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KSO-GROUPS FOR 4-DIMENSIONAL CW-COMPLEXES

SEIYA SASAO AND YUTAKA ANDO

§ 0. In this paper we shall determine KSO-groups for 4-dimensional CW-

complexes by their cohomology rings. We denote by KSO(X) the group of

orientable stable vector bundles over X. In 1959 A. Dold and H. Whitney

[1] gave the classification of SO(n)-bundles over a 4-complex. It seems,

however, to the authors that group structures of them are unknown. We

shall give another definition of the difference bundles denned in [1], and we

determine the group structure of KSO(X).

§ 1. For a finite 4-dimensional CW-complex X, we denote by Xs its

3-skeleton, by XjX3 a complex obtained from X by contracting Xz to a

point in X, and by EXZ the suspension of Xz. The following exact

sequence is obtained from Puppe's sequence.

(I) — > KSO(EX3) -i-» KSO(X/XS) -^-> KSO(X) -̂ —> KSO(X3) — > 0.

At first we define a map Wk: KSO(X) >Hk{X;Z2) which assigns to

each bundle over X its k-th Whitney class. The following lemma is well

known.

LEMMA 1-1. The homomorphism W2: KSO(X3)—>H2(XS; Z2) is an isomorph-

ism.

Secondly we define a map Px: KSO{X)—>HA(X\ Z) which assigns to

each element of KSO(X) its first Pontrjagin class. Then we have

LEMMA 1-2.1) For any finite CW-complex X, the map Px\ KSO(X)—>H4{X;Z)

is a group homomorphism.

Proof. If ξ and η are orientable stable vector bundles over X, we can

take | : X >BS0(m) and rj: X—>BSO(n) as their classifying maps for

χ) This lemma and its proof are suggested to the authors by the referee, and the original
lemma was proved under the condition that dim X^4.
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sufficiently large m and n. Then we set / the composite map μo{ξ x η)oj;

X > X x X > BSO(m)xBSO{n) -—> BSO(m + n\
diagonal Whitney sum

and we have

where Tm+n is a universal (m + n)-plane bundle over BSO(m + n). So we

have

where π,: BSO(m) x 550(n)—>BSO(m) and τr2: BSO{m) x £SO(n)—>BSO(n)

are projections.

We set α = π*/TO and β = π%Ίni and we will prove

First, the following equations hold;

Λ(« θ i3) = ( - l)C2((α <g> C) ® (/3 (g) C))

= ( - l){C2(a (X) C) + C2(,8 (x) C) + d(cr ® C)Cx(β (g) C)},
Λ Λ R R

where Cfc(f) denotes the k-th. Chern class of ζ. On the other hand

H2{BSO{m) x BSO{n) Z) = 0. So we proved

Now we have

v) = ^*(f x ί

= J*{(f x o)*Λ(rj + (o x

= Pi(f) + Pifo),

where 0 is a constant map and j r ^ I x X — > X and π2: Xx X—>X are

projections.
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Thus we proved

for each orientable stable vector bundles ξ and η over X.

LEMMA 1-3. The homomorphism Pλ\ KSO{XjXz)—>H4{XIXZ; Z) is a mono-

morphism, the image of Pi coincides with 2H\X/XZ; Z), and the following diagram

is commutative up to sign.

KSO(EXZ) ^ > H4(EXZ Z) - ^ > H\XZ Z)

I- n V * {'
KSO(XIXZ) - A H*(XIXZ; Z) — > H4(X, XZ\Z).

Proof. These are well known results.

§2. We take two elements ηλ and η2 in KSO(X) which satisfy W2{vi) =

W2(η2). As i*(ηι) = z*fe2) in the sequence (I), we can take ξ in KSO{X/XZ)

such that p*(ξ) = ηλ — η2. The homotopy type of XjXz is a finite wedge sum

of 4-spheres. So we find aζ uniquely in HA(XjXz\ Z) which satisfies P1(ξ) = 2aξ.

We can regard aξ as an element of H4(X,XZ;Z). We define d{ηl9η2) to

be the image of aξ by the inclusion homomorphism j : H4(X, X3; Z) —>H\X\Z).

The following lemma assures the uniqueness of d(7]ί,r]1).

LEMMA 2-1. For every ξ in KSO{EXZ), P^ξ) is contained in 2H\EXB; Z).

