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0. Our aim is to prove that certain topologies have complements in the lattice 
of all the topologies on a given set. Lattices of topologies were studied in (1-8). 
In (7) Hartmanis points out that the lattice of all the topologies on a finite 
set is complemented and poses the question whether this is so if the set is 
infinite. A positive answer is given here for denumerable sets. This result was 
announced in (6). The case of higher powers remains unsettled, although quite 
a few topologies turn out to have complements. As far as the author knows, 
no one has proved the existence of a topology that has no complement. 

1. By a topology r on a given set X we mean the collection of open sets of 
this topology, that is, r is a family of subsets of X containing 0 and X as members 
and closed under finite intersections and arbitrary unions. By a base of r we 
mean a subset of r such that every member of r is a union of elements belonging 
toit . If F C X, then "Cl (F ) " denotes the closure of F, that is, 

C1(F) = X - \J{Z\Z e T and Z Pi F = 0}. 

We recall the r is a 7Ytopology if, for all p, q, G X with p ^ q we have 
p £ C\(\q}) or q£Cl(p); it is a TVtopology if Cl({/>}),= {p} for all 
p £ X. The set of all topologies on X together with the inclusion relation, 
Ç , forms a lattice that is easily seen to be complete. This lattice has a 
maximal element that is the discrete topology, I = { Y\ Y C X], and a minimal 
element, 0 = {0, X). The least upper bound, n V T2, of two topologies n 
and r2 is the topology whose base is {̂4 C\ B\A £ n , B 6 72}, that is, it consists 
of all unions of sets of the form A C\ B where A 6 n and B Ç TI. The greatest 
lower bound, n A T2, of n and r2 is n C\ T%. The lattice is complemented if for 
every n there is a T2 such that n V r2 = / a n d n A T2 = 0. 

If r is a topology on X and Y Q X, then T\ Y is defined a s j F P i Y\ V G r}. 
Clearly ( n V T 2 ) | F = n\y V r2|:yand ( n A r 2 ) |F = n\y A T2[y. 

2. (1) LEMMA. JT//Ae lattice of all topologies on a set X is complemented, so is the 
lattice of all topologies on Y whenever \Y\ < \X\ ( |F | = power of F). 

Proof. If I F | < |X|, one can assume without loss of generality that F C X. 
Given a topology r on F define n on I to be { V\ V P\ F Ç r}. Let T'I be the 
complement of n , and put / = r\\ F. Then r A T = n A T'I| F = 0| F and 
r V r' = n V T ' I | F = 7| F and thus r ' is a complement of r. 
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(2) LEMMA. If every Tropology {Ti-topology) on X has a complement and 
| Y\ < \X\,then every T0-topology {Ti-topology) on Y has a complement. 

Proof. This is the same as the proof of (1). 

(3) LEMMA. Let T be a topology on X. Assume that, for every F Ç I , if T\ Y is a 
To-topology, then it has a complement. Under this assumption r has a complement. 

Proof. Define x ~ y as follows for every V G r, x G V if and only if y G V. 
Obviously, this is an equivalence relation. Using the axiom of choice, let X\ be a 
subset of X whose intersection with every equivalence class is exactly one point. 
The set X\ can be described also as a maximal subset Y for which r\ Y is a 
To-topology. Put n = T\X\. Since n is a To-topology, it has a complement r 'i. Let 

/ = {4|i4 n i l G T\}. 

If F C T H T ' , then F P Xi G Tl P r\. Hence F H I i is either Xx or 0. 
HVr\X\ = X\i then F 2 -X"i, and since V G r, it contains with every member 
x all y s such that 3/ ~ x; hence V = X. If V P Xi = 0, then F = 0; otherwise, 
if for some x, x G F, F must contain the point y of Xi for which y = x. If 
x G Xi, then there are Fi G ri and F'i G T'I such that Fi H V\ = {x}. For 
some V e r, Vi = F P Z i . Since F ' i Ç I i , we get (x) = F H FY By 
definition F'i G rr. If x $ Xi, then {x} G r', and we have {x} = X P {x}. 
Thus rr is a complement of r. 

(4) COROLLARY. / / every To-topology on X has a complement, so does every 
topology on X. 

Proof. Let r be a topology on X. If Y C X and r\ F i s a To-topology, then the 
hypothesis of (4) and (2) imply that T\Y has a complement. Hence, by (3), r 
has a complement. 

(5) THEOREM. Let r be a topology on X such that, for every Y C X, if T\Y is a 
Ti-topology, then it has a complement. Under this assumption r has a complement. 

