
ON A GEOMETRIC EXTREMUM P R O B L E M 

J. S c h a e r and A. Me i r 

( r e c e i v e d A p r i l 2, 1964) 

The following p r o b l e m was b rought to our a t ten t ion by 
L. M o s e r : Loca te eight po in ts in the c losed unit s q u a r e so 
tha t the m i n i m u m of the d i s t a n c e s be tween any two of the poin ts 
should be a s l a r g e a s p o s s i b l e , 

L. M o s e r con j ec tu red the following; Let P , P ^ , . . . , P J s 1 2 • 

be any eight po in ts in the c losed unit s q u a r e . Let d ( P . , P.) 

denote the d i s t a n c e be tween P and P . Then 

1 IT 

(1) m i n d ( P . , P ) < m = — s e c — 
K i < j < 8 J 

\U - \'3 

and equa l i ty holds in (1) only for the conf igura t ion indica ted in 
F ig . 1 (where a-n/lZ). 
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The c o r r e s p o n d i n g n b e s t - l oca t i on ' 1 p r o b l e m s for 2, 3, 4 
or 5 points in the unit s q u a r e a r e ea s i l y solved. F o r 6 po in t s 
R. L. G r a h a m obta ined the solut ion r e c e n t l y . We s u c c e e d e d in 
solving the p r o b l e m for 7 and 9 poin ts too , but the p roo f s wi l l 
not be inc luded lie r e . 

F i g u r e 2 i n d i c a t e s the c o n f i g u r a t i o n s for 3 and 4 p o i n t s . 
T h e s e r e s u l t s a r e used in our proof. 

(b) 

Fig . 2 

We now p r o c e e d to p rove M o s e r ' s c o n j e c t u r e . Dur ing the 
proof we sha l l use the a u x i l i a r y po in t s i nd ica t ed in F ig . 3, 

The po in t s A , A , A , A a r e the v e r t i c e s of the unit 

s q u a r e , B , B _ , B , B a r e the m i d p o i n t s of the e d g e s , and 
1 2 3 4 

C is the c e n t r e of the s q u a r e , The po in t s D. , E . , F . , G. 
l i i i 

' K i < 4 ) on the e d g e s a r e defined by 

(2) d(D , B ) = d(E , B ) = d ( F . , A . ) = d ( G . , A . ) 
i i i i - f i i i i i 

1 TT 

— t a n —-
2 42 

- ( 2 - ^ 3 ) , i< i<4 . 

The poin ts H , K , N , O ( K i < 4 ) a r e i n t e r s e c t i o n po in t s of 
i i i i • 
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Fig . 3 

s i d e - p a r a l l e l s p a s s i n g th rough the above in t roduced po in t s . 
Note tha t 

(3) d (A . ,K . ) - d (B . ,G . ) = d ( F . , B . ) - d (A. ,K. J 
1 1 i i i i + l i i + l 

d(A. ,H. ) - d ( D . , E . ) = d ( C , E . ) 
i i i i i 

= d (C ,D. ) - d ( K . , K . J = m , (K i<4 ) . 
i i i + l 

We shal l show that if P , P , . . . , P i s any set £f of 
1 L o 

e ight po in t s in the c losed unit s q u a r e and 

(4) min d ( P . , P.) > m 
Ki< j<8 1 3 

then the l o c a t i o n - f i g u r e of the poin ts i s that of F ig . 1, and in (4) 
the equal i ty sign ho lds . 
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P R O P O S I T I O N 1. If (4) h o l d s , t h e n C/É f . 

P r o o f : A s s u m e C e f . O b v i o u s l y ( s e e F i g u r e 2 (b) ) 

n o f o u r p o i n t s of i/ c a n l i e in a c l o s e d s q u a r e of s i d e - l e n g t h 

1 / 2 . T h u s , in e a c h of t h e c l o s e d s q u a r e s A B C B ( K i < 4 ) 
i i+1 i •—-

t h e r e c a n l i e a t m o s t t w o p o i n t s of u d i f f e r e n t f r o m C. 

