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ABSTRACT. A numerical glacier-flow model (finite-element method) is used to sug-

gest the processes that control the flow behind the calving front of a tidewater glacier. The
model is developed for grounded calving glaciers and includes an effective-pressure-dependent sliding law. The sliding law is implemented by adding a soft basal layer with a
variable viscosity. The model is applied on Hansbreen, a tidewater calving glacier in Svalbard. Comparison between modeled surface velocities and observed velocity data shows
good agreement. We conclude that the flow of a grounded calving glacier can be modeled
with an effective-pressure-dependent sliding law.

INTRODUCTION
The flow dynamics of tidewater calving glaciers is of great interest but poorly understood (Meier,1994; Van derVeen,1996).
Increasing surface flow velocities towards the calving front
have been observed on several grounded calving glaciers, including Hansbreen, Spitsbergen; Columbia Glacier, Alaska
(Krimmel and Vaughn, 1987); Glaciar Moreno, Patagonia
(Rott and others, 1998); and Nordbogletscher, Greenland
(Funk and Bo«sch, 1990). Understanding the processes controlling the flow field behind a calving front is essential for developing a physically based model for calving. It is known that
basal sliding strongly affects the flow of grounded calving glaciers (Kamb and others,1994; Meier and others,1994; Van der
Veen, 1996). Effective pressure (ice-overburden minus water
pressure) is suggested as one important controlling factor for
basal sliding (Iken, 1978; Budd and others, 1979; Bindschadler,
1983).
This study concentrates on Hansbreen, a grounded calving glacier in Svalbard, for which an extensive dataset exists. A numerical glacier-flow model, including basal
sliding, is used to suggest the important processes that control the flow behind the calving front.

Kaczmarska, 1997). It includes glacier surface topography
from photogrammetry, bed topography from radio-echo
soundings (Glazovskiy and others, 1991) and depth soundings of the fjord in front of the glacier (Giz_ ejewski, 1997).
Furthermore, annually measured frontal positions and sur-

DATABASE AND FIELD OBSERVATIONS
Hansbreen is a tidewater calving glacier situated at Hornsund, southern Spitsbergen. The glacier covers an area of
57 km2 and is about 16 km long (Fig. 1). It ends in the sea
with a 1.3 km wide calving front. The front height above
water level is 30^40 m. The glacier bed along the frontal
10 km is below sea level. Since the establishment of the Polish polar station in the vicinity of Hansbreen in 1957, several
glaciological investigations have been carried out, and an
extensive dataset of Hansbreen is available (Jania and
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Fig. 1. Map of Hansbreen showing surface (solid contour
lines) and bed (dashed contour lines) topography. The contour intervals are 50 m. The location of the stakes, used for
velocity measurements by terrestrial survey, are shown with
the corresponding stake numbers (1^7) used in the text. The
dashed-dotted line indicates the flowline used for the model
calculations.
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nantly determines the flow field and is affected by
variations of surface meltwater production.
MODEL DESCRIPTION
A flow model based on the finite-element method (MARC
Analysis Research Corp., 1997) is used. The code solves the
full equations for the stress and velocity fields. A two-dimensional version of the model is used to calculate stress
and velocity fields along the flowline shown in Figure 1.
Glen's flow law,
"_ ij  A n 1 ijn ;

1

with common values for the flow-law exponent n  3 and
the rate factor A  0.1bar^3 a^1, has been used in the model
(Paterson, 1994). "_ ij are the components of the strain-rate
tensor, ij are the components of the deviatoric stress tensor
and  is the effective stress (second invariant of deviatoric
stress tensor).
Basal sliding