Proof. By (3) it suffices to show that r\ F has a complement whenever F Ç I 
and r| F i s a To-topology. I f F ' C F C X , then r\ Yf = (r\ Y)\Y'. Therefore if r 
satisfies the assumption of (5), so does T\ Y for all Y C X. Hence with no loss of 
generality, r can be assumed to be a TV topology. 

For x, y G X, define x <$C y as: 3/ G Cl({x}) (that is, 3/ G V =ï x £ F, for all 
V £ T). Obviously this relation is transitive. Since r is a 7>topology, x <<C 3> and 
3/ <̂C x imply x = 3'. Also r| F is a TYtopology if and only if neither x « y nor 
3> <C x, for every two distinct points x, y of F. If F has this property, we say that 
F is a Ti-set. If, in addition, F Ç Z ( Z Ç I ) , w e say that F is a Ti-subset of Z. 

For x G X and F C I define x < F if for some y G F, x <£ y. Similarly, 
define Y < x if for some y G F, 3; <<C x. If F is a TVsubset of X, then we put 

F+ = {x|x ? F and Y < x] and F~ = {x|x g F and x < F}. 

The set F + is referred to as the right side of F and F " as the left side of Y. 
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If x G F + P\ F~, there would be yit y2 in F such that yi<Kx and x <<C ;y2; 
hence 3/1 « ^ 2 ; if 3>i = ^2, then x = yi, which is impossible, and if yi 9e y'2, 
this contradicts the assumption that F is a TVset. Thus F + C\ Y~ = 0. 

As is easily seen, if Fi C F+, then Fi+ C F+, and if Yx C F~, then 
F r Ç F". 

Let Z be a subset of X. By the axiom of choice there is a maximal TVsubset 
of Z (that is, a 7Ysubset of Z which is not properly included in any other 
TVsubset of Z). Let Y be such a set. If z G Z — F, then either F < z or 
2 < F; otherwise Y \J {z\ would be a TYset contradicting the maximality of F. 
Hence 

z = ( znF- )u ru (zn F+). 
The following construction is carried through by transfinite induction. Let 

XQ be a maximal TVsubset of X. If Xo+ 9e 0, let Xi be a maximal TVsubset of 
X0

+ . In general, if Xx is defined for all X < v and if C\\<v X\+ 9e 0, let Xv be a 
maximal TVsubset of f \<„ X\+. Similarly if X0~ ^ 0, let X_i be a maximal 
TVsubset of Xo~, and in general, if f\<» X_x~ ^ 0, let X__„ be a maximal 
TVsubset of P\\<„X_x-. In this way we obtain a family of disjoint subsets 
{. . . , X_x>, . . . , X_i, X0, XI, . . . , Xx, . . .}X<M,X'<M' in which Xv is a maximal 
TVsubset of Pixo X x

+ for all v < n, X_„ is a maximal TVsubset of f\<»X_x~ 
for all v < /x', and Hx<M Xx+ = nx<M 'X_x~ = 0. For convenience, let X, v 
range over ordinals, and let a, fi, 7 range over ordinals </* as well as over 
symbols of the form —X where X < /z', and put — X < v and —X < —X' when
ever X > X'. Finally put - 0 = 0. 

Let Ta = T\Xa. Since every Xa is a TVset, every r« has a complement. Let 
T'« be a complement of r«. Let T' be the topology generated by the following 
sets: 

(i) {x}, wherex $ WaXa. 
(ii) F, where V G r'a and a is such that, for every W G r and every fi > a, 

W 2 Xa implies that IF P\ ^ < 7 X7 ^ 0. (If /x is not a limit ordinal and 
a = /x — 1, this condition is satisfied vacuously.) 

(iii) V yj W#<7 Xy, where V G r'a and a, /3 are such that fi > a and, for some 
IF G r, IF 2 X aand ( U ^ X7) H IF = 0. 

We wish to show that r is a complement for r. 
First let x G X. Ifx g U a X a , thenjx} G / . 
If x G Xa, then {x} = V C\V, where F f r ^ and F ' G / « ; thus F = UC\Xa 

where U G r. If IF 2 X« implies IF P\ U^<7 X7 p̂  0 for every IF G rand every 
fi > a, then F r G r' and we have {x} = [/ P\ F' . If, for some IF G r and some 
0 > a, IF 2 Xa and IF H U^<7 X7 = 0, then F " = V \J VĴ <7 X7 G r and 
(U C\ W) C\ V" = {x}. Hence r V r is the discrete topology. It remains to 
show that r A r = {0, X}. 

