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STABILITY OF HOLDER ESTIMATES FOR d
ON PSEUDOCONVEX DOMAINS OF

FINITE TYPE IN C2

S. CHO1, H. AHN AND S. KIM

Abstract. Let Ω be a smoothly bounded pseudoconvex domain in C and let
6Ω be of finite type m. Then we prove the stability of Holder estimates for d
under some perturbations of 6Ω. As an application, we prove the Mergelyan
property with respect to Cα(Ω) norms for 0 < α < 1/772.

§1. Introduction

Methods of integral representations for estimating solutions for 9-equa-

tion in several complex variables have been successfully used for strongly

pseudoconvex domains [G-L, H, Rl]. For weakly pseudoconvex domains

of finite type in C 2 , Range [R2] has introduced a method for constructing

integral kernels on smoothly bounded pseudoconvex domains. This method

was based on Skoda's L2 estimates [S] for holomorphic solutions hj(p,z),

j = 1, 2, of the division problem

Λi(p, z){zχ - pi) + /ι2(p, z)(z2 - V2) = 1, P G 6Ω, z G Ω.

He has used the detailed geometric analysis of Catlin [C], near a boundary

point po G 6Ω of finite type to get pointwise estimates of hj(p,z), z G Ω,

j = 1,2. The result was:

THEOREM. ([R2]) Let Ω be a smoothly bounded pseudoconvex domain

in C 2 of finite type m, and let f G CQ-^Ω) be d-closed. Then for every

η > 0 ; there is a solution u^ of du — f on Ω which satisfies

(1.1)
1

Z — W \

for z,w G Ω. The constant Cη is independent of f.
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24 S. CHO, H. AHN AND S. KIM

Throughout this paper, Ω will be a smoothly bounded pseudoconvex

domain in C 2 and 6Ω is of finite type. In this paper, we will prove that the

estimates in (1.1) are stable under suitable perturbations of the domain Ω.

DEFINITION 1.1. Let Ω C C n be a smoothly bounded pseudoconvex

domain with C°° defining function r. By a smooth bumping family of Ω

we mean a family of smoothly bounded pseudoconvex domains {Ω^jo^t^i

satisfying the following properties:

(1) Ω° = Ω

(2) Ω*1 ^ Ω t 2 if ti < ί 2 ,

(3) {&Ω*}o<ί<i is a C°° family of real hypersurfaces in C n ,

(4) the boundary defining functions r* of Ω* varies smoothly with respect

to t and rι —> r as t —> 0 in C°° topology.

Remark 1.2. In [Ch], the first author constructed a smooth bumping

family of Ω if 6Ω is of finite type. Also he showed that there is a family of

diffeomorphisms {φt}, Φt ' Ω —> Ω*, such that φo : Ω —> Ω is an identity and

the complex structure on Ω* is C°° close to the complex structure on Ω as

ί->0.

Now we state our main result:

THEOREM 1.3. Let Ω be a smoothly bounded pseudoconvex domain in

C 2 of finite type m, and let {Ωt}o<t<i be a smooth bumping family of Ω.

Then there is tςi > 0, depending only on Ω; such that for each η > 0 and

t < tςi, and for each d- closed function fι G CQ -^Ω ) , there is a solution u^1

of du — fι on Ω* which satisfies

(1.2) \u^\z) - uί">(w)| < Cη\\nLOΰ{ςιt)\z - w\^,

for z,w G Ω .̂ The constant Cη is independent of f and t.

For each a > 0, we denote || ||^α/m the Holder norm of order a on Ω.

Here || ||cocm is the supremum norm on Ω. As an application of Theorem

1.3, we prove the following Mergelyan property:

THEOREM 1.4. Let Ω be a smoothly bounded pseudoconvex domain in

C 2 of finite type m, and let f G H(Ω) Π Ca'(Q), 0 < a' < 1/ra. Then for

each a < a! (α = oί if oί — 0), there is a sequence {gn} C i/(Ω) such that
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STABILITY OF HOLDER ESTIMATES 25

§2. Stability of local geometry under perturbations

In this section we will investigate how the local geometry of Ω changes
under small perturbations of the boundary of Ω near a point po G bΩ of
finite type m.

