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Summary

We consider the finite dam model due to Moran, in which the storage
{Z,} is known to be a Markov chain. The method of generating functions is
used to derive stationary distributions of Z, in the two particular cases
where the input is of geometric and negative binomial types.

1. Introduction

In considering a model for the discrete dam of finite capacity K, Moran
(1954) makes the following assumptions: (1) The inputs X, (( =10, 1,---)
which flow into the dam in the yearly intervals (¢, £ + 1) are independently
and identically distributed. (2) If Z, (< K) is the storage at time ¢ before
an input X, flows into the dam, then for Z, + X, > K, an amount
Z,+ X, — K will overflow, but for Z, 4+ X, < K, there will be no overflow;
the dam will then contain a quantity K or Z, 4+ X,, whichever is the lesser.
(3) At time ¢ + 1, the amount of water released is M if Z, + X, > M or
Z,+ X, if Z,+ X, = M, where M < K. It is then clear that {Z,} and
{Z, 4 X,} are both Markov chains, and for a given probability distribution
of the input X ,, their stationary distributions may be studied. In particular,
when X, has a geometric distribution, the stationary distribution of Z,
has been obtained by Moran (1955) by an ingenious method, which, however,
is not applicable to the more general class of input distributions. The case
of the infinite dam (K = o0) is much simpler; for, as observed by Gani
and Prabhu (1957), the Markov chain {Z, + X,} also occurs in the theory
of queues, and Bailey (1954) has obtained its stationary distribution by
the method of probability generating functions (p.g.f.). In this paper
Bailey’s method is applied to the case of the dam of finite capacity K,
to obtain the stationary distribution of the storage Z,.
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2. Application of Bailey’s Method to the Finite Dam

Let A4 be the unit of measurement, and K = k4, M = md. For the sake -
of simplicity we take m = 1, for m > 1 our methods are applicable, but the
resulting theory is much more complicated. Let {g,} be the probability
distribution of X,, so that
(1) Pr {X =jd} =g, (=012--")

Also, let {u;}, { = 0, 1, - - - & — 1) be the stationary probability distribution
of the dam storage Z,; these satisfy Moran’s (1954) fundamental equations

o = ty(go + €1) + %18
Uy = Uofe T U181 T U280

Up_g = Wo8r—1 + ¥18k—2 + *** + %r_180
Up—y = Uo(gr + * =)+ (g + =)+ oo+ gy (g + -+ )
together with uy 4+ %, + -+ + u;,_; = 1. Let

3) 6() =S¢, UE) = Su,#

=0
be the g.f.’s of {g;} and {w,} respectively. Multiplying the equations (2)
successively by 1, 0, 2%, - - - 271 and adding up we obtain

z—1 1 1 %1 ; .
—l-*Z—U(z ———zuz‘Zg, — 2F-1),

Z j=k—1i

U(z) = Uy 8o

whence we see that the p.g.f. U(z) is given by
k—1

togole — 1) = S 3 g — #)
4 U(z) = R
It may be noted that all the unknown quantities #,, %, - * - #,_, appear
in the numerator of the last expression; however, in the particular cases
considered below, these can be reduced to a finite number NV of quantities
which can be evaluated. This method is useful if N < k; if N > k& it seems
advisable to proceed directly by solving the equations (2).

3. Stationary Distribution Arising from a Geometric Input
Consider first an input distribution of the geometric type,
(5) G=ab (j=0,1"),
where 0 <a <1, and b =1 — a; the p.g.f. of X, is then
a

(6) G(z) = 1 s’
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and the mean input is p = b/a. Substituting (5) and (6) in (4) we obtain,
after some simplification,

(1 — b2) — (b2)*pU(10)
- 1 — pz ’

(7) U(2)

which gives the p.g.f. of the stationary distribution of Z, except for the two
unknown quantities %, and U (1/b). To evaluate these, we first observe that
the denominator of the expression on the right hand side of (7) has the
zero z = 1/p, and since U(z) is a polynomial, the numerator should also
have z = 1/p as a zero; thus

4, (1 — -[1) — (-[-’-)kpU(l/b) =0,

p p
or, U(1/b) = uy/a*~1. Substituting this in (7) we have that
1 — k
(8) Uz) = u, {a n b_ﬂ} |
1 — pz
Further, u, can be obtained by using the fact that U(1) = 1; we find that
1 —p

(%) "0 L0 =
Thus, finally from (8),

1 — p)pitl

= PP e,
1 — pttl

We thus see from (8) that a geometric input results in the stationary
distribution of the geometric type which is truncated at Z =% — 1 and
has a modified initial term. This result is implied in Moran’s (1955) solution
for the general case m > 1, although it is not explicitly mentioned by him;
for m = 1 this solution is given by the formula

'nk-—r/nk = rS]_a — ’_152612 -+ r—25343 _
where
n—1 n— 2
" — b pi—n
uO:n0+n1)ui:ﬂi+1’ (’i:l,l‘z,-..k_l).

From (10) we obtain (9) after some simple reduction.
For the mean and variance of the stationary distribution we have the

expressions
P p(+ kP
(11) L=p 1—=p™
. 1 R2pr (1 kpY)?

g —_— .
R T B .
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4. Stationary Distribution Arising from an Input of the Negative
Binomial Type

Next we consider the input distribution given by

(12) g =07+ 1a*t? (j=0,1---),
where 0 < a <1 and b =1 — ¢q; in this case we have
(13) G(z) = a?(1 — bz)™2
Further, we have

az(bz)" :
(14) Z gfz’ =0 — ) {1 (b —2)(1 — b2)},

or, for z =1,

(15) S g = {1 + (k — i)a).

j=k—i
Substituting (13), (14) and (15) in (4) we obtain, after some simplification,
(1 — 02)% — 2*(wy + w, 2)

(16) U(z) = a®u, R, — ) —7) ,

where u,, w, and w, are unknown quantities, and 2, and z, are the roots
(other than unity) of the equation z2(1 — b2)2 — a%? = 0. To evaluate w,
and w,, we argue as in the previous sections; we find that these must
satisfy the equations

Ic+1 w, __I_ Zk+2w1 = g2
k+1 w, + 252w, = a?.
we obtain readily
[& + 2] [+ 1]
17 wy = b2 ——-——, w, = b2
(7 N LT R PPAC TR

where [r] = 2] — 23, (r =1, B + 1, & + 2). Substituting (17) in (16) and
simplifying, we obtain

1 2z 25—2 1 zzzl—z"}
— g2y {14 L72 ° - 2
(18) ) au0{1+[1] 25 2 — 2z [1] 2¥ 2z, — 2
S R O R
T T T 1 —w  a—B 1—p8 )’

where a = 1/z,, § = 1/z;. Finally, %, is given by
a2 1 — of i ﬂk}—l
«a—fl—a a—pf1—4

From (19) we see that the stationary distribution of the dam storage is a

(19) Uy = a2 {1 -+
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linear combination of distributions of the 4type obtained in the previous
section. The mean and variance of the distribution can be obtained from (18).
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