T h e r e f o r e in t h r e e of t h e s e s q u a r e s t h e r e m u s t l i e e x a c t l y t w o 

f u r t h e r p o i n t s of a , a n d so t h e r e a r e t w o a d j a c e n t s q u a r e s , 

s a v A B C B a n d A B C B _ , in e a c h of w h i c h l i e t w o p o i n t s 
1 2 1 2 3 2 

d i f f e r e n t f r o m C. B e c a u s e of ( 4 ) , t h e o n l y p o s s i b i l i t y i s t h a t 

t h e s e p o i n t s a r e l o c a t e d a t D , E . D ^ , E o ( s e e F i g 2 ( a ) ) . 
1 1 2 Z 

B u t by (2) 

d ( E , D J = 2 - \ ; 3 < \lz - \T3 = m , 
1 Z 

y i e l d i n g a c o n t r a d i c t i o n t o (4 ) . 

In t h e f o l l o w i n g w e s h a l l u s e t h e o b v i o u s 

. L E M M A . If t h e d i s t a n c e b e t w e e n a n y t w o v e r t i c e s of a 

c l o s e d p o l y g o n i s l e s s t h a n o r e q u a l t o m , t h e n t h e d i s t a n c e 

b e t w e e n t w o p o i n t s l y i n g in o r on t h e p o l v g o n c a n b e e q u a l t o i n 

o n l y w h e n t h e p o i n t s a r e t w o v e r t i c e s . 

P R O P O S I T I O N 2. If (4) h o l d s , t h e n in e a c h of t h e p o i n t -
s e t s cr , o" , . . . , a" l i s t e d below7 t h e r e m u s t l i e e x a c t l y o n e 

1 2 8 y 

point of tf * 

cr : T h e s q u a r e A E H D. e x c l u d i n g t h e c l o s e d seg™ 
2 i - 1 i i i i 

m e n t D H ( K i < 4 ) . 
i i "~ ~ 

a* : T h e p e n t a g o n C H E D H C e x c l u d i n g C 
2 i r e i i i + l i + l fo 

( l < i < 4 ) . 

P r o o f : It i s e a s y t o s e e , b y (3) a n d t h e l e m m a , t h a t n o 

cr ( 1 < i < 8 ) c a n c o n t a i n t w o p o i n t s of ^f * S i n c e t h e u n i o n of 

a l l t h e s e s e t s i s t h e c l o s e d u n i t s q u a r e e x c l u d i n g C , b y 

P r o p o s i t i o n 1 e a c h m u s t c o n t a i n a t l e a s t o n e p o i n t , a n d t h u s 
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exac t ly one point , of J . In the seque l we sha l l denote the 
point be longing to the point se t cr by P (1 < i < 8) . 

i i — — 

The following p r o p o s i t i o n is the m a i n a r g u m e n t of our 
p a p e r . 

PROPOSITION 3. If (4) ho lds , then in the c losed s q u a r e 
K K K K t h e r e m u s t be at l e a s t four points of J . 

1 2 3 4 ^ 

Proof: Suppose the p r o p o s i t i o n is f a l s e . Then (see F ig . 3) 

(i) At l e a s t one of the poin ts P^ (K i<4) l ies outs ide the 
2i 

s q u a r e K K K K . Without los s of g e n e r a l i t y we may a s s u m e 

tha t t h i s point i s P . By s y m m e t r y we may a s s u m e that P 
8 8 

l ies in the c l o s e d t r a p e z i u m B D L K , excluding the point K 
r 1 1 1 1 B F 1 

(in fact the whole s e g m e n t K L , w h e r e L is the i n t e r s e c t i o n 
1 1 1 

point of D E^ with K K ). 
1 2 1 2 

(ii) The point P l i e s in the c lo sed t r i a n g l e G E O 
1 1 1 1 

s i n c e , by the L e m m a , the polygon B A G O H L K B . 
1 1 1 1 1 1 1 1 

exc lud ing the points K , H , G and O , cannot conta in 
1 1 1 1 

two poin ts of c¥ and by (i) P i s a l r e a d y t h e r e . 

