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Ascoli theorems and the

pseudocharacter of mapping spaces

J.A. Guthrie

The pseudocharacter of the space Y of continuous functions

from X to Y is studied. For certain topologies on i

sufficient conditions, which are shown in some cases also to be

necessary, for I to have a specified pseudocharacter are given.

An Ascoli theorem is a theorem which characterizes the compact

subsets of I . Several Ascoli theorems are obtained, including

ones which utilize results on pseudocharacter.

1. Preliminaries

While other cardinal invariants such as cardinality and density have

been studied for mapping spaces, see for example Comfort and Hager [5] and

Vidossich [74] respectively, the pseudocharacter seems to have received

much less attention. In Section 2 we obtain results which relate the

pseudocharacter of the mapping space to the pseudocharacter of the range

space and the density of the domain.

We adopt the following notation and terminology. All spaces are

assumed to be Hausdorff. The cardinality of the set A is denoted by

\A\ . We define the pseudocharacter ii(p, X) of the point p in the

topological space X by

<Mp> X) = inf{|U| | U is a collection of open

subsets of X and Ml = {p}} .

We call ty(X) = sup{^(p, x) \ p (. X] the pseudocharacter of the space X .
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In case ty(p, X) £ K we say p is a G. in * . Aull [3] has called X

an 2? -space provided ty{X) £ N . Other authors such as Anderson [7] call

such a space a Gg-space. The density of X , denoted 8{X) , is defined

by 6(X) = inf{|s| | Cl(5) = X] .

We represent by i the set of all maps (= continuous functions)

from X into Y . The only topologies we shall consider for Y will be

the ones Arens and Dugundji [2] call set-open. That is, we consider

topologies which have a subbase vhich can be described as follows. Let A

be a collection of subsets of X and let (4, U) = {/ € YX | f(A) <= u} .

Then {(A, U) \ A € A and U is open in Y) forms a subbase for the set-

open topology determined by A .

We use special notation in the following cases. If A is the set of

all singletons in X , denote this topology of pointwise oonvergenae by

C (X, Y) . If A is the set of all convergent sequences in X (a

convergent sequence includes its limit point), we denote this as-open

topology by C (X, Y) . If A is the set of all compact subsets of X ,
GS

denote th i s aompaat-open topology by C, {X, Y) . The symbol C (X, Y) ,

where a is an infinite cardinal, signifies that the topology under

consideration is a set-open topology determined by a collection A such

that {x} € A for every x € X , and for each A € A , &{A) S a .

2. Pseudocharacter of mapping spaces

Note the obvious fact that if O and T are topologies for X and

a c T , then ty(X, T) £ ty(X, o) . In particular, the pseudocharacter of

C (X, Y) gives an upper bound for the pseudocharacter of any finer

topology. Note also that ^[Y^) > tyd) , for it is clear that if A c X ,

\1>(A) £ ty{X) , and the constant functions form a subspace of i homeo-

morphic to Y .

THEOREM 1. *(y) < i}>{Cp(X, I)) £ <p(Y)6(X) .

Proof. Let D be dense in X with \D\ = 6{X) , and let
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f (. C (X, Y) . For each d (. D l e t U[f(d)) be a collection of open sets

such that \U[f(d))\ 5 \1>(Y) and nu[f(d)) = if(d)} . Let

V = {(d, U) | U € U( / (d ) )} . Then \V\ £ i|«tf)6U) and fll/ = {/} .

THEOREM 2. Let X be completely regular and let Y contain a non-

degenerate path. Then the following are true:

(1) if *((?(*, Y)) S B ,

(2) i|;(Ca(J, Y)) < atj)(y) £/ awd only if 6{X) £ cnJi(J) .

Proof. To show (l), let g : [0, 1] -»• Y be a nondegenerate path such

that ^(O) t g'(l) . Let / be the constant function which is zero on X .

Then gf € C (X, Y) ,30 there exists a collection V of subbasic open sets

of the form (A, U) such that |(/| S ip(Y) and 0V = {gf} . For each A ,

6(A) £ a , so we may choose a set D such that \D\ 5 aip{Y) , and such

that D is dense in the union of all A such that (A, U) € V for some

V . Now if D is not dense in X , there is a nonempty open set W such

that W n D = 0 . Pick x € V , and by complete regularity choose a

function h : X •*• [0, l] such that h(x) = 1 and h(X\W) = 0 . Now gh

and ^/ agree on D and hence on each A . Thus gh (. fit/ and by

construction gh(x) f gf(x) . This contradiction means D must be dense

in X .