Fig. 2. (a) Variation of flow velocities with time at stakes 1^
7 measured by terrestrial survey. (b) Variation with time of
mean daily temperature at Hornsund meteorological station,
and daily water runoff at neighbouringWerenskjÖldbreen.
face velocity data determined by terrestrial photogrammetry are available from 1982 onwards (Jania and Kolondra,
1982; Jania,1988).
In summer 1998, additional surface velocity measurements were made on Hansbreen by terrestrial survey of
seven stakes along a flowline with a temporal resolution of
1^2 days (unpublished information from J. Jania). The
velocity data show a high variability in time and space
(Fig. 2). Spatially, surface velocity increases significantly towards the calving front, starting 4 km behind the ice cliff
(Fig. 5 shown later). Temporally, periods of substantially
higher surface velocity were observed to last for 2^3 days
(Fig. 2). These ``fast-flow'' events occurred during periods
with significantly higher surface-melt rates. Daily mean
temperature recorded at the Hornsund meteorological station of the Institute of Geophysics of the Polish Academy of
Science, and water runoff data from the neighboring landbased WerenskjÖldbreen (personal communication from
M. Pulina, 1998) correlate well with the observed velocity
variations (Fig. 2). At the lateral part of the frontal ice cliff,
an outflow channel at sea level was observed. During periods with high surface-melt rates, the outflowing water was
under high pressure (fountains of water were observed, accompanied by loud noise). The measured fast-flow velocities
are mean values taken over a 3 day period. True maximum
values are probably higher. The last 10 days of the observation period show relatively constant low velocities. This
``slow-flow'' period may correspond to a winter flow regime.
Based on extensive studies on valley glaciers, several
authors have pointed out that short-term velocity variations
are related to changes of basal water pressure (Iken, 1978;
Meier and others, 1994; Iken and Truffer, 1997). The observations on Hansbreen suggest that basal sliding predomi218

The glacier-flow model requires an appropriate boundary
condition at the glacier bed to account for basal sliding. We
assume a relation between sliding velocity vb and basal
shear traction b of the form:
0

vb  c x bn ;

2

where c x is the sliding coefficient and n0 is a parameter to
be specified (Lliboutry,1968,1979).
This relation for basal sliding is implemented in the
model by adding a thin soft layer at the glacier base (Leysinger, 1998; personal communication from H. Gudmundsson, 1998) with a flow law corresponding to Equation (1)
and with flow parameters n0 and A0 (Fig. 3). The approach
of a different rheology for a subglacial layer has been used
before by Alley and others (1987) and MacAyeal (1989) to
model ice streams in Antarctica. In both cases the subglacial
layer was assumed to be a till layer, and a linear viscous
rheology was used. Here the soft layer with a variable viscosity is used as a method to implement the suggested sliding law (Equation (2)) for a given sliding coefficient c x.
The glacier bed corresponds to the interface between glacier ice and the introduced soft layer (Fig. 3). Although the

Fig. 3. Schematic view of the glacier, with a soft basal layer
for implementing a sliding law that relates the basal velocity
~
vb to basal shear traction b.
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sliding over a hard bed, Budd and others (1979) proposed a
sliding law of the form
vb / bm pe d ;

where pe is the effective pressure (ice-overburden minus
water pressure). Bindschadler (1983) successfully applied a
similar formula to measured data on glaciers, and Fowler
(1987) derived a similar relationship on theoretical grounds.
The exponent m is often replaced by Glen's flow-law exponent n, and d is an empirical positive number.
For sliding over a soft glacier bed, Boulton and Hindmarsh (1987) proposed a viscous behaviour for sediment deformation of the form

Fig. 4. Difference between input sliding coefficient c xin
and calculated sliding coefficient from model results
c xmodel expressed as a percentage of c xin for slow-flow
(solid line) and fast-flow (dashed line) scenarios.