Let r(z) be a defining function for Ω. We may assume that there is a
coordinate functions £1,2:2 defined near po such that | ^ - ( ^ ) | > c > 0 for
all z in a small neighborhood U of po, f°r some constant c > 0. Let us
fix p G U for a moment. Then we have the following special coordinates

PROPOSITION 2.1. ([C , Proposition 1.1]) For each p e U, there is a
biholomorphism Φp : C 2 —> C2, Φp(0) = p, Φ(C) — z> such that the domain

Dp = Φ~1(Ω) has a defining function given by

j + k<m
j,k>Ό

Here Φp and the coefficients dj^{p) depend smoothly on p G U. For
/ = 2,..., m, and δ > 0, set

A/(p) = maxίlα^ίp)! : j + fe = /},

and
r(p,5) - min{((5/Λ/(p))τ : 2 < / < m}.

Since po is of finite type ra, it follows that Am(po) φ 0, and hence Am(p) φ
0, for peU. So

^ <τ(p,δ) <δ™, p£ U,

provided that U is sufficiently small. Now consider a smooth bumping
family {Ω^jo^t^i of Ω with defining functions {r1}. Let us investigate how
the quantity τ(p, δ) changes as t (and hence rf) varies.

If we apply Proposition 2.1 at the point p with r replaced by r*, then
we obtain another special coordinates ζ = ζt(p) = (Ci? C2) about p, defined
by the biholomorphic map Φ^ : C2 -> C2, z = Φ£(C), Φp(0) = p, and the
defining function pι — rι o Φ* for the domain D* = (Φp~1(Ω t), has the
form

(2.1)
j + k<m
j,k>0
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26 S. CHO, H. AHN AND S. KIM

Note that Φρ is given by

φ£ = φ 1 o o Φ m ,

where

ί ί

and where

(2.2)

Therefore Φ^ can be written as

Φp(C) = (Pi + Cl,P

where

1 fdr*

(2.3) V ; _1

Set r = r°,p = p°, sv = s^ Φp = φ£. To investigate how the quantity
τ(p,δ) change as t varies, we have to compare α* k(p) with aj^(p) The
defining function r* of Ω* can be written as

rι = r + tG,

where G is a smooth function of z. Therefore we get

(2.4) p* = r* o Φ* = r o Φ* + t(G o Φ*).

Throughout this paper, we denote by O(l) the bounded functions or
bounded vector valued funtions in U. We need two lemmas.

LEMMA 2.2. For each p G U and for all sufficiently small t > 0, we
have

dj{t,p) = dj{0,p) + tθ( l) , j = 0,1,...,m.
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STABILITY OF HOLDER ESTIMATES 27

Proof. By (2.3), we see that for all sufficiently small £,

7 / N l

_ 1 /1 / dr

2\dz2

(p)

~1

- 1

- 1

because \-§^\ > c > 0. By induction on v in (2.2), it is easy to show that

sι

v — su + tθ{l). Hence for all sufficiently small t > 0, we get that

(0)

dr*

d r

for k — 1,2,... ,ra. D

LEMMA 2.3. For each p E J7 and /or a// sufficiently small t > 0, we

have

Proof From (2.1) and (2.4), we can get

Hence it suffices to show that

(2.5)

By Lemma 2.2, we can write Φ^ = Φ^ + t F , where F is a smooth vector

valued function on U. Hence we have r o Φ^ = r o Φ^ + ί θ ( l ) , and this

proves (2.5).

For Z = 2, . . . , m and 5 > 0, set

(2.6) A\{p) = max{|α$. fc(p)| : j + Λ = I},
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and

(2.7) τ\p,δ) = mm{{8/A\{p))i :2<l<

Note that there is a constant c > 0 so that |A^(p)| > c > 0 for all p G U.

Then by virtue of Lemma 2.3, we have |A^(p)| > | for all p G U provided

that t is sufficiently small. Hence Tf(p, δ) is well defined for all sufficiently

small t and satisfies the relation

(2.8) ^δX2 <τt(p,δ)<Cδ™,

for some constant C > 0 independent of t and p. Also the definition of

τ*(p, δ) easily implies that if δ1 < δ", then

(δ'/δ"γ2τ\p,δ") < r'ip.δ') < («'/«")"T*^").