(iii) The point P l i e s in the c losed polygon CN R H C 

exc lud ing C and R (where R is the i n t e r s e c t i o n point of 

O N and K H ). By the L e m m a , the c l o s e d polygon 

G , D n O ^ N 0 I - r O , G, , exc lud ing the po in t s O^ and N , cannot 
1 2 2 2 1 1 1 2 2 

conta in two poin ts of J and by (ii) P is a l r e a d y t h e r e . So P 

m u s t lie in the c l o s e d polygon CH N O H C. Now, by the 

L e m m a , the c l o s e d polygon A E H R O D A , exc lud ing 
C* Ct Lé ùâ C* L* C* 

the po in t s D and H , cannot con ta in two poin ts of tt and by 

P r o p o s i t i o n 2 the point P is a l r e a d y t h e r e . So P m u s t lie 
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in the c lo sed polygon CH N R H C exc lud ing R . Again by 

the L e m m a , the c losed r e c t a n g l e B D N C. exc lud ing the 

po in t s N and C, cannot conta in two po in t s of V and by 

(i) P^ is a l r e a d y t h e r e . Thus P l i e s in the c losed polygon 
b 2 

CN R7H C excluding R^. That P cannot lie at C w a s 

proved by P r o p o s i t i o n 1. 

(iv) The point P l i e s in the c l o s e d t r a p e z i u m B D L K . f 4 3 3 3 3 
excluding the point K (L is the i n t e r s e c t i o n point of K K 

with D E ) . F o r , by e a s y c o m p u t a t i o n , the d i s t a n c e s of any 
3 4 

two of the v e r t i c e s of the c l o s e d polygon E B K L H CN R H E , 
£* .j S) S) ~J C* C* C* Ù* 

exc lud ing the points B and C, a r e l e s s than m . By the 

L e m m a no two poin ts of tf can lie in t h i s polygon, but by (iii) 
the point P is a l r e a d y t h e r e . 

(v) The point P l i e s in the c l o s e d polygon CN R H C 
6 4 4 4 

excluding R (and C). Th i s is a c o n s e q u e n c e of the fac t 
4 

that the c lo sed polygon B D L K (exc luding K ) in wh ich , 

bv (iv), the point P l i e s , i s c e n t r a l - s y m m e t r i c to the polygon 
4 

B D L K (excluding K ) in which , by ( i ) , P^ l i e s . T h u s , 
1 1 1 1 1 8 

the s a m e a r g u m e n t s which y i e lded , by ( iv) , the loca t ion of P^ 

ir. CN R H C exc luding R (and C), wi l l y ie ld the c e n t r a l -

s v m m e t r i c locat ion for P , in the polygon CN R H C exc lud ing 
6 4 4 4 

R, <ar.d C). 

The proof of P r o p o s i t i o n 4 fol lows now by o b s e r v i n g 
that (iii) and (v) c o n t r a d i c t the a s s u m p t i o n (4). F o r , the 
d i s t a n c e be tween any two of the v e r t i c e s of the polygon 
Pv H CN R H CN R„ , exc luding R^ and R , i s l e s s than m , 

2 2 4 4 4 2 2 to2 4 
and s ince by (iii) and (v) two po in t s of if a r e loca ted in it , 
(4) cannot hold. 

2 6 
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PROPOSITION 4. If (4) h o l d s , then M o s e r ' s con j ec tu r e 
is t r u e . 

Proof: By P r o p o s i t i o n 3, at l e a s t four points of J a r e 
loca ted in the c lo sed s q u a r e K . K ^ K ^ K , . Since d (K . ,K ) = m , 

1 2 3 4 l i + l 
by F ig . 2(b) it fol lows that (4) can only be sa t i s f ied if t h e r e a r e 
exac t ly four points loca ted t h e r e and they co inc ide with the 
v e r t i c e s K , K , K , K . In o the r w o r d s , n e c e s s a r i l y 

P 2 5 K 2 ' P 4 " K 3 ' P 6 E *V P8 E K l * B u t t h e n ' b y F i g" 2 ( & ) ' 
in any of the c lo sed s q u a r e s CB.A B C (Ki<4) the only 

l i i + l 

p o s s i b i l i t y for P i s to co inc ide wi th A. . Th i s y i e l d s the 

c o n j e c t u r e d conf igura t ion . 

U n i v e r s i t y of A l b e r t a , C a l g a r y 
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