"_ /  a pe b ;
physics of the sliding under consideration may not coincide
with the soft-slab approach, the described method is mathematically correct. For a prescribed basal boundary condition such as the given sliding law (Equation (2)), the
solution for the stress and velocity field is unique (Colinge,
1998).
For an ice slab of thickness h, with an underlying thin
soft layer of thickness d and slope angle , the analytical
solution of the basal velocity vb (Fig. 3) in the shallow-ice
approximation (Hutter,1983) is:
Z h
0
2A0 g sin zn dz
vb 
hd
3


n0 n0 1 2
n0
0
n0
3
d O d  :
 2A g sin  h d  h
2
With d  h, terms of order O d2  can be neglected and we
get
0

0

vb  2dA0 bn  c xbn ;
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where "_ is the strain rate. On the basis of observations, they
determined that the exponents were a  1.33 and b  1.8.
Expression (6) results in a sliding law analogous to Equation
(5). Recent studies suggest that subglacial till behaves like a
Coulomb-plastic material (Iverson and others, 1998). Deformation takes place in discrete shear zones whose positions
fluctuate with changing basal water pressure. The mean deformation over time conforms very closely to Equation (6).
For the present flow model, we assume a simple sliding
law taking into account the effective pressure pe and which
is based on current sliding theories. For our model, the sliding coefficient c x of Equation (2) is assumed to be:
c x  q

1
;
pe xm

7

with the effective pressure pe x  pi x pw x, where
pi x is the ice-overburden pressure and pw x is the water
pressure at the glacier bed. The parameter m is set to unity,
and q is tuned to fit modeled to observed velocities.

which corresponds to the assumed sliding law (Equation
(2)). For the flow model we assume a linear sliding law by
setting n0  1. Layer thickness d is constant and A0 x is
given with the sliding coefficient c x and is a function of
the distance x along the flowline.
Equation (4) is correct for the shallow-ice approximation
which neglects longitudinal stress gradients and approximates
the basal shear traction with the local driving stress. This may
be a poor assumption, especially near the calving front of a
tidewater glacier. By using Equation (4) in our model we can
estimate the errors due to the said simplification. For a given
sliding coefficient cin x  2dA0 x we obtain from model calculations the basal shear traction bmodel and basal velocity
at the upper boundary of the basal layer. Introducing
vmodel
b
these values into Equation (2) we obtain the sliding coefficient
=bmodel which should be identical with
cmodel x  vmodel
b
in
c x.While for the shallow-ice approximation cin x is equal
to cmodel x, for a real glacier situation these coefficients are
different. For a model run of Hansbreen a comparison between
cin and cmodel is shown in Figure 4. The differences are very
small in the upper part of the glacier (52%) and exceed 10%
only in the frontmost 300 m.
Basal water pressure and sliding
Basal sliding is strongly affected by changes in water pressure pw (Iken, 1981; Kamb and others, 1994; Meier and
others,1994; Jansson,1995). For experiments concerned with

Fig. 5. (a) Profile along the flowline of Hansbreen with glacier
bed and surface topography. The lines within the glacier show
the assumed water-level scenarios. (b) Measured (symbols)
and modeled (lines) surface-flow velocities for the slow- and
fast-flow periods of summer 1998.
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are adjusted to fit the velocity measurements with the
method of least-squares matching (Fig. 6). The resulting
water-level gradient is 0.45³, as shown in Figure 5. This
seems a reasonable value, but Figure 6 shows that the model
is not sensitive to small changes in the water-level gradient.
The model results are shown in Figure 5 and are in good
agreement with the observed velocities. The velocity increase, starting 4 km behind the front, is well reproduced
by the model.

Fig. 6. Sensitivity of the model to parameter adjustment done by
least-squares matching of modeled and measured velocities for
the slow-flow scenario.The vertical axis shows the mean square
error s2 of the modeled and measured velocities. In (a) the
mean square error is shown as a function of the sliding parameter q and a constant water-level gradient (0.45³). In (b)
the mean square error is shown as a function of the water-level
gradient and a constant sliding parameter (q  470).
MODEL RESULTS AND COMPARISON WITH
OBSERVATIONS
For the 1998 surface geometry, the model was run with various sliding scenarios. The results are shown in Figure 5 and
discussed in this section.
Constant sliding coefficient
First, we set c x  0, which corresponds to ice flow without
sliding. The calculated surface velocities from internal deformation of the ice are much smaller than the observed
values (Fig. 5). According to the observations, the surface
velocities start to increase 4 km behind the calving front.
From the difference between modeled velocities with
c x  0 and measurements, we estimate the amount of
basal sliding to be about 3 times the deformation velocity
in the upper part and to increase up to 20 times immediately
behind the front. With a constant sliding coefficient, c x >
0, the surface velocity can be increased by nearly a constant
value (Fig. 5), but the modeled velocity increase is limited to
the frontmost 300 m. It follows that the observed surface
velocity distribution cannot be explained with a constant
sliding coefficient.

