies over \z\ < r is denoted by \z\ < r, and its boundary is denoted by |z] = r.
Let n(r, a) be the number of a-points of w(z) in |z| < r, counted according to their
multiplicities, and W\r,a) be the number of distinct a-points of w(z) with multiplicity
^ I in \z\ < r. In addition, n(r, a) denotes the number of distinct a-points of w(z) in
\z\ < r, ignoring the multiplicity. Let

ra) = 1 rHt,

where 5(r, IU) is called the mean covering number of |i] < r into the to-sphere, and we
call T(r, w) the characteristic function of w(z). It is known from [5, pp. 84] that

T(r, w) = m(r, w) + N(r, w) + O(l).

Let n(r, Rz) be the number of the branch points of Rz in \z\ < r, counted with the
order of the branch point. Set

From [5], we know that

(2) N(r, Rz) ^ 2(1/ - l)T(r, w)

Next, we define the angle region in the z-plane,

| \axgz-eo\< 5,0^00 <2n,0<6< | } ,

A(00, S) and A(^o, S) denote the regions where Rz lies over A(0O, <̂) and A(0O, &), respec-
tively. Let n(r, A(do,6),a) be the number of a-points of w{z) in {\z\ < r] D A(9O,5),
counted according to their multiplicities, and n?)(r, A(90,6), a) be the number of distinct
a-points of w(z) with multiplicity < I in {\z\ < r} n A(90,8). Then n(r, A(60,8),a)
denotes the number of distinct a-points of w(z) in {\z\ < r} n A(6Q,6), ignoring mul-
tiplicity. In addition, n(r, A(9O,5),RZ) denotes the number of the branch points in
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{ < r} n A(00,6), counted with the order of branch. Just like the above, we de-

fine N(r, A(0O, S), a), 3?°(r, A(0O,6),a), W(r, A(0O,5),a) and N(r, A(00,6), Rt), respec-

tively.

DEFINITION 1: Let w(z) be a !/-valued algebroid function defined by (1). The radial
arg z - 90 is called a T direction of w(z), if for arbitrary 6 > 0(0 < S < TT/2), in the angle
region A(0O,6), given any a 6 C, we have

hmsup ' / " ' / ' >0,
r-+oo i (r,to)

possibly with the exception of at most 2u values of a.

DEFINITION 2: Let w(z) be a ^-valued algebroid function defined by (1), and /(> 2i/)
be a positive integer. For arbitrary 6 > 0(0 < 6 < n/2), if

, 3 , p ^
r_K5o -I (r, xv)

holds for any a £ C except at most 2v possible exceptions, then the radial arg z = 60 is
called a T direction dealing with multiple value of w(z).

REMARK. From the definitions, it is easy to see that the T direction dealing with multiple
value is more precise, and the T direction dealing with multiple values must be a T
direction. In addition, if / = oo, (3) implies that

T(r, W)

THEOREM 1 . Let w(z) be a u-valued algebroid function defined by (1), satisfying

,. . ,log+ T{r,w) T(r,w)
hminf :—J = n < oo, limsup 77^—^ = 00.
- — logr ^ ,._>« (logr)2
r—»oo

Then w(z) must have at least one T direction dealing with multiple values.

2. LEMMAS

In order to prove the theorem, we need the following lemmas.

LEMMA 1 . ([9]) Let T(r) be a positive and nondecreasing continuous function in

[0,oo), satisfying

.. . .log+ T(r) T(r)
hm inf —; — = fi < oo, hm sup = 00.
r-»oo logr ^ r-»oo (logr)2

Then for any given h > 0, tiere must exist sequences {rn} and {Rn} satisfying

^ ( 1 ) in -+ 00),
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such that

Urn ^ ^ = oo, T^RJ < e*T(/U(l + o(l)) (n -» oo).