Now define

C 2; |Ci| < τ'(p,δ) and |C2|

and

In the sequal we denote D[ any partial derivative operator of the form

μ -v, where μ + u = I. If we combine the definitions in (2.6), (2.7) and

by virtue of Taylor's theorem, we can easily get the following derivative

estimates of pt.

PROPOSITION 2.4. Let p be an arbitrary point in U. There are inde-

pendent constants C > 0 and to > 0 such that the function ρι = rι o Φ^

satisfies

(2.9) 1^(0-^(0)1 < Cδ, ζeRUp), and

(2.10) |l?ip*(C)| ^ C ^ ί p , « ) ) - ' , (GBj(p), Z = l,2,...,m,

/or allθ<t< t0.

By Lemma 2.2, it follows that there is an independent constant C > 0

such that |ύ!o(£,p)| < C for all sufficiently small t > 0 and for all p £ U.

Thus 11^1 > ^ in £/, for all sufficiently small t. This fact and (2.8), (2.9),

(2.10) in Proposition 2.4 imply that all the constants in the theorems in
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section 1-3 in [C] are stable with respect to t. Let Ωί(e) = {z;rt(z) < e}

and define

S\e) = {z\ -e < r\z) < e} and

Let {Li,!^} be the local frame on U satisfying L\rf — 0, L2 — ~QJ~ Then,
in particular, the following important theorem holds.

PROPOSITION 2.5. There is a constant c > 0 (independent oft and δ)

such that for all small δ > 0 and small t > 0 ; there is a plurisubharmonic

function λ^ G C°°(U Π Ω*(δ)) with the following properties:

(1)

(2) /or αΠ L = s\L\ + S2L2 at z, where z e U Π

δ ^ ) > cd^p^ίp,*))- 2 + \s2\
2δ-2),

(3) if Φp is ΐ/ie map associated with a giwen p & U Π St(δ), then for all

C e RKP) with |^(c)| < 6,

where Ck,ι does not depend on t.

Now set £/' = {C : Φ°(C) € ?/}, and define

J|(p,C) = [̂ 2 + IC2I2 + Σ 4 b ) 2 K i | 2 f c ] " and
fc=2

= K 6 U' : 1

PROPOSITION 2.6. There is an independent constant C > 0 such that

for each p G U Π frΩ^ and eacft smolί δ > 0 and t > 0 ί/iere exi5ί5 a smooth

real valued function H* δ(ζ) defined in W* g(p) (where s is a small constant

independent of p, δ and t) such that

(1) -
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(2) for any L = sιL[ + S2L2 at ζ,

(3) for any L = sιL[ + S2L2 at ζ,

h

where L\ = [%)~lLu i = 1,2.

Proof Note that the proof of Proposition 4.1 in [C] only uses the

properties of λ^ in Proposition 2.5. Since the estimates in Proposition 2.5

are stable with respect to t, we can prove Proposition 2.6 by the method

similar as Proposition 4.1 in [C].

S e t Pts = P*(0 + eff*tί(C), w i t h e > ° S i n c e £k w X ( w h e r e & =
%2 + 2̂/2)5 we also have ^ - « 1 for all sufficiently small t. Thus it follows

d e>ί

that for all sufficiently small e (independent oft), -^- « 1. Then as Catlin

did in [C], the set S1^ — {ζ G W^^(j9) : peK = 0} is a smooth pseudoconvex

hypersurface (from the side pe'δ < 0) for all sufficiently small t. Let us fix

e = eo and set pίδ = Pp°/ For t, £ > 0 and a > 0, we define the nonisotropic

polydiscs P$(t,ζf) centered at ζf by

P5

α(ί,C') = { ( e C 2 : K2 - C2I < α4(P.C), Id - Cίl < r'^ajfo, ζ'))}.

We now state the main result of this section.