Fast-flow period
The fast-flow velocities correspond to the mean measured
velocities of the period 12^15 July 1998.The sliding parameter
q is the same as for the slow-flow scenario. By increasing the
water level at the front by 17 m, and the water-level gradient
to 1.79³, we get the best fit to observations (least-squares
matching).
This higher water level takes into account the observed
increased meltwater production and observed water outflow under high pressure at the lateral part of the calving
front. In the upper 11km we assume a reduced water-level
gradient of 0.5³, to take into account the smaller surface
slope in the upper part of the glacier.The modeled velocities
are in good agreement with the measurements; the frontal
increase in flow velocity is especially well reproduced (Fig.
5). The rather good agreement for stakes 1 and 2 suggests
that the assumed reduced water-level gradient for the upper
11km is reasonable, at least for the region where stakes 1 and
2 are located. Using the same sliding parameter as adjusted
for the slow-flow scenario, the model is able to simulate the
fast-flow situation if we increase the water level accordingly.
Highly crevassed zone
The frontmost 500 m of Hansbreen are highly crevassed. The
formation of these crevasses is related to the stress field, which

Spatially dependent sliding coefficient
To provide a spatially dependent c x we introduce the effective pressure as suggested in Equation (7) into the sliding
law (Equation (2)). Since the basal water pressure during
the velocity measurements is not known, test scenarios need
to be assumed. The basal water pressure behind a calving
front must be at least equal to the pressure of the vertical
water column at the calving face. During the melt season,
the basal water pressure increases above this minimal pressure to force water to flow toward the front. Because our
observations identified periods of fast flow and slow flow
(Fig. 2), we select two different flow periods for the model
calculations.
Slow-flow period
The observed velocities for this period correspond to the
mean measured velocities of the period 31 July^8 August
1998. The sliding parameter q and the water-level gradient
220

Fig. 7. (a) Basal shear traction along the flowline from model
calculations. (b) Effective shear stress at the surface along the
flowline from model calculations. (c) Sliding coefficient of
the model along the flowline.
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is also calculated in the flow model used. The modeled effective stress eff at the surface is particularly large over a distance of 500 m immediately behind the calving front (Fig. 7).
It exceeds 1bar in all modeled scenarios. If we consider a``Von
Mises criterion'' for the formation of crevasses corresponding
to an effective stress of >1bar (Vaughan, 1993), the observed
extent and location of the crevasse zone are in good agreement with the calculated high values of the effective stress.
CONCLUSION
Surface velocity measurements suggest that basal sliding
processes play an important role in the dynamics and calving of tidewater glaciers, and need to be considered in the
ice-flow modeling. It is shown that a sliding law dependent
on basal shear stress can be successfully implemented in the
finite-element glacier-flow model by adding a thin soft layer
with variable viscosity at the base of the model. Results from
model calculations with a constant or zero sliding coefficient show a frontal velocity increase only over a distance
of 300 m (2^5 times the frontal ice thickness) instead of the
observed 4 km. By using a sliding law which relates the sliding coefficient, and thus the basal velocity, to effective basal
pressure, the model results reasonably reproduce the
observed velocity increase behind the calving front.We conclude that basal sliding processes which strongly depend on
the effective pressure dominantly control the flow of a
grounded calving glacier like Hansbreen.
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