LEMMA 2 . ([2]) Suppose that w = w(z) (|z| < R) is a v-valued algebroid function
de&ned by (1), and 0.1,02,... ,aq are g(> 3) distinct points in the w-sphere such that the
spherical distance of any two points is no small than 6 € (0,1/2). Then for any r € (0, R),
we have

2>
(q - 2 - f)S(r,w)/ / \ ' — / ^ / ., ' " V " l '••7/ ' » ' v \ - " > •»**/

where I ̂  3 is a positive integer and C is a constant.

LEMMA 3 . Suppose that w = w(z)(\z\ ^ R) is a v-valued algebroid function de-
fined by (1) and l(> 2v) is a positive integer. Let 0 < 6 < 60 < n/2,0 ^ 60 < 2n; that is,
A(0O,<5) C A(6O,6O). The part ofRz which lies over ~ZL{dQ,5) (~l [\z\ ^ r} is denoted by

D,6, r), and

S(r,A(eo,6),w) = - f L

Then for any positive number A > 1, any positive integer a and any qfe 3) distinct
points 01, a2,..., a, in the w-sphere, we have

(q-2-j)s(r,A(60,6),w)

where A is a constant depending only on Oi(i = 1,2,..., q) and /c(0 < K < 1) is a constant
depending only on S, So, A and a.

P R O O F : Set r^ = A 0 " ,^ ,* = Aa"+*(/i = 0 , l , 2 , . . . , 0 < Jb ^ a - 1), where rM)0

= rM, r^a = r^+xfi. Let Q^k = {z \ r^k ^ \z\ < rM)*+i} n A(00,60)- For a given positive
integer n, we have

Q—1 n

fc=0 /i=0

for which the component is non-empty. Without loss of generality, we assume that Jfc = 0
such that

22 "(tyi.o, Rz) < -n(rn+1,A(e0,60),R,),
, = 0
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where n(n/J i0, Rz) denotes the number of branch points in fiMi0, counted with the order
of the branch point. Let

A/i = {z I rn,o < |z| < V i - u } n A(0o,<*o),

By the Riemann Mapping Theorem, there exists an univalent function f(z) mapping A^
onto the unit disk |C| < 1. At the same time, the point

z = ( ( r M + r^x + V H , 0 + r^+1)1)/4)eie°

can be mapped to £ = 0, and A^ can be mapped into |C| ̂  K, where K(0 < K < 1) is a
constant depending only on 8, So and \a, independent of v. Then from the fact that

Iff \w'
nw) = - / L-r

«• 7 y s : (i +1<
is a conformal invariant and Lemma 2, we deduce that

(q-2 ) S(A,,, iy) < (g - 2 - 7) 5(K, ty(Z"1))

°CICI < i.oi) + ^p«(ICI ^ 1,-Rz) + j ^

I 1 — K

Thus

In addition, it is easy to see that

n- l

(5) J2S(5ll,w)2S(rn,'5(Oo,8),w)-,

Since {A^}JJ=0 overlays {fi^,o}Jl=o t w i c e a t most, we have

n - l

(6) ^ ^ ( A ^ a , ) ^ 2R|)(rB+1> A ^ o A ) ,

(7)
n - l
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where n(A/J, Rz) denotes the number of branch points in A,,, counted with the order of
the branch point. And it follows n = (log rn)/(a log A) from rn = Aan. Then by (4)-(7),
we obtain

(8) (q-2-*

- 2 - j

If r ^ 7"i = Aa, there must exist a n > 1 such that rn_i ^ r < rn. Thus we have
rn+1 = A2Qrn_! ^ X2ar and rn ^ Aar ^ r2. Then (8) becomes

)s(A((q-2-j)s(r,A(eo,6),w)

o 9/4
- 2 - T ) S ( A « \ A ( e o , « ) , « , ) + { l ) l X l o g + r .