Every set of r is the union of sets of the forms (i), (ii), and (iii). To verify 
this, note that the intersection of a set of the form (i) with another set of the 
form (i), (ii), or (iii) is empty, that the intersection of a set of the form (ii) with 
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a set of the form (ii) or (iii) is of the form (ii), and that the intersection of two 
sets of the form (iii) is the union of sets of the forms (ii) and (iii). 

To elaborate the last point, let Wt = Vt U U7>/3- Xy, i = 1, 2, be two sets 
of the form (iii), where Vt G rf

ai1 i = 1, 2. Let £3 = maxj^i, 02}. If « I = a2, 
then Wx P W2 = F i H F 2 U U7>^3 X , and this is of the form (iii). If a2 > au 

then Wif~\W2= W2 if a2 > 0i, and IFi P IF2 = f/7>/33 X , if «2 < ft; this 
last set is a union of sets of the forms (ii) and (iii). 

For the rest of the proof we assume that V G T C\ T' and V ^ 0. The follow
ing will now be proved in the indicated order : 

(I) For all a/i{VnXa^ 0, then V 2 Xa. 
(II) For some a, F Pi Xa ^ 0. 

(III) If F 2 X a and 0 < a, then F 2 XB. 
(IV) For all a, F D I , 
(V) V = X. 

(I) F P X £ T«. The definition of r implies that V H Xa £ r'a. Hence 
F P Xa ^ 0 implies that F P X« = X«. 

(II) Let x G F, x g U a Xa. We have to show that V r\KJaXa^0. Since X0 

is a maximal 7Ysubset of X, x must be either in the right side or in the left side 
of X0. If x G Xo+, then X < x; and since F € r, it follows that V r\X0 5* 0. 

Assume that x G X0~. Let X* be the least upper bound of {X|x G X_x~j. 
Ifx G X_x~, then also x G X_x'~, whenever X' < X; consequently 

x G nx<x* x_x". 

The maximality of X_x* implies that x G X-\*+ or x G X_x*~~. If x G ^-x*+ , 
then F Pi X_x* ^ 0; and il x G X_x*~, then x G -Xl(X*+i), and F P X_(X*+i) ̂ 0 . 

(III) If/3 < a < 0 , then Xp C Xa~; thus x < Xa whenever x G X^. There
fore VDXa implies that F D I ? . If 0 < 0 < a, then X a Ç X^+, that is, 
Xp < x whenever x G Xa. Hence if F 2 Xai then F P Xp 7^ 0. Therefore by 
(II), F 2 -XV Finally, if 0 < 0 < a, it follows from the two previous cases that 
F D I „ implies F 2 ^ 0 and this yields F 2 X^. 

(IV) By (I) and (II), there is an a for which F 2 Xa. Since F is the union 
of sets of the forms (i), (ii), and (iii), there is a set U of the form (ii) or (iii) 
such that U P Xa 5* 0 and F 2 £7. If £/ is of the form (ii), F G r and F 2 Xa 

imply that F P VJ^<7 Xy 5* 0, for all 0 > a. If E7 is of the form (iii), then 
£7 P ^/3<7 1 ^ 0 for all fi > a, and the same holds true replacing U by F. 
It follows now from (II) and (III) that F 2 Xp for all 0. 

(V) If x g U«X«, then x G X 0 - implies, since F 2 X0, that x G F. If 
x G X0

+ , let v be the smallest ordinal for which x $ X„+. Since x G Px<? ^x + , 
we must have x G X„+ or x G -X\~; hence x G X r . Again, since F 2 -X"?, we 
havex G F. 

(6) COROLLARY. 7/" every Ti-topology on X has a complement, so does every 
topology on X. 

Proof. The same as the proof of (4) from (3). 
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(7) COROLLARY. If X is finite or countable, then every topology on X has a 
complement. 

Proof. By (6), it suffices to show that every TV topology r on X has a com
plement. Put Xi = {x\{x} G r} and X2 = X — Xi. If X2 = 0, then r is the 
discrete topology and the assertion is obviously true. Hence assume that 
X2 7^ 0, and let xi, x2}. . . , xni. . . be an enumeration of X2, where the sequence 
is either infinite or finite. We distinguish two cases : (a) X2 $ r and (b) X2 G r. 

