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1. Introduction. It is well known that if a and /J are commuting *-automorphisms
of a von Neumann algebra M satisfying the equation a + a'1 = ft + fl'1 then M can be
decomposed into a direct sum of subalgebras Mp and A f ( l - p ) b y a central projectionp
in M such that ar = /3 on Mp and a = j3~1 on Af(1 — p) (see, for instance, [6], [7], [2]).
Originally this equation arose in the Tomita-Takesaki theory (see, for example, [11]) in
the form of one-parameter modular automorphism groups and later on it has been studied
for arbitrary automorphisms and one-parameter groups of automorphisms on von
Neumann algebras [7], [8], [9]. In the case of automorphism groups satisfying the above
equation, one has a similar decomposition but this time without assuming the commutativity condition (cf. [7], [8]). For another relevant work on one-parameter groups of
automorphisms which is close to our papers [7] and [8], we refer to CiorSnescu and Zsid6
[1]. Regarding applications, this equation has been used for arbitrary automorphisms in
the geometric interpretation of the Tomita-Takesaki theory [2] and in the case of
automorphism groups it has been a fundamental tool in the generalization of the
Tomita-Takesaki theory to Jordan algebras [3]. We may remark that the decomposition
in the commuting case [6], [7] is much simpler than in the case of automorphism groups in
the non-commutative situation [8]. In some cases one can obtain the decomposition for an
arbitrary pair of automorphisms without assuming their commutativity but the problem in
the general case has been unresolved. Recently we have shown that if a and p" are
"•-automorphisms of a von Neumann algebra M satisfying the equation a + a'1 = /? + jS"1
(without assuming the commutativity of a and p1) then there exists a central projection p
in M such that a2 = /32 on Mp and a2 = p~2 on M(l -p) [10].
The main purpose of this note is to show that, in this situation, the von Neumann
algebra M can, in fact, be decomposed into three parts such that a = fi on the first part,
a = fi~l on the second part and or4 = /34 = 1 on the third part. This provides a better
understood decomposition of M as a solution of the above equation than we have
obtained so far in [5], [6] and [7]. We close the paper with an interesting result about the
residual spectrum of automorphisms of von Neumann algebras which is of independent
interest.
We gratefully acknowledge many useful suggestions by Professor A. van Daele
during this research.
2. Decomposition results. The following result is partly known (see, for instance,
[6]). However, we include it here giving a variant and a simpler proof.
PROPOSITION

2.1. Let a be a * -automorphism of a von Neumann algebra M. Then the
Glasgow Math. J. 29 (1987) 177-179.

Downloaded from https://www.cambridge.org/core. IP address: 34.236.216.93, on 20 Oct 2019 at 16:32:04, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0017089500006819

178

A. B. THAHEEM

weak closure of the algebra generated by R(a- 1) (the range of (a- 1)) is a two-sided
ideal in M and the orthogonal ideal is contained in N(a — 1) (the null space of (a — 1)).
Proof. Let L be the a-weak closure of the algebra generated by R(a — 1). If

x e N(a - 1) and y e M then x(a - l)(y) = xa(y) - xy = a(xy) - xy = (a - l)(xy).
R(a-l).N(a-l)c
Hence N(a-V).R(a-l)cR(a-1).
Similarly we have that
R(a - 1). The fact that R(a - 1) + N(a - 1) is a- weakly dense in M [5] implies that L is
a two-sided ideal in M. Therefore L = Mp for a central projection p in M. Let
Z/ = M(l -p) be the orthogonal ideal. We shall prove that Z / c N(a - 1).
Clearly p is a--invariant because ^ ( a - — 1) e # ( » — 1). Let a' be the restriction of a
on A f ( l - p ) . Again N(ar' - 1) + R(a' - 1) is dense in M(l-p).
Since
R(a'-l)c
R(a-l)cMp,
therefore R(a' - 1) = {0} which implies that N(a' - 1) is dense in
M(l - p ) . Thus N(a - 1) 2 N(a-' - 1) = M(l - p). This proves the proposition.
THEOREM 2.2. Let a and /3 be *-automorphisms of a von Neumann algebra M such
that a + a'1 = /J + /3" 1 . Then M can be decomposed into three parts such that

(i) a = /? on f/ie /irsf part,

(ii) a = jS"1 on f/ie second part,
(iii) <*4 = j34 = 1 on fne third part.
Proof. It follows from the main decomposition theorem of [10] that a1 = j32 on Mp
and a-2 = / T 2 on M(l-p).
First assume that a-2 = /32. Then <*+ ar"1 = j3 + /T 1 and
2
2
a- = ft imply that

V2

) p\P2

) 3V2

So a = j8 on fl(o-2 + 1). Now
K(or4 - 1) = R((a2 + l)(o-2 - 1)) c K(OT2 + 1)
and by the density of R(a4-1) +N(a4-1)
it follows that /?(o-2 + 1) + N(a4 -1) is
dense. By Proposition 2.1 above, the algebra generated by R(a4 — 1) (and hence the
algebra generated by R(a2 + 1)) is a two-sided ideal given by qM (where q is a central
projection in M) and the orthogonal ideal is contained in N(a4 - 1). Therefore we obtain
that a = P on Mq and <*4 = 1 (and a-2 = /J2) on A/(l - 9) or equivalently a4 = ]84 = 1 on
Similarly when we consider the part M(\ —p), we get that a = /3 ' o n a part of M
and a 4 = j34 = 1 on the other part. So in any case we get three parts of M with the
required properties.
We conclude the paper with an interesting result about the spectrum of *automorphisms of von Neumann algebras. It is well known that a normal operator on a
Hilbert space has empty residual spectrum (see, for instance, [4, p. 325]). we prove a
similar result for *-automorphisms of von Neumann algebras. This result may be known
but we have not seen it in the literature. So we include it here.
PROPOSITION

2.3. The residual spectrum of a *-automorphism of a von Neumann

algebra is empty.
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Proof. Let a be a *-automorphism of a von Neumann algebra M. Suppose that A is
in the residual spectrum of a. Then N(a — A) = {0} and R(a — A) is not a-weakly dense
in M. There exists a non-zero self-adjoint continuous linear functional $ in M* such that
(f>((a — A)(x)) = 0 for all x in M. Let 4> = | 0 | °u be the polar decomposition of <t>°a. It
follows that <j) = (\<j)\°a)°ka~l(u) is again the polar decomposition of (j). Therefore | $ | is
a-invariant and hence by the uniqueness of the polar decomposition, « = AaT1(M) or
a(u) = ku. This shows that a(u*) = A(u*). Then either A e op{a) or u = 0. Thus 0 = 0, a
contradiction. This completes the proof of the proposition.
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