Conversely, for any a in H4(EXZ; Z) and any β in H2{EXZ; Z2), there exists an

element ξ in KSO(EXZ) so that W2{ξ) = β and P^ξ) = 2a.

Proof At first we consider the Bockstein exact sequence;

(2) ix

— > H4(EXZ Z) — • H4(EXZ Z) — > H4(EXZ Z2) — > .

Then we have i^(f)) = (W2{ξ))2 = 0. So P^ξ) is contained in 2H4{EXZ; Z).

Conversely, if we take any element ?x in KSO(EXZ) as Wz{ξi) = β9 then

we can find ax so that P^x) = 2ax. By the method of A. Dold and H.

Whitney [1] we can take an element ξ in KSO{EXZ) so that J(f,ίi) = a — axP

And the equalities

Pi(ξ) - Pi(ξi) = 23(ξ, ξt) = 2(a - a,)

2) Here rf(6,£i) is the difference bundle defined by A. Dold and H. Whitney [1].
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imply

Pi(£) = 2a - 2«! + P^f 0 = 2a - 2αx + 2αx = 2a.

LEMMA 2-2. Zfe cohomology class d{ηuη2) is well defined.

Proof. We ascertain that the cohomology class j(aξ) is independent of

the choice of a bundle ξ. We take ξ' so that p*(ξ) — ηx—η2= p*{ξ'). These

equalities imply that in the sequence (I) there exists £" in KSO{EX3) so

that ξ - r = /*(£")• As Λ(fl - Pi(£') = Pi o ;*(£") = /o P^f"), where / is as

in Lemma 1-3, Lemma 2-1 shows that there exists avι in H\EXZ\Z) such

that 2<*f - 2«e, = j o Px{ξ") = /(2a*,,) = 2/(α6,,). The group H4(XIXS; Z\ how-

ever, is torsion free, and hence the equality aξ—aξ, = j{aξ,,) holds. As j{aζ) —

i(«e/) - J ° j(<*w) = JδE{aξ,r) = 0, we have the equation y(αe) = i(α^).

The properties of d{ηl9η2) are following;

LEMMA 2-3. (1) Tjf W2(ηί)= W2{η2) for rj1 and η2 in KSO(X), then d{ηl9η2) = 0

if and only if ηx = η2.

(2) For ηx in KS0{X) and a in HA{X; Z), there exists an element η2 in

KS0{X) so that W2{η,)= Wifo) and d{ηί9y2) = a.

(3) % ) - ? « = 2rffolf?2),

(4) d(ηu η2) + d(η29 ηz) = d(ηί9

(5) d(nηl9nη2) = nd{ηl9η2).

(6)

(1) If dfei,5?2) = O, there exists ί in KSO{X(XZ) such that P1(f) = 2αef

where αe is in δH3{X3; Z). So we have Px{ξ) = ̂ (2ft) where ft is in Jff8^; Z).

By Lemmas 1-3 and 2-1 we can take ξ' in KSO{EXZ) so that P^ ' ) = 2{E~ιβζ).

As the homomorphism Px\ KSO(XjXz)—>H4{X/XS; Z) is a monomorphism, the

equation j*(ξ') — ξ is obtained from Px o j*(ξf) = 2αf = Pi(£). Thus we proved

that 27! = ̂ 2 The proofs of other properties are similar, so they are omitted.

§ 3. To begin with we represent cohomology groups of X so that they

satisfy the following properties i) — ii):

H\X;Z2)= Σ ΣZ2W+ Σ
i = 0 j=l k=l

3 ) rf(371,372)2 is the reduction mod 2 of (̂371,372)-
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Σ Έ
ii yi

+ Σ Σ .ΣZ,« [»,„].
p: odd prime ί = l j=l

Here [ ] denotes a generator of the group, and following properties are

satisfied.

i) M 2 = 0; [xojf = [&], i = 1, , 50; [α^]2 = [2y], i = 1, , i = 1, , st.

ϋ) [«fj=/i[yj, [ ^ ] = i i [ ^ l where i,\H\X\Z)—>H*(X;Z2).