In case (a), let r ' be the topology consisting of 0, X, X2 and all sets of the 
form {xi, . . . , xn}, where n runs over all natural numbers if X2 is infinite, and 
over some proper initial segment of the natural numbers if X2 is finite. Given 
any x*, since r is a TV topology, there is a V G r such that 

VC\ {xi, . . . , xt\ = {xi}. 

If x 9e Xi for all i, then x G -X"*, {x} G r, and {x} = {x} P\ X. Thus n V r2 is 
the discrete topology. On the other hand, no set of the form {xi,. . . , xn) is in r, 
since in that case we would have {xi} = {xi, . . . , xn) C\ V G r where V is the 
member of r satisfying Xi G Fandx 2 , . . . , # « ( ? F. Hence r A T' = {0, X}. 

In case (b), let / consist of 0, X and all the sets of the form Xi VJ {xi , . . . , xn], 
w = 1, 2, . . . . Now X2 must be infinite; for if X2 = {xi, . . . , xw}, then 
{xi} = X2 C\ V G r for some suitable F 6 r. One proves in a similar way that 
r ' is a complement of r. 

(8) COROLLARY. Let X = U$ X$, w/^re ez/er;y X^ w countable and the X$s are 
pairwise disjoint. Let T be a topology of X such that no V € r, F ^ Z , F ^ 0, 
is /&e union ofX$s. Then r has a complement. 

Proof. Put T£ = r |X and let T\ be a complement of TJ. Let r' consist of all the 
sets of the form VJ^V^ where Vç G T^ for all £. It is easily seen that to each 
x G X there are F G r and F ' G r' such that {x} = F H F'. On the other 
hand, if F G r H / , then F H I ^ r* H T'€. Hence, for all f, F H I { is 
either X$ or 0 which means that F is a union of X^s. Consequently F = 0 or 
V = X. 

This corollary was communicated to the author by Manuel Berri, who used 
the result announced in (6) for the construction of r' as it is given here. The same 
construction was used independently by the author to prove a weaker version 
in which the sets X$ were assumed to be dense in X. 

(9) COROLLARY. If ris a topology on X that has a countable base whose members 
are all of the same power, then r has a complement. 

Proof. One shows that X and r satisfy the conditions of (8). Let 

7i, F2, . . . , Vn, . . . 

be the sets of the base. If every Vn is countable, then X is countable. Assume 
that the F / s are uncountable. Well order each Vt so that the order type is the 
initial ordinal v of its cardinality {y is the same for all F/s) . Let X0 be the set 
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consisting of the first points of V\, V%, . . . , Vn, . . . , and in general, let X\ 
be the set consisting of all the first points of 

Vi — WM<\ Xp, . . . , Vn — UM<\ Xp, . . . . 

As is easily seen, [X\}\<p is a collection of pairwise disjoint, dense, countable 
sets whose union is X; hence they satisfy the conditions of (8). 

3. A more general and interesting problem is that of finding the cases where 
a relative complement exists. That is, given the topologies n , r2, r3, all on a 
set X, so that n Ç T2 Ç r3, does there exist a topology T'2 satisfying T2AT'2 = TI 

and r2 V T i = r3? That one cannot always expect a positive answer even for 
finite sets is shown by the following examples. 

P u t X = {1,2,31,71 = {0,X},r2 = {0,X,{l}},and 

T 3 = {0,Z,{1},{1,2},{1,3}}. 

Then r\ V T'I = T% implies that {1, 2}, {1, 3} G r\\ but then {1} G r\. Hence 
T2 A T\ 9^ T\. 

One can also construct an example where r3 is the discrete topology. Again 
l e tX = { l , 2 , 3 } ; p u t n = {0, X, {1}, {1,2}}, r2 = {0,X, {1}, {2}, {1,2}, {1,3}}, 
and let r3 be the discrete topology. If r2 A rr

2 = ri, then {3} $ r'2. Therefore 
T2 y rr

2 = r3 implies that {3} = {1, 3} Pi V, where V G r'2 and V ^ {3}. 
Hence 7 = {2,3}. But {2,3} G r ;

2 would yield {2} = {1,2} n {2, 3} G rr
2, 

which is impossible. 
If, for a fixed X, n consists of all the sets whose complements are finite, 

then {T|T 3 Ti} is the set of all the TVtopologies. Thus, asking whether for 
every r2 such that r2 2 TI there is a rr

2 such that r2 A rr
2 = n , and that 

r2 V r'2 is the discrete topology, is the same as asking whether the lattice of all 
the TV topologies on X is complemented. For finite X this is trivial, but no 
answer is known for an infinite X even if X is denumerable. 
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