If r < r j , the above inequality is obviously true. The Lemma is complete. Q

LEMMA 4 . Suppose that w = w(z) (|z| ^ R), defined by (1), is a v-valued algebroid
function with finite lower order n, and satisSes

Let l(> 2v), m(> 1) be both positive integers, and

Vo = 0,7/i = —,-.- ,»?m-i = ( m - l ) — , 7 / m = 0.
m m

Then there must exist a A(r/j, (27r)/m) in J A ^ , (2n/m))\ such that

, . _ •« , (r, w)

holds for any a € C except at most 2v possible exceptions.

PROOF: Suppose that the conclusion is false. Then for any A (77̂  (27r/m))(0 <
^ m - 1), there exists q = 2v + 1 exceptional values {af }(j = 1 , . . . , 2v + 1) such that

T[r, w)

https://doi.org/10.1017/S0004972700039381 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700039381


[7] Algebroid functions 465

Thus there exists RQ, when r > Ro,

(10) 3V° (r, A fa, ̂ ) , cA = o(T(r, w))

holds for i, j uniformly.

Let a is any positive integer. Put 77^ = (2wi/m) + (2nk)/(am)(0 < Jfc ^ a - 1).
Given any constant A(> 1) and r > RQ, let A ^ = {z \ \z\ < X2ar, r)i<k ^ argz < 77t,*+i}.
Then

Q—1 m—1

t=0 i=0

for which the component is non-empty. Without loss of generality, we assume that k = 0
such that

m—1 -

J2n(Aifi,R2) < -n(\2ar,Rz).

Set
A — J y I | *i. _ _1_ * | , , 1 /O ^ " nfir y

Ai = {z 17?i,0 < argz < Tfc+u}-

Since { A J ^ Q 1 overlays {A^oJSo1 OV^Y twice, we have

m - l

i=0

For A; C A;, applying Lemma 3, we have

Adding from i = 0 to m—1, dividing both sides of this inequality by r and then integrating
both sides from 0 to r, we obtain the following inequality

t=0 j=l

It follows that by (2) and (9)-(ll)

(12) (q-2- j)T(r,w) < 2(1/ - l)l-±l(l±Z.yT(\2°r,W) +o(T(r,w))
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By Lemma 1, there exists sequence {rn} and {Rn} satisfying #i~o(1) < rn < R^

(n —• oo), such that

lim | ^ 4 = oo, T(AteH,,,ui) < \*"V(Rn,w)(l + o{l)) (n ->oo) .

Thus we have
,. T(Rn,w)
hm ., ' = co.

Replacing r by Rn and dividing both side by T(Rn,w) in (12), we obtain

when n —> oo. Letting A —• 1, a —» oo, respectively, we deduce I < 2v from q = 2v + 1.

This contradicts I > 2v. D

3. P R O O F OF THEOREM 1

By Lemma 4, for any given positive integer m, there exists an angle region

such that
l i m

holds for any a € C with at most 2i/ exceptions.

Let E = {0m = arg.zm | 0 ^ 6m < 2n,m = 1,2,. . .}, then there exists at least
one accumulation point 0Q(0 < ff0 < 2n) in E. Without loss generation, we assume
Om —¥ 6o(m -+ oo). Then J : axgz = 6Q is a T direction dealing with multiple value of
w(z). Otherwise there exists a <S(0 < 6 < TT/2) and 2i>+l exceptional values a e A(90, S),

such that

T{r, w)

For sufficiently large m, we have A(0m, (27r/m)) C &{00,6). Then

{r,w)

This contradicts the choice of {0m}. This completes the Theorem.

REMARK 1. If w(z) has finite positive order p, that is, limsup(log+T(r,u;))/logr
r-+oo

= p(0 < p < oo), then its Borel direction of the largest type (see [1]) is also the T

direction. Thus there is a sequence filling disks in any T direction (dealing with multiple

value)(see [1, 15]).
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REMARK 2. It remains open, whether the T direction(dealing with multiple value) of
w(z) exists, when the lower order of w(z) is infinite; that is,

hm mf —2-.—- = co.
r->oo log r

REMARK 3. If a(z) is a function such that T(r, a) = o(T(r, w)), is it true that

with the possible exception of at most 2v small functions a(z)7
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