ON A GEOMETRIC EXTREMUM PROBLEM
J. Schaer and A. Meir

(received April 2, 1964)

The following problem was brought to our attention by
L. Moser: ILocate eight points in the closed unit square so
that the minimum of the distances between any two of the points
should be as large as possible.

L. Moser conjectured the following: Let Pi, PZ’ 0 Py

be any eight points in the closed unit square. Let d(P_, P)
o]
denote the distance between P, and P.. Then

(1) min d(P,P)<m = — il
. i = 2 12
1<i<j<8

and equality holds in (1) only for the configuration indicated in
Fig. 1 (where o« =7/12).

Fig. 1

Canad. Math. Bull. vol. 8, no. 1, February 1965

21

https://doi.org/10.4153/CMB-1965-004-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1965-004-x

The corresponding ""best-location' problems for 2, 3, 4
or 3 points in the unit square are easily solved. For 6 points
R. L. Graham obtained the solution recently. We succeeded in
solving the problem for 7 and 9 points too, but the proofs will

»ot be included here.

Figure 2 indicates the configurations for 3 and 4 points.

lLose results are used in our proof.
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Fig. 2

We now proceed to prove Moser's conjecture. During the
rroof we shall use the auxiliary points indicated in Fig. 3.

The points Ai’ AZ, A3, A4 are the vertices of the unit
square, Bi’ BZ’ 3’ B4 are the midpoints of the edges, and
C 1is the centre of the square. The points Di’ Ei, F, Gi

1 |

B

(1<i<4) on the edges are defined by

(2) dD.,B.) = E,,B, ) = &F,,A,) = d(G,,A))
1 i 1 1 1 i 1

The points H,, K, N, O, (1<i<4) are intersection points of
1 1 1 1 -
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Fig. 3

side-parallels passing through the above introduced points.
Note that

(3)  d(A,K) = d(B.,G) = d(F,B, ) = d(AL K. )

Hl
i

d(A.,H)) d(D,,E,) = d(C,E))
i i i

t

d(C,D,) = d(K.,K, ,) = m, (1<i<4).
i 1 i+1 ——

We shall show that if Pi' PZ,, ., P8 is any set b" of

eight points in the closed unit square and

(4) min d(P.,P.)>m
i >
1<i<j<8 )

then the location-figure of the points is that of Fig. 1, and in (4)

the equality sign holds.
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PROPOSITION 1. If (4) holds, then C ¢ ¥.

Proof: Assume Ce J. Obviously (see Figure 2(b))
no four points of ¥ can lie in a closed square of side-length
1/2. Thus, in each of the closed squares A, B_+1 C B, (1<i<4)

i i i -

there can lie at most two points of Y different from C.
Therefore in three of these squares there must lie exactly two
further points of % . and so there are two adjacent squares,

sayv AiBZCBi and AZB3CB2, in each of which lie two points

different from C. Because of (4), the only possibility is that

these points are located at D1, E D_, E_ (see Fig 2(a)).

1772 T2

But by (2)

d(Ei,D) = 2-nN3<N2-~N3 =m,

2
yielding a contradiction to (4).

In the follocwing we shall use the obvious

LEMMA. If the distance between any two vertices of a
closed polygon is less than or equal to m, then the distance
between two points lying in or on the pol-gon can be equal to m

only when the pcints are two vertices.

PROPOSITION 2. If (4) holds, then in each of the point-

sets o 1,CJ'Z, L, 0 8 listed below there must lie exactly one
point of ¥
o_ . : The square A E H D, excluding the closed seg-
2i-1 iiii

ment D H. (1<i<4) .
i1 -

T The pentagon CHiEiDi+1Hi+1C excluding C

(1<i<4) .

Proof: It is easy to see, by (3) and the lemma, that no
0. (1<i<8) can contain two points of 7 . Since the union of
PRl

all these sets is the closed unit square excluding C, by
Proposition 1 each must contain at least one point, and thus
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exactly one point, of S, In the sequel we shall denote the
point belonging to the point set o by P (1<i<8).
i i - =

The following proposition is the main argument of our
paper.

