
BULL. AUSTRAL. MATH. SOC. MOS I5AI8, I5A39, I5A42

VOL. 5 (1971), 221-225.

Remarks on theorems of
Thompson and Freede

A.R. Amir-Moez and C.R.Perry

Let A be a hermitian transformation on an n-dimensional

unitary space E , with proper values a. £ ... - a . Let M

be a proper subspace of E . Suppose b i ... 2 b. are the

proper values of A\M and e > ... > e, are the proper values

of A\M . Let i. < ... < i and <7,<•••< ,7 be sequences

of positive integers, with i 5 k and j 5 n . Then

yi y> y» M

p=l *p p=l 3p p=l P p=1 I p dp!

This is a special case of one of the Thompson-Freede theorems

which is proved by use of certain invariants.

Some very interesting generalizations of an inequality of Aronszajn

have been given by Thompson and Freede [4]. In this note we give a sample

of expressing these theorems in terms of linear transformations and give a

proof using some invariants.

1. Definitions and notations

An n-dimensional unitary space will be indicated by E . The inner

product of two vectors a and 3 will be denoted by (a, 3) • An

orthonormal set {a , .. ., ou } will be indicated by {a } orthonormal .
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The subspace spanned by the set {a, , .. . , a,,} will tie denoted by

[a , . . . , ouH . We write dimM = h if the dimension of the subspace M

is h .

If A is a linear transformation on E and if M is a subspace of

E , then we define a linear transformation A\M as follows: if £ £ M ,

let [/4|M]?; = PAE, , where P is the orthogonal projection on M . We

observe that if a and 3 £ M , then

([A\M]a, 6) = (PAa, P) = Ua, B) .

It follows that if A is hermitian, then A\M is hermitian.

Given any sequence i 5 . .. £ i, of positive integers such that
-L K

i 2 p , for p = 1, .. . , k , we define (i' , . .. , i J) recursively by

and , for r = fe-l, . . . , 1 , [/].

2. Some preliminary theorems

Let H be a hermitian transformation on E with proper values

1

( 1 )

> ... 2 m . Then

sup
.} orthonormal
1

This theorem is due to Fan [2]. Further, if i £ .. . £ i, is a sequence

of positive integers such that i £ n and i > p , p = 1, . .., k , then

( 2 ) mi, + . . . + mi,

= s u p inf

p
dimW =i {£ } orthonormal

P P P

where M i s a subspace of E , [ / ] .

3.

THEOREM. l e t A be a hermitian transformation on En with proper
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values a. i. . . . 2 a . Let R , ..., R be proper subspaces of E

such that E = i?n © . . . © R and R. is orthogonal to R. s for i t 3 .
Yl X S % Q

Let dimff = h , q = 1, ... , s . Suppose the proper values of A\R are

fc , > . . . > b , . a = 1, . . . , 8 . Let i , £ . . . £ i 3ql ah ' H ' ' ql qr '
q

q = 1, . . . , s , be sequences of positive integers such that i £ h and

i - P > for p = I, ... , r and q = 1, .. ., s . Then

s r r -I r(s-l) r

(1) I \l b , < I a + I a
q-x Kp-x ^ qpJ j—x P = l I y

= 1 ^

Proof. By §2 (2), there exist subspaces M c ... c M c R ,

q = 1, ... , s , with dimM = i , for p = 1, ..., r and

3 = 1, . . . , s , such that

r r

p=l " ' qp n eM p=l " ^ ^

{r| } orthonormal

inf
n eW

qp qp
{r\ } orthonormal

°P
for q = 1, . . . , s

Let L = M © ... © M p = 1, .. . , r . We observe that
P 1P SP

L l C ' • * C Lr C En a n d d i m L D = ^ ^ n ' P = 1. • • • » * • • Let
e q=l Hi^

{?!>•••»?} be an orthonormal set in E such that C € L ,
1 J° w P P

p = 1, ..., r . Now, for each p = 1, ..., r , it is clear that there

exists an orthonormal set {r\ , ..., n } such that t, € [ru , ..., n ]

and r\ t M q = 1, ... , s . Here the set

{ni;L, ..., nl r, n21. •-., n2r» •••» nsl> •••» nsr} may not be linearly

independent. But, it is clear, there exists an orthonormal set
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( n ^ ^ l r ' • ' • ' '" 'si ' ' • • ' r | ' ^ such tha t

and T\' t M , for q = 1 , . . . , s and p = 1 , . . . , r . I t i s c lea r t h a t

{?i > • • • J £ } c a n t>e extended to an orthonormal se t {c, , . . . , £ } in

such a way t h a t L = fri', , . . . . n' , . . . , n ' , . . . , n ' 1 = [c , . . . . L 1 .L 11 ' l r ' ' s i ' sr^ l 1 ' ^sr^

Thus

s (• r 1 sr
(3) I I \AT]' , n1 ) =trace(/4|£) = T [AZ, ., 5.) .

(7=1 vp=l n r ncr ' t= l

By §2 (1) , i t follows that

r(s-l) sr

p=l " i=r+l

C o m b i n i n g ( 3 ) a n d (h) we o b t a i n

s r r 1 r r(s-l)

Using (2) and (5) we obtain

s r r
(6) I I b ,

r(s-l) r
£ I a. + sup inf I [AS , 6 )

j=l J X^-.-CK, 6peXp p=l P P

s {6 } orthonormal
dimX = J i P

P q=l W

Applying §2 (2) to the right side of (6) yields (l); thus the proof is

complete.

4. Remark

We observe t h a t t he other r e su l t s of Thompson and Freede can be

proved in a manner s im i l a r t o §3. These r e s u l t s may a l so be obtained as

c o r o l l a r i e s t o §3 as was done in the Thompson and Freede paper.
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