For (2) simply combine (l) with Theorem 1 and the observation that

• (Cp(JT, I)) > ${C
a(X, Y)) for all a .

As was pointed out in the review by Katetov [9], not all the

implications claimed in the corollary on page 759 of [7] are true. The

following corollary generalizes the portions which are correct.

COROLLARY 3. Let X be completely regular, and let R be the real

numbers. Then the following are equivalent for an infinite cardinal a. :

(1) 6(X) < a s

(2) 4>(CpU, /?)) < a ;

(3) there exists f € R* such that ty[f> C (X, R)) £ a ;

(1*) H,[Ca(X, R)) £ a ;
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(5) there exists f t R* such that \p{f, Ca{X, E)) < a .

Note that if each compact subset of X is separable, which is the

case if X is, for example, metrizable or stratifiable, then we may add to

the list of equivalences in the corollary

(6) il>[Ck(X, /?)) 5 a ;

(7) there exists an / ( / such that \p[f, Cj,(X, R)) < a .

Much work has been done, see for example [7], [S], [7J], [73], on

obtaining theorems of the following type: Let X have property P and

let Y have property Q. , then the space of maps from X to Y has

property T . In each such theorem in the references just cited the

mapping space was of the type C °(X, Y) , Q. was a property of the reals,

and the property T was one which implies that each point is a G^ . In

each of these theorems the condition P implied that X was separable.

In [7 7] Michael showed that in each of his theorems the separability of X

was necessary. The results of this section show that this requirement

cannot be relaxed in any of these theorems.

3. Ascoli theorems

The problem under consideration in this section is that of determining

the compact subsets of a mapping space. We call theorems which answer this

question Ascoli theorems. Kelley [10] gives several Ascoli theorems for

C,(*, Y) . See also Bagley and Yang [4]. Noble [7Z] gives other Ascoli

theorems, generalizations, and an extensive bibliography.

Recall that a space X is sequential when a subset of X is closed

if and only if its intersection with every convergent sequence is closed.

Let F(x) denote {fix) \ f € F} . Definitions of all other terms used

below may be found in Kelley [70].

When Theorems k and 5 are read omitting the parenthetical portions

they are analogues for the es-open topology of Theorem 18, page 23*+, and

Theorem 21, page 236, of Kelley [10] dealing with the compact-open

topology. The proofs are straightforward adaptations of Kelley's

techniques and are omitted. When parenthetical portions are included, the
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significance of the theorems is that under the stated hypotheses on X and

Y , conditions which are weaker than the corresponding pa r t s of KeI ley 's

Theorems become s u f f i c i e n t .

THEOREM 4. Let X be a sequential space (which is separable) and

Y a uniform space [which has each point a ff. ) j then F e y is compact

in the cs-open topology {and the compact-open topology) if and only if

(a) F is closed,

(b) Cl(F(x)) is compact for every x € X ,

(c) F is equicontinuous on every convergent sequence in X .

THEOREM 5. Let X be a sequential space (which is separable) and Y

a regular space [which has each point a G« ), then F c Y^ is compact in

the cs-open topology (and the compact-open topology) if and orly if

(a) F is closed,

(b) Cl(F(x)) is compact for every x € X ,

(c) F is evenly continuous on every convergent sequence in X .

Proof of Theorems 4 and 5. By Theorem h of Guthrie [8] , if X is a

separable space in which each compact set is sequentially compact, and Y

has each point a G~ , then C,{X, Y) and C (X, Y) have the same
O K es

compact subsets. Since by Franklin [6] every compact subset of a

sequential spare is sequentially compact, the theorem applies. Thus (a),

(b), and (c) are also sufficient in the compact-open topology.

COROLLARY 6. Let X be a separable sequential space and Y a

metric space with metric d . Then F c r is compact in the compact-open

topology if and only if

(a) F is closed,

(b) Cl(F(s:)) is compact for every x € X ,

(c) for every convergent sequence {z.} converging to z , and

for every e > 0 , there exists an N such that for every

f € F , d[f[z.), f[zn)) < t whenever i > N .
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