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Abstract

A system is repaired on failure. With probability p, it is returned to the
'good as new' state (perfect repair) and with probability 1 - p, it is returned
to the functioning state, but is only as good as a system of age equal to its
age at failure (imperfect repair). In this article, we develop replacement
policies for a deteriorating system with imperfect maintenance. The
successive survival times and consecutive repair times form a geometric
process which is stochastically non-increasing or non-decreasing respec
tively. Explicit expressions are obtained for the long-run expected cost
under two kinds of replacement policies based on the working age of the
system and the number of imperfect repairs before a replacement.

1. Introduction

Most publications on maintenance policies over the last two decades have overlooked the
possibility of imperfect repairs, which can be due to several limitations. Nakagawa [5] and
Brown and Proschan [2], to name only two, have dealt with imperfect maintenance policies
and their ramifications, although these models assume instantaneous repairs. However, for
systems subject to wear and deterioration after successive repairs, the concept of cumulative
damage and its effect on the survival and repair times playa dominant role. One possible way
of modelling such systems with cost analysis is through the use of a non-homogeneous Poisson
process [1], [6]. Lam Yeh [4] in an alternative approach has demonstrated the utility of the
use of monotonic geometric processes in such studies. Our endeavour in this note is to use
Lam Yeh's approach to consider the optimal replacement policies for a deteriorating system
in which one of the two kinds of repair, a perfect repair or an imperfect repair, is performed
at each of the repair times.

2. The model

We consider a system which is put in operation at t = O. Every time a failure occurs, the
system is repaired so that the repaired unit is as good as new with probability p (perfect
repair), while with probability q = 1 - p, it is restored to its condition just prior to failure
(imperfect repair). If X; is the survival time after the (n - 1)th successive minimal repair,
then {Xn ; n = 1, 2, . · .} forms a geometric process with parameter a ~ 1 and E[X t ] = A> 0
(refer to Lam Yeh [4] for details). The repairs take a non-negligible amount of time so that if
~ is the repair time (perfect or imperfect) after the nth failure (the previous (n -1) being
imperfect repairs), then {Yn ; n = 1, 2, ...} constitute a geometric process with parameter b,
(0 < b ~ 1) and E[1';] = u > O. We further assume that {Xn } and {~} are independent.

Two kinds of replacement policy for the system are considered:
(i) A replacement policy T: The system is replaced with a new one whenever the working

age of the system reaches T.
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(4)

(6)

(ii) A replacement policy N: The system is replaced at the time of completion of the Nth
successive imperfect repair since the last replacement.

Under such policies we observe that the system renews itself at each of the instants of
replacement or perfect repairs, whichever is earlier. Also in running the system one
encounters the following costs:

Ct : cost/unit repair time of a perfect repair

C2 : cost/unit repair time of an imperfect repair

C3 : cost/replacement

Y: reward/unit of working time.

3. Replacement po6cy T

Under this policy the length of a renewal cycle L is

T + Vk if there is no perfect repair until the
working age of the system reaches T,

(1) L = U; < T ~ Uk + t ; k = 0, 1, 2, ...

Uk + Vk if the kth repair is a perfect one and
U; < T; k = 1, 2, ...

where U; = E7=t Xi and Vn = ~7=t ~ with Uo = 0 and ~ = O. Thus Lt(T), the expected
duration of a renewal cycle, is given by

(2) L1(T) = E[L] = E[ ( T +~ Y;)I(Uk < T < Uk +1)] +E[~ (Xj + Y;)I(Uk < T)]

where 1(·) is the indicator function. After simplification, Lt(T) reduces to

(3) L1(T) = T + ~l b':~l qn-lF,,(T - 0) + ~l qn~lp[rn(T) + ~l b~-l F,,(T - 0)]

where F,,(.) is the distribution function of Ui, rn(T) = J~ Fn(u) du and we have made use of
the facts that E[l:] = /J/bn

-
t and {Xn } and {Yn } are independent. Also using (1), D(T) the

expected cost per renewal cycle is given by

D(T) =~l qn-l(C3 + C2 ~l b~-l - rT) (F,,(T) - qF,,+l(T»

+ ~l qn-lp[ ( C1 b':-l + C2%b~-l )F,,(T - 0) - rrn(T)]

+ (C 3 - rT)F;(T).

From standard renewal theory the long-run expected cost per unit time is given by

D(T) the expected cost/renewal cycle
(5) C t (T) =L t (T) =the expected length of a renewal cycle .

Optimal T* is obtained from (5) using analytical or numerical methods.

4. Replacement po6cy N

Under this policy the long-run expected cost per unit time C2(N) is given by

D(N)
C2(N) = L(N)
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where

(7)

and

(

N-l)

D(N) = C3+ C2t:l br-1s":'

N-l ( k-l)

+ L «:» C1 br-1 + C2 L b~l
k=2 ]=1

(

N-l A N-l k-l A )
- r «:' L tr: + L «:» L tr:

j=l a k=2 j=l a
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(8)
N-l ( A ) N-l k-l ( A )

L(N) = L b:-1 + ak - 1 «:: + L «:» ~ b~l + aj - 1 •
k=l k=2 ]=1

We wish to observe that in the case when p = 0 so that every repair on failure is an
imperfect repair, the cost equations (2)-(8) reduce to the ones obtained by Lam Yeh [5] (see
his Equations (4) and (6». The situation when Jl = 0 (in the limit Jl~ 0), so that the repair
time is negligible and a = 1 is the case that has been dealt with by Fontenot and Proschan [3].
Since the repair is assumed to be instantaneous, they have assumed a cost of C1 per minimal
repair instead of C1 per unit repair time as in our case and which can be deduced from ours.
The further case of p = 0 results in a non-homogeneous Poisson process with intensity
function r(t) corresponding to F(t).
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