PROPOSITION 3. If (4) holds, then in the closed square

K1K2K3K4 there must be at least four points of s

Proof: Suppose the proposition is false. Then (see Fig. 3)

(i) At least one of the points PZ' (1<i<4) lies outside the
g Vo

square K1K2K3K4. Without loss of generality we may assume

that this point is P8. By symmetry we may assume that P8

lies in the closed trapezium B1D1L1

(in fact the whole segment K1 Li’ where L1 is the intersection

Ki’ excluding the point K1

point of DiEZ with KiKZ)'

(ii) The point P1 lies in the closed triangle GiEio1
i , the L , th 1 B A OHLKDB,
since, by the Lemma e polygon 1 1G1 KBy

excluding the points K1, Hi’ G1 and Oi’ cannot contain

two points of # and by (i) P8 is already there.

(iii) The point P2 lies in the closed polygon CNZRZHZC

excluding C and RZ (where R2 is the intersection point of
OZNZ and KZHZ). By the Lemma, the closed polygon

G1D202N2H1O1G1’ excluding the points O2 and NZ, cannot

contain two points of J and by (ii) P1 is already there. So P2

must lie in the closed polygon CHiNZOZHZC. Now, by the

Lemma, the closed polygon AZEZHZRZOZDZAZ’ excluding

the points D2 and HZ’ cannot contain two points of & and by

Proposition 2 the point P_ is already there. So Pz must lie

3
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the Lemma, the closed rectangle BiDiNZC' excluding the

points N_ and C, cannot contain two points of 7 and by

<

in the closed polygon CH N_R HZC excluding RZ. Again by

(1) P8 1s already there. Thus PZ lies in the closed polygon
CXN,R,H,C excluding R, . That PZ cannot lie at C was

proved bv Proposition 1.

(iv) The point P4 lies in the closed trapezium B _D_L_K

3737373
excluding the point K3 (L3 is the intersection point of K3K4
with D3E4). For, by easy computation, the distances of any

-~ ( 1€ . 3 1 ] )
two of the vertices of the closed polygon E2B3K3L3H3CN2R2H2EZ

excluding the points B3 and C, are less than m. By the

Lemma no two points of % can lie in this polygon, but by (iii)
the point PZ is already there.

(v) The point P, lies in the closed polygon CN R H C

6 4 4 4
excluding R4 (and C). This is a consequence of the fact

that the closed polygon B3D3L3K3 {excluding K3) in which,
by (iv), the point P4 lies, is central-symmetric to the polygon
BiDiLjKl (excluding Ki) in which, by (i), 'P8 lies. Thus,

the seame arguments which yielded, by (iv), the location of P
L

in C.\J7RZHZC excluding RZ (and C), will yield the central-
svmmetric location for P() in the polygon CN4R4H4C excluding
R, tard C)

1

Tre proof of Proposition 4 follows now by observing
thzt (iii) and (v) contradict the assumption (4). For, the
distance between any two of the vertices of the polygon

RZHZC_\&R~1H4CXZRZ’ excluding R2 and R4, is less than m,

and since by (iii) and (v) two points of Y are located in it,
(4) carnrnot hold.
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PROPOSITION 4. If (4) holds, then Moser' s conjecture
is true.

Proof: By Proposition 3, at least four points of S are

located in the closed square K1K2K3K4. Since d(Ki’Ki+1) =m,

by Fig. 2(b) it follows that (4) can only be satisfied if there are
exactly four points located there and they coincide with the

vertices K1, KZ, K3, K4. In other words, necessarily

P = , P =K, P =K , P =K . But then, by Fig. 2(a),
2 Ky Fysbyp Foaby Fg=ky ut then, by Fig. 2(a)
in any of the closed squares CBiA_B,+1C (1<i<4) the only
i i - =
possibility for P_, 1 is to coincide with A . This yields the
i- i

conjectured configuration.
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