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LIMIT DISTRIBUTIONS FOR SUMS OF WEIGHTED 
RANDOM VARIABLES 

BY 

D. R. BEUERMAN 

ABSTRACT. Let Xl9 X2) Xz,... be i.i.d., Sn their «th partial 
sum with ^ = 0 ; Suppose that 

B~\Sn-nca) -> ya(l); ca = ' ; a * 1 
I 0 , a < lj 

LEMMA. IÇ1^»*]—[«/Icg)-*-!^*)» « stable process whose one-

dimensional distributions are characterized by Ya(t)=t1,aYa(l). 

THEOREM 1. The second characteristic of Yjj) is X(u) |«|a t with 
A(«) linear in sgn(«). 

COROLLARY. The second characteristic of YJJ) is A(#)|w|a; i.e., 
if the Xk are suitably centered, then so is 1^(1). 

THEOREM. Put c a=0, an the Cesàro sum of index 1. Then 

(This was obtained in a different fashion than its generalization 
in the Note; i.e., a different sort of functional was used.) 

Let Xl9 X2, X3 , . . . be a sequence of independent and identically distributed 
random variables which belong to the domain of attraction of a stable law of 
exponent a^ 1. The purpose of this note is to obtain limit distributions for sums of 
the form 

(1) T.-ÎKn-1*)** 

where f is non-negative and continuous on [0, 1]. As a special case, we obtain 
limit distributions for Cesàro sums of general index, r. This extends the work of 
Beuerman [1], whose notation we follow. In particular, Ya(t), 0<t<\, is a stable 
process of exponent a whose one-dimensional distributions are characterized 
by Ya(t)=t1/aYa(l), Ya(l) being the corresponding stable random variable. Our 
main result is the following. Put Sn= 2L=i *̂> S0=0. 

THEOREM. Let Xl9 X2, X3,. . . be a sequence of independent and identically dis
tributed variables. Suppose there exist norming constants Bn and centering constants 
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nca such that 

(2) Bz\Sn-nc^Ya{\), 

a stable random variable of exponent a ^ 1. IfTn is given by (1), with f non-negative 
and continuous on [0, 1] then 

(3) B;1 (rn-caÏKn-1®} ^ Ya([w)Ydt). 

Proof. From the Lemma of [1] and Theorem 5.1 of Billingsley [2], we have 

(4) f \ t ) d(B-\Slnt}-[nt]cJ) ^ !\t) dYa(t). 
Jo Jo 

Now, Stieltjes integration yields 

(5) £ f ( 0 d(B-\Slntl-[nt]ca)) = B-1 (r^c^Kn-1^. 

From Lemma 1 of Laha and Lukacs [4], the second characteristic of Jjf (/) dYa(t) 

is 

Jo W^ (6) jj(uKt))dt, 

tp(u) being the second characteristic of Ya(l). As in [1] we may write y(u) in 
the form 

(7) Ku) \u\' 

where X{u) is linear in sgn(w). Thus, from (6) and (7), the second characteristic 

o f f j f ( 0 ^ ( 0 i s 

\\{u) |«|"(f(0)' at = X(u) \u\' P(f(0)a dt, 
Jo Jo 

From Theorem 1 of [1], this is the second characteristic of 

n(JW*). 
Hence, (4), (5) and (6) yield (3). Q.E.D. 

An interesting special case of (3) is for the Cesàro sums of index r, C(^}; cf. 
Hobson [3]. Here we may write 

" r(n + l ) r ( r + l ) 

From Stirling's approximation, A^^nrIT(r+1), so that here f (n~1k)'~^(l —n~lk)T 

and (3) becomes 

(8) B-\C^-(ncJ(r+l))) *» Y„(l/(l + ra)) 
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since £ L i (l-n^ky^Kr+l), $l(l-t)r* dt=ll(l+m). Theorem 2 of [1] is 
(8)forr=l ,c a=0. 
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