PROPOSITION 2.7. There are positive constants a and c (independent

of p, δ and t) such that for each p G U Π 6Ω* where t is sufficiently small,

there is a pseudoconvex domain D^ with the following properties:

(i) 0 ;

(2) {C<Ξ^:0<|C|<c}cί?**,

(3) /or C G £>* wiί/i |C'| < a one has Po(t,ζ') C Dι*
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Proof. Set D6/ = {\ζ\ < c : p\ζ) < 0 } u { ( G W

Then D^ is a pseudoconvex domain which satisfies

Wp n {|C| < c} c Dδ/ c (£>* n {|C| < c}) u

< 0}.

Define £>£* = intΠo<6<6o !)£'*. Then D^ is pseudoconvex and we can prove

properties (1), (2) and (3) following Range's proof of Proposition 2.4 in

[R2].

§3. Stability of estimates of holomorphic generating form

In this section, we will show the stability of some pointwise estimates

for holomorphic L 2 functions. We will use Proposition 2.7 and Cauchy

estimate on PJ(t,z) C D^ for a fixed z G D*. Set δ\z) = dist(>, W}**) for

z e D^. Suppose h G O(D^) satisfies

(3.1) (Mtf -L
for some η > 0. Set β = (a/2)Jt(p1 z). We may assume β < 1 by choosing a

sufficiently small for all small t. Then from (2.8), it follows that there exists

C > 0 so that ^β2 < τι := τ*(p,/5) < C/?m. If we use Proposition 2.7 and

Cauchy estimates on P0

2 (t,z) C Z?p*, we obtain the following estimates as

Range did in [R2].

(3.2)

\h(z)\ < C2

dh

dh

Cl+η\

τtβl+η\

+ -r

Af*;

M*; and

for all sufficiently small t where C2 depends only on the dimension of the

domain.

By Lemma 2.3 and Proposition 2.7, it follows that α min(l, Y^=2 ^k{p))

> c > 0 for all sufficiently small t. Hence by estimating β and τι from below,

we see that

(3.3)

(3.4)

and
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hold uniformly for all sufficiently small t. Since Φ^ is a biholomorphism

which changes smoothly as t varies, Proposition 2.7 implies that there are

positive constants c and 7 which are independent of p and t (for all small

t) such that

rι > c\z - p\m for \z - p\ < 7 and z $_ *£(£>£*).

Since a pseudoconvex domain Ω C Cn of finite type is regular [Ch], it follows

that there is a pseudoconvex domain Ω* with Ω° C Ω* <E {Z : r(z) < C7m}.

Choose ti > 0 so that

0 < dist(6Ω°, bΩt) < dist(6Ω°, 6Ω*) for all 0 < t < t v

Let μ = sup{rt(ζ) : ζ G 6Ω*,0 < t < t1}. Then 0 < μ < cηm and we can

choose i > 0 such that 0 < μ < c(V)m < cηm. Define Ω£ by

Ω* := [Ω* Π {z : \z - p\ < 7} Π Φ* (!>**)] U (Ω* Π {̂  : ^ - p| > V}.

Then Ω^ for 0 < t < t\ is still pseudoconvex.

For a sufficiently small b > 0, we set Uo = U Π 5°(6) = {z G C/ : -6 <

r(z) < b} and choose t2 > 0 so that C/ Π 6Ω* C C/ Π ̂ ( f ) for all 0 < t < t2.

We set δp(z) = dist(z,6Ω^) and given 77 > 0, we define the weighted L2

norm /* on Ω* by

1
2

Also we let gl(p, •) denote the second component of the inverse of the bi-

holomorphic map Φ^ and {L^^L^} be a fixed orthonormal frame for T^1'0)

on a neighborhood of U$ which satisfies L^r*(p) = 0. If we use the relations

in (3.3) and (3.4), we obtain the following stable estimates.

PROPOSITION 3.1. There are constants C and a such that for all p G

UQ Π bΩf and for all sufficiently small t, the following holds: If h G O(Ωp)

and Ip Ah) is finite for some η > 0, then

(1) \h(z)\ + \dh(z)\ < C'Pp^h) for z G Ω* with \z - p\ > α, and if z G Ω*

with \z — p\ < a, then

(2)
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(3)

\L\h(z)\ < C', , , , , , , , , .™ ,, , _ • t n Λ 1 + τ , , and

(4)

\Tth(A\ <
\L2h{z)\ < m | + | f l ί ( p ^ } | + | 2 _ p | m ) 2 + I J ,

where Cι is independent oft and h.

