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1. Introduction. Let C,,=C, XC, X...XC,, be the finite abelian group of order
m" generated by n elements wy,...,w, of order m. Let C be the field of complex
numbers and P a projective representation of G with factor set a over C (see Morris [2]).
Further let m
u(w)=[lawiw) (<i=n)
i=1
and

a'(w, w) = a(w, wa(w, w)) (1sij<n).

Then, it can be easily shown that the factor set @ can be chosen in such a way that
w(w)=1,fori=1,...,n and a'(w, w;) (1<i<j=<n) is an mth root of unity. In the case
when m is even and a'(w;, w;) =—1 (1<i# j<n), Morris [2] determined the complete set
of inequivalent irreducible projective representations of Cj, with factor set . His results
served as a structure theorem in the study of the projective representations of the
generalized symmetric group (see Read [3]). This paper deals with the linear and
projective representations of the subgroups of Cj}, given by

C::‘,p= {W‘lll . Wﬁn; Z a; =() (mod p)}
i=1

with respect to the restriction of the factor set a to C}, ,, where « satisfies a'(w, w;))=-1
(1<i#j=<n) and p | m. The only non-trivial factor set which we get by restricting factor
sets of G(m, p,n) to C;,, is a (see Read [5]). This provides a base for the study of
projective representations of the finite imprimitive unitary reflection groups (see [6] and
[7]). The case of irreducible linear representations of Cp,, is simple and has been
considered by Read [4]. His results are given in Lemma 5.1.

The group Cj;,, may be generated by the following set of generators:

{fww;h,wPiij=1,...,n}

In what follows, the restriction of a to Cp,, is denoted by « itself and C* denotes the
multiplicative group of non-zero complex numbers. Unless otherwise specified, all the
projective representations considered in this paper are taken with respect to the factor set
a.

2. We first give a result on representations in subgroups of index 2 which is used in
the construction of representations of Cy, ..

DermniTion 2.1. Let H= G be finite groups such that |G:H|=2 and let T be an
irreducible projective representation (henceforth written as i.p.r.) of G. We say that T
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splits in H if and only if T= P+ P on H, where P and P are G-conjugate i.p.r.’s of H and
+ denotes the direct sum of representations.

Lemma 2.2, The following are equivalent.
(i) An i.p.r. T of G splits in H.
(i) T(x)=(—1)°*®T(x) for all x € G, where = stands for ‘“‘is equivalent to” and
0 ifxeH,
8(x) = { f .
1 otherwise.
(iii) If xr is the character of T, xr(x)=0 for all xe€ G\H.

Proof. See Read [3, page 122].

3. The irreducible representations of C..

LemMa 3.1. The irreducible linear representations (i.l.r’s) of C@, are given by {F,®
...®F) where F, is an i.L.r. of C?, the i-th copy of the cyclic group C,, of order m.

Proof. Well-known.

Since all the i.l.r.’s of C{?) are of degree 1, F=F,®...®F, is an i.L.r. of degree 1 and
may be identified with its character. If F, is defined by F(w,)=¢% where £ is a primitive

mth root of unity, w; is a generator of C%) and a;€{1, ..., m} then F may be identified
with the linear representation 8 ., of Cy, defined by
H(al ..... a")(wll" . W,:‘") — §“|b1+' .4+anbn

for all a;, b;e{1,...,m}, i=1,...,n

Let

where i =v(—1). Then

o*=p?=1?=¢, opr=ie and gp=-po, pr=-Tp, TO=-—0OT.
For any positive integer k, a set of 2k +1 matrices Ny, ..., Ny, of degree 2* is
defined by

Ny=78.. QTR0 Re®...Q¢

N2i—1=7®' . .®T®p®8®. . .®8
fori=1,...,k and

Ny1=710.. .0107®71Q...Q1

where ® denotes the tensor product of matrices.
It is easily verified that:
() N?=Lj=1,...,2k+1,
(ii) N,'Nh = ‘Nth ]7é h,
(i) Ny...Npyy =il
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(iv) no other product of distinct matrices N, ...N, =!I for any { € C* apart from a
reordering of (iii),

(v) N; ... N, has nonzero trace if and only if N; ... N, = ¢I for some {eC¥*,
(where I is the identity matrix of degree 2%).

See also Read {3, Lemma 1.11] and references given there.

Lemma 3.2, Let k=[in] and {N,, ..., Nop..} be the set of matrices defined above.

Define a projective representation T, .y of Cm (a;e{l,...,m},i=1,...,n) by
ay(W)=E€4N, i=1,...,n

.....