LEMMA 3-1. There exists ηk in KSO{X) so that W2(ηk) = [xk] and 2ηk = 0

/. As [a;Λ]
2 = 0, we have P1{ξ) = 0 (mod 2) for any ξ in KSO(X)

which satisfies W2{ξ) = [ccj. And Lemma 2-3 shows that there exists ηk in

KSO{X) so that W2te) = M and P1{ηk) = 0. On the other hand the qualities

imply that d{2ηk, 0) is of order 2. And the equalities

d(2ηk, 0)2 = W4(2ηk) = ( W2(Vk))2 = {xkf = 0

hold, so we have d(2ηk9 0) = 0. This shows that 2ηk - 0.

We know that the reduction mod 2 of the first Pontrjagin class is a squar-

ing of the second Whitney class. Consequently, we can ignore elements in

H\X\ Z) which are divisible by 2, because we proved (3) of Lemma 2-3.

We have the following

LEMMA 3-2. There exists an element ΎJ^ in KSO(X) so that

ivi\ (i = 0),

Moreover we can determine the order of η^ as follows;

If i = 0, Pally) = l[yj] for any integer /.
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If i ^ 1, d(2^Vφ 0) = 2d(2%j, 0) = Pι{2%}) = 2'Pj^) = 2'[ao] = 0.

If f ^ 2, rf(2'9</, 0) = 2d(2^ηφ 0) = P,(2*-%) = 2<->[2y] ̂  0.

If i = 1, d(2Vφ 0)2 = W4(2Vij) = W2(Vij)
z = [α y ] 2 = [2«] ¥= 0.

By Lemma 1-3 we can determine the map j * in the sequence (I). So

we have

Σ _
» = 1 j=l

Σ Σ Σ
p: odd prime * j=l

LEMMA 3-3. i) KSO {XIX5) = __

a natural homomorphism j\H\X\Xz\Z)—>H4(X;Z), and ut is a

corresponds to a 4-cell homologicaly trivial.

ii) φ*{KSO(XIX3)) = Σ Zim + Σ Σ ^ K y Ί + Σ Σ Σ ^ B W . "
i = l t = l j=l p: odd prime * y=l

ίe^^r^ f denotes p*(y).

The element d(2i/92ηij) is defined since ^2(2*/) = 0= W2(2ηi5) ϊovl^j^s

We have

/9 2Vij)2 = W<(2tJ') - W4(2Vίj) = Wtfij') - - [f y ] = 0.

Hence we can choose an element βυ in H4(X; Z) such that </(!*/, 2^ )̂ = 2 ^ .

Then 4βiJ=2d{zi/, 2r]ij)=:Pί{zίj)-P1{2ηij) = 2[zij]-2[zij'] = 0. Lemma 2-3 shows

that we can take J^/ SO that d{rji/9 η^) = βij. Then we have d{2i/, 2ηi/) — 0,

and PίiVi/) = [2;̂ ] + 2βφ 4 ^ = 0. This shows that ?</ = 2^/. Thus we may

use 7ji/ in place of 27̂ .

The above results are summarized as follows:

Elements of JC5O(Z)

w
f/

?«'

Number

1 ^ y s so

so < y ^ *̂o

Order

2

0 0

0 0

2*

Now if we use the sequence (I), we can easily prove that KSO{X) is

an abelian group generated by the above elements. Thus we have
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THEOREM.

KSO(X) = Σ Z 2 + Σ ΣZ2m +
1 ί

Σ Σ

+ Σ ΣJ Z2*+ Σ Σ Σ Z p S
i — l j=Si+l φ: odd prime i 1

where s, sί9 ri and ti are as in the first part of this section.

COROLLARY 1. If Y is a ^-dimensional CW"-complex, then we have that

KSO(EY) s H^Y; Z2) + H*(Y; Z).

COROLLARY 2. If M is an orientable, closed, topological A-manifold, we have;

KSO(M) s H*(M; Z2) + Z, if Sq*H*(M; Z2) = 0,

and

KSO{M) = {r = dim H2{M; Z2) - 1), if Sq

2H2(M; Z2) ^ 0.

COROLLARY 3. If M is a non-orientable, closed, topological 4-manifold, we

have that

KSO(M) = H2(M; Z2) + Z2, if Sq

2H2(M; Z2) - 0

and

KSO(M) =ψZ2 + Z, (r = dim H2(M; Z2) - 1), if Sq

2H2(M; Z2) ψ 0.

We give a few examples.

X

KSO{X)

P*(C)

z

P*(R)

zt

S*xS*

Z + Z2 + Z2

S3l)e4(i^l)
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