Proof. Note that for z E Ω* with \z — p\ > α, one has δp(z) >

dist(Ω , 6Ω*) > 0. So (1) follows from the Cauchy estimates. For all suffi-

ciently small t < minjίo, ^1, £2}, we replace β and τι with |p ί(^)| + | ^ | + \z

and |z| respectively. Note that pt — rι o Φ^ and Φ^ are smooth functions in

p and t. So the Jacobian determinants of Φ^ and (Φ^)" 1 with respect to z

are uniformly bounded by a constant as t and p vary slightly. So we pull

back the estimates given by (3.2) via the map (Φ^)" 1 to get the estimates

in (2), (3) and (4). Q

Next, we will prove the existence of a holomorphic generating form

with stable estimates. For the existence, one can refer Theorem 4.2 in [R2].

Let η > 0 be given. We apply Theorem 1 in [S] to pseudoconvex domains

Ω£ C C 2 with a = 1 + η/2,q = 1, / = l,g = z - p, and ψ = - 2

Note that e-^*) = (<5f,(z))27? > |z -p | 2 r ? . Thus

(3.5) Ilη{h) < ^-^

2 + η ί
~ η JΩ*

< 2 ^ - ί \z- p\~A^dV < C'η < oo,

where B is a large ball containing Ω*, and C'η depends only on η. Let us fix

t > 0 for a moment. Then there are holomorphic functions hι -(p, •) which

satisfies the equation

-p2) = l, zeΩ^.
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Set hj = h* for convenience. In general, we can not guarantee the

smoothness of hj(p,z) on p G &Ω*. We need some modification. For

e > 0, let Ωl = {z : r\z) < -e} m Ω*. For each p G Uo Π 6Ω*? define

<̂ p(C, *) = Σ | = i ^-(p, *)(*i - Ci) Then ^ G C°°(C2 x Ω*) is holomorphic

in z and φp(p,z) Ξ I o n Ω£. Thus, given e > 0, there is a neighborhood

Vpe of p such that

(3.6) I^(C^)I>^ on (^nMίOxΩ*,

Set hfj (ζ,z) = hj(p,z)/φί(ζ1z) and shrink UQ SO that all the above hold

for every q G ί/o Π 6Ω̂  and denote it again by {7o. Let us cover UQ Π 6Ω*

by finitely many sets {V^ie,..., V^?e}. Then there is a partition of unity

{xt ^ ^o°(^gt,e) : ^ = l? ?0 which is subordinated to the covering

{^e. Λ U D e f i n e Λie(C^) = Σ U x t ( O ^ ( C , « ) Then for each
sufficiently small e and ί, the following hold:

(3.7) / i fGC^αC/oΠδΩ^xΩ*), j = 1,2;

(3.8) hf(ζ, •) e O(Ω*) for ζeUon 6Ω*;

(3.9) ^ e ( C , «)(zi - Ci) + 4>e(C, ̂ )(«2 - C2) = 1 on (Uo Π 6Ω*) x Ω*.

Note that if t and e are sufficiently small, then |τί(2:)| — e >

uniformly for t and z G Ω*. Combining Proposition 3.1 , (3.5) and (3.6),

we get the following proposition.

PROPOSITION 3.2. For all sufficiently small t > 0 and e > 0, above

hψ satisfies the following stable estimates:

(1) \hf (C, z)\ + |d^5>c(C, ̂ ) | < Cη for z G Ω* with \z - ζ\ > a;

and for z G Ω | with \z — ζ\ < a,

\hY(M\ <

tί /iere Γ*(C,^) := dist(z, Ω*) + |^(C,^) | + 1̂  - CΓ; and t/ie functions hψ
depend on η and t, but the constant Cη is independent of e > 0 and t > 0.
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The functions h e in (3.7) are locally defined. For the globally defined

holomorphic generating form on 6Ω* xΩ*, we will patch together the function

h e using a partition of unity. Note that for all sufficiently small 0 <

t < £4, Uo is a neighborhood of q G bΩΪ Π (^UQ). Since bΩf is compact,

finitely many neighborhoods, C/Q, f/i,..., U^ (independent of t), will cover

the set {6Ω* : 0 < t < £4}. Thus we may choose a partition of unity in ζ,

subordinated to {Uj : j = 0, . . . , &}, to patch the locally defined functions

hj6 to obtain a globally defined smooth functions w^6 and we obtain a

holomorphic generating form W^e — Σ? = χ w^dζj on 6Ω* x Ω .̂

§4. Proof of Main Theorems

In this section, we prove Theorem 1.3 and Theorem 1.4 using the esti-

mates on the holomorphic generating form in Section 3.