Then T, . ., is an i.p.r. of C),..
(a) When n is even, a full set of inequivalent i.p.r’s of C}, is given by
{Ta,...ap: @€{l,....,3m}i=1,...,n}
(b) When n is odd, a full set of inequivalent i.p.r.’s of CL is given by
{Tia,.....ay: €itherall a,€{1, ... ,3m}oralla,efsm+1, ..., m}}.
Proof. See Morris [2].

DeriNmmioN 3.3, Let T be the i.p.r. of C, defined by T(w,)=N, i=1,...,n, ie.
,,,,, o) Where a;=m, i=1,...,n We shall call T the basic projective representa-
tion of Ci,.

Lemma 3.4. Let y denote the projective character of the basic projective representation T
as above. Then

(i) if n is even,

x(w3btr | w2by =22
where b;e{l,...,2m}, i=1,...,n and x has value 0 on all other elements;
(ii) if n is odd,
x(wibtr . w2by =202
X(W%bl+1 L Wzb"+1) = (2i)(n—l)/2,
where b;e{l,...,m}, i=1,...,n and x has value 0 on all other elements.
Proof. We note that
T(w? .. . w2by=]
and
T(w3* w2 =N,,...,N,=i""Y?[ if n is odd.

and T(w) # cI, c € C* in any other case. The result now follows from the properties of the
matrices N, ..., N,.

CororLLARY 3.5. In the above notation

(l) T(a, ..... a,) = e(al ..... a,‘)T,
(i) if Xa,.....a,) denotes the projective character of T,,

Proof. This is immediate from the definitions of the representations involved.
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4, The restrictions of the ilr’s of C; to Cy, are clearly irreducible and
aVCmp will also be denoted by 6, ., But the i.p.r.’s of C;, when restricted to
C.p are not always irreducible. This problem is analysed in the following result.

THeoREM 4.1. (i) If either n or p is odd, then T,
tation of Cy, .

(i) If n and p are both even then T, .
Ch.-conjugate irreducible representations of C,, ..

a ¥ Crm.p is an irreducible represen-

.....

aVCrmp is the sum of two inequivalent

Proof. We note that
cht=ChcCn,cCn

and if n is odd then the i.p.r.’s of C% and C% ' are of the same degree, viz 2"~V72
Therefore the restrictions of i.p.r.’s of C}, to C;,, must be irreducible.
If n is even then the i.p.r.’s of C% and Cp, ' are respectively of degrees 2™ and

20=Y72_ Thus the i.p.r.’s of Cy, when restricted to C7,, can decompose into at most two
components and 2 must divide p (see [1, p. 82]). This proves (i).

If n and p are both even then C;, = C; ,< C;, and to obtain (ii) it is sufficient to
prove that every i.p.r. of Cj, splits in Cj, ,. For this we need only consider the basic
projective representation T of C}, and show that T splits in Ci,,. We note that
|Crn:Cr ol =2 and x(w)=0 for all we C;\C5,, where x is a projective character of T.
The result now follows by Lemma 2.2.

DEeFINITION 4.2. Let n be even and C}, .= Cr™! be the subgroup of C7, generated by
{v;=ww;':i=1,...,n—1}. We may choose a transversal of Cy, ' in Cy,, given by

HChp: Co ) ={wir=1,...,q},

where q=m/p. If T® is the basic projective representation of Cy, ,,=Cr ' then define
TV .. vl = (=12 o TO(ph L vPey)

and
T (ow™) = TO(v), TSP (vw™) =T P(v),

forall veChand r=1,...,q. T and TV are ip.r’s of Cj,, called C;, -associate
representations.

THEOREM 4.3. Let n and p be even. Then
TChp=T + Ty

and hence
T,..., an)‘lfc:ln,p = (O(a, ,,,,, a,,)T)lC"m P
=0,...., a")(T‘LCnm p)
=00, .apTh’+ Oa...an Ty -

Proof. If x and x“? denote the projective characters of T and T respectively,
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then
X2 . p2best) = =102
X O+ poly = (24)(n= 12
and x has value zero on all other elements. Similarly
X020 | p2ncy = 202

X(—l)(v%b‘-ﬂ . 2b,. 1+1) = _(2l)(n 172

and xV has value zero on all other elements. The result now follows easily.

5. For the complete solution of the problem posed in this paper we now turn our
attention to find the sets of i.1.r.’s and i.p.r.’s of C}, which coincide when restriced to C},, ..

