
ON TOUCHARD POLYNOMIALS 

FRED BRAFMAN 

1. Introduction. Wyman and Moser (5) have recently given an explicit 
form for some polynomials of Touchard (4). Equation (6) of this note will 
give a simpler expression for these polynomials. Subsequently, generating 
functions (9) and (12) will be obtained. 

2. A new expression. The expression given by Wyman and Moser in (5) 

If (1) is written in generalized hypergeometric form it becomes 

to\ n r„\ nl(2x + l)n | " - | » , %(-n + 1), -x, -x; 1 

For the time being, restrict x to the values 

(3) x = m, m = 0, 1, 2, . . . , 

and use the transformation formula from Bailey (1, p. 85, eqn. (3)): 

(4) 
A — n, —n, —m; 1 
2L 1, —n — m\ J 

(1 + \n)m {\ + \n)m F\~\n, \{-n + 1), - m , ~m\^\ 
(4)m (1 + ri)m

 4 3L1, — m — \n, —m + \ — \n\ J 

Then 

/Kx n ( \ n- (2m + *)* (^m (* + n)m J\-n,-n,-m\ 
(Dn2 (1 + |w)m ( | + |w)OT L 1, - » - w; 

- (1 + ni)nn\ fX—n, —n, —m; 1 

Thus it has been shown that the Qn(x) of (2) reduces to 

(6) 
n r„\ 0-+x)nn\ \-n,-n, -x; 
e . ( * ) = - 7 ï T ^ r - « ^ L 1,-n-x; 

for the special case of x any non-negative integer. But then, for fixed n, (1) 
and (6) (in the form (7) below) give two polynomials of degree n in x which 
coincide at an infinite number of values. Hence (2) and (6) are identical and 
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(6) is a valid representation for general x (except for negative integers, in 
which case (6) is indeterminate). 

By the many transformations possible on a 3̂ 2 of unit argument, equation 
(6) can be converted to other forms. 

Equation (6) here is equivalent to the result obtained independently by 
Carlitz in equation (10) of the immediately preceding work (2). This equi
valence may be demonstrated by the formula given by Bailey (1, p. 22): 

r(ai28) I> 1 2 4 ) T(a125) F/>(0;45) 
= (~l)m r(ai2B) r(ao25) r(aoiB) Fn(5;02). 

Carlitz has shown that the Qn(x) are essentially the Bateman polynomials 
Fn(2x + 1). Hence the results to be obtained below may also be interpreted 
as results on the Fn. 

3. Some more generating functions. The form (6) makes available 
generating functions in addition to the one given by Wyman and Moser in 
(5). Convert (6) into: 

m n M = »! »! *I v (1 +*)» -* ( -*M-D* 
U ; y " W (I), 2nfcJ "(» - k)\ (n - k)\ k\ k\ ' 
Then 

(8) g &(«) (*)« (20" 
~o n\n\n\ 

œ K (1+*)„»(-*)» (-!)*/" 
to feo ( n - * ) ! ( » - * ) ! * ! * ! 

= g g (!+*).(-*)* (-1)V+* 
^To *M) «! »! &! &! 

= 1F1(l +x;l',t)-1Fi(-x;l; -t). 

The last line may be converted by Kummer's first formula to get the generating 
function : 

Qn(x) (h)n (2t)n 

i\ n\ n\ v Z=o n\n\ n\ 

It should be noted that for x a non-negative integer, the 1F1 on the left of 
(9) becomes a Laguerre polynomial, so that (9) is: 

(10) e[i.(-0] - 1, ^ r^ i—"• 
For the next generating function, sum (7) as indicated below to get: 

^r0 «! »! 
&(*) (|)„ (2<)" 

oo W » n (l+*),_*(-*) t(-l_)*n!l" 
n=0 k—0 (n - k)\ (n - k)\k\k\ 
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oo oo 

é o Ùo ni ni kl kl 

Ùo ni 2 1 1; J 

£=o »! L 1;£ + U 
By a well-known formula due to Chaundy (3, p. 62) the last line above sums 

to give the generating function: 

(12) (l + ty (l - O"1-* 2 ^ [ ~ x ' m+ j | f ^ \ 

= V QnW (*)» Vif ^ 

The 2^1 in (12) is essentially a Legendre polynomial if x is a nonnegative 
integer, in which case (12) becomes 

(i3) (i + ty (i - tr1-* Pti^zÇ) = Ë Q"(3g)
n
(! »!(2/)" • 
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