Proof of Theorem 1.3. Integral operator for Ω* can be written as T^ e —

Si + S2, where

Si{f) = c2 f^ f Λ Wf Λ θζ log \z - C|2

and S2(f) involves integration of Bochner-Martinelli-Koppelman kernel over

Ω*. In standard method for Holder estimate, the only nontrivial part is

(4.1) c2 f fΛdz(W^Λdζ\og\z-ζ\2).

From Proposition 3.2, it follows that (4.1) is uniformly bounded by

( 4 ' 2 )

In order to estimate (4.2), we need a coordinate change. Here the main

point is the choice of coordinate system st(ζ,z) = (51,82,53,54), where

Sl = ^ ( 0 , 5 2 = 1mgtfaz) (See [R3,V Lemma 3.4]). Notice that dr\p) A

dζlτngt(p,p) φ 0 for all small t and the Jacobian matrix J^s*) depends

only on the 1st derivatives of rι and Img*. In this coordinates,

d S { 0
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is estimated by dist(z, bΩt

e)~~1+^~η\ Thus we obtain

and this implies that for all z, w G Ω*, it follows that

\(Tlf)(z) - (Tlf)(w)\ < C,||/||Lco(n,)|z - w\^-\

By a suitable limiting argument as Range did in [R2], we obtain (1.2). Q

Proof of Theorem 1.4. Let C/j, j = 0 , 1 , . . . , TV be a finite collection of

open sets with the following properties:

(1) Ω c uf=0Uj,

(2) Uo CC Ω,

(3) On each t/j, j = 1,2,..., TV, there are holomorphic coordinates 2], z2

with the property that dr/dxJ

2 > 0, where z3

2 — x3

2 + iy^-

Let ζj, j = 0 , 1 , . . . , N be a partion of unity subordinate to the covering

{Uj}. For a given / G H(Ω) Π Cα /(Ω), 0 < oί < 1/m, and for all small

δ > 0, let fβ be given by

N

Let a < oί (α = a1 if a1 = 0) be arbitrary given. Observe that f$ G C°°(Ω)

and satisfies

(4.3) lim | |/δ - / | | σ β ( Ω ) = 0, and Urn p / β H ^ ^ = 0.

Assume that e > 0 is arbitrary given. We choose <5o > 0 sufficiently small

so that

(4.4) IIΛ-/llc<.(Π)<cA

for all δ < <5Q Next, for each <5 < SQ, we solve dp<§ = δ/^ on Ω. Since

dfδ G C°°(Ω) and since bΩ is of finite type, it follows that pδ G C 0 0 ^ )

and the estimates (1.1) give | |P6|IC«(Ω) — ̂ αll^ΛllL^ίΩ)- If ô is sufficiently

small, it follows from (4.3) that

(4-5) l|Pίllσ«.(Π) < €/3 '
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for all δ < δ0. Set hδ = fδ~Pδ Then hδ G H(Ω) Π C2(Ω). We may assume

that hδ is well defined on a smooth bumping family {Ω }t<tΩ of Ω, for all

δ < δo. Since hβ G C2(Ω) and <9/ι«5 = 0 on Ω, it follows for each δ > 0 that

(4.6) l i m | | a / ι 6 | | σ α ( Ω t ) = 0 .

Now for each t > 0, we solve dh^ — dhδ0 on Ω . From the stability of Holder

estimates for d (Theorem 1.3), and from the estimates in (4.6), there exists

ίo > 0 so that

(4-7) li^°oll^(^ )<^/3.

Set ge = hδo - hl°o. Then ge G H(Φo), and from (4.4), (4.5) and (4.7) it

follows that ||Se - /Hc«(Ω) < €
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