Lemva 5.1 (Read [4)). Let 6
6(a| ..... a")lcnm_p= o(ﬂ'l

,,,,,, ay and 8,
abCmp if and only if

«y be two ilr’s of Cy. Then

(@ a;,—a}=a;—a)(mod m),
(i) p(a;—a})=0 (mod m),
foralli j=1,...,n

Proof. C;,, is generated by {ww;', wl:i,j=1,..., n}. Thus 6,
are identical on Cy, , if and only if

o(a, ----- a,) (W.-Wj_l) = B(a{ ..... a,’,)(wiwj_]) and o(a, ..... a,,)(w?) = e(a'l ,,,,, a,ﬁ)(w?)y

ie. £47%=¢£4"%and gP4=¢% for all i, j=1,...,n These imply a,—a}=a;—a}(mod m)
and p(a;—a?)=0 (mod m).

TP[EOREM 5 2 L;elL n or p be even Let T(a )= O(al ‘‘‘‘‘ a,,)T’ T(a; ..... a,")= 0(0‘{ ..... al) T be

1) ai—a'iEa,-—a}(mod im),
(ii) p(a;—a})=0 (mod m,)
foralli, j=1,...,n, where

_{%m if p is odd,

m if p is even.

Proof. By Lemma 3.4 and Corollary 3.5, T(,, . o)l Cr = T(a, ‘‘‘‘‘ aybCrn o if and only if
(i) ... a,.)(W Wi = bai..... a;,)(W%b‘ . Wyzlb")
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|4
for all b,e{l,...,im}, i=1,...,n, with ¥ 2b,=0 (mod p), and

i=1
{ii) (only if n is odd)

2b,+1 2b +1y _
0(a1 ..... a..)(w W) = e(al

a")(WZb +1 . wzbn+1)

.....

for all b;e{l,...,3m}, i=1,...,n, with Z (2b; +1) =0 (mod p).

If nis even, let b;=1, bj=3m—1 for arbltrarlly fixed indices i and j and put b, =5m
..)\Lcrn.p

an)l Cm.p T(a{

a,— a}=a;— a} (mod3m).

for k#i, j. Thus a necessary condition for T,

..........

Similarly, substituting
b ={%p if p is even
' p otherwise,
we get another necessary condition:
p(a;—a))=0(mod m) if p is even,
p(a;—a?)=0(modim) otherwise.

oy and T,

,,,,,,

aﬂ)(W%b‘ oWy ") . 0(0" ..... aﬂr)(W%b‘ ..

W)

= §2a|bl+.4.+2a"b“€—(2a'lb(+...+2ar"b“)
= §22(ai_a:)bi
= eI (by ()

= ¢p@=a or 2@~ (according as p is even or odd)
=1 (by ().

Similarly, if n is odd, we get the two necessary conditions as above.
In addition we need to consider elements of the form w3™*!,

) Satisfy the above conditions, then

1

2b, +1

.W"" ’ b,G

{1,...,3m}, i=1,...,n with Z (2b;+1)=0 (mod p). If p is even then the elements of

i=1

this form do not belong to Cy, , and therefore, in this case, the above two conditions are

sufficient as well.

.....

THEOREM 5.3. If n and p are both odd then T, . oy= T,
Ch.p if and only if

() a,—a}=qa;—a;(mod3m),
(i1} p(a;—af)=0 (mod im),
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(iii) (p—n)(a,—a;)+A=0(mod m),

n n

p— !

where A=Y a,— Y a..
i=1 i=1

Proof. Conditions (i) and (ii) are obtained by considering elements of type
w2P . w?% as in the case n even. In this case, we further need to consider elements of
the type wi®*'. . w2%*' where b;e{l,,..,4m}, i=1,...,m and ¥ (2b;+1)=0

i=1
(mod p). Let b;=0, i=1,...,n—1 and 2b,+1=p—n+1. Then ¥ (2b;+1)=0 (mod p)
and therefore w=w, ... w,_,wi™""'e C’ . Equating the values of the projective charac-

ters of T, oy and Ty o On w, we obtain the third necessary condition as required.
Conversely, conditions (i) and (ii) are sufficient to prove that
2b 2by _ 2b " ,2b
o(al ..... a,.)(wl Paoowy ")_ O(a; ..... a,,')(wl I ")
2b 2b
for all wi™... w e Cp ..

If w3t . w2*'eCh, then ¥ (2b;+1)=0 (mod p). Since ¥ (2b,+1) and p are
i=1 i=1
both odd, there exists an odd integer 2k + 1 such that ), (2b, + 1) = (2k + 1)p. We show that

Y (2b,+1)(a;—a?)=0 (mod m). This will complete the proof of the theorem.

¥ @b+ D)= 3 25 -a)+ ¥ (@-a)

=(a—al) ¥ 26+ A (modm) (by ()

i=1
=(a,—a)(2k+1)p—n)+ A (mod m)
=2kp(a,—a,)+(a,—a,)(p—n)+A (mod m)
=(a,—a;)(p—n)+A (mod m) (by (ii))
=0 (mod m) (by (iii)).
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