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Abstract

Let Ap
α be the weighted Bergman space of the unit ball in Cn, n ≥ 2. Recently, Miao studied products

of two Toeplitz operators defined on Ap
α. He proved a necessary condition and a sufficient condition

for boundedness of such products in terms of the Berezin transform. We modify the Berezin transform
and improve his sufficient condition for products of Toeplitz operators. We also investigate products of
two Hankel operators defined on Ap

α, and products of the Hankel operator and the Toeplitz operator. In
particular, in both cases, we prove sufficient conditions for boundedness of the products.
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1. Introduction

Let dυ denote the Lebesgue measure in the unit ball B in Cn (n ≥ 2) normalized so
that the volume of the unit ball is equal to 1, and let α > −1. We define the weighted
Lebesgue measure in B as follows:

dυα(z) = cα(1 − |z|2)α dυ(z),

where cα = Γ(n + 1 + α)/(n!Γ(α + 1)). Such measure is also normalized, that is,
υα(B) = 1.

For 0 < p < ∞, the weighted Bergman space Ap
α consists of all holomorphic

functions on B for which

‖ f ‖Lp =

(∫
B

| f (z)|p dυα(z)
)1/p

<∞.

Clearly, Ap
α is a closed linear subspace of the Lebesgue space Lp

α := Lp(B, dυα).
Let P denote the orthogonal projection from L2

α onto A2
α, given by

P f (w) =

∫
B

f (z) dυα(z)
(1 − 〈w, z〉)n+1+α

, w ∈ B,
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where the function z 7→ (1 − 〈z,w〉)−(n+1+α) defined on B is the reproducing kernel
function for A2

α and will be denoted by Kw. The above definition of the projection
P can be extended as a bounded linear operator from Lp

α onto Ap
α if and only if p is

greater than 1 (see, for example, [17, page 47]).
We now assume that 1 < p < ∞ and we recall some useful facts concerning Ap

α.
First, observe that Aq

α with 1/p + 1/q = 1 is the dual space of Ap
α under the pairing

〈 f , g〉α =

∫
B

f (z)g(z) dυα(z), f ∈ Ap
α, g ∈ Aq

α.

In view of this formula, for any f in Lp
α we get the representation

P( f )(w) = 〈 f ,Kw〉α,

where Kw is the kernel function defined above.
Moreover, the space Lp

α has a decomposition (see, for example, [9, Theorem 5.16])

Lp
α = Ap

α ⊕ (Aq
α)⊥,

1
p

+
1
q

= 1, (1.1)

where
(Aq

α)⊥ = { f − P( f ) : f ∈ Lp
α}

is the annihilator of the space Aq
α.

Now we recall the definition of the automorphism of the unit ball. Let w ∈ B and
sw = (1 − |w|2)1/2. The automorphism ϕw of the unit ball is given by the formula

ϕw(z) =
w − Pw(z) − swQw(z)

1 − 〈z,w〉
,

where Pw(z) = 〈z,w〉w/|w|2 if w , 0, P0(z) = 0 and Qw = I − Pw (see, for example,
[10, 17] for the definition and some properties of the automorphism group of the unit
ball).

For a function f ∈ L∞(B), we define the Toeplitz operator T f on Ap
α by

T f (h)(z) = P( f h)(z)

and the Hankel operator H f on Ap
α by the formula

H f (h)(z) = f (z)h(z) − P( f h)(z).

In the case when f belongs to L1
α, we define the above operators densely on the

space Ap
α.

The aim of this paper is to find the conditions for products of Toeplitz operators and
products of Hankel operators to be bounded on the weighted Bergman space Ap

α in the
unit ball. Our study is motivated by the results obtained for the Hardy space H2 in the
unit disk D. Treil gave the following necessary condition for boundedness of T f Tḡ
defined on the Hardy space:

sup
w∈D
〈| f |2̃kw, k̃w〉〈|g|2̃kw, k̃w〉 <∞,
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where k̃w(z) = (1 − |w|2)1/2/(1 − w̄z) is the normalized reproducing kernel for H2. It
was conjectured by Sarason [11] that this condition is also sufficient. Cruz-Uribe [2]
gave support for Sarason’s conjecture. Cruz-Uribe characterized the outer functions
f and g for which the product T f Tḡ is bounded on H2. Unfortunately, Sarason’s
conjecture turned out to be false in general (see Nazarov’s counterexample [6]). A
slightly stronger sufficient condition was given by Zheng [16].

The studies of boundedness of Toeplitz products seem to be more interesting in
the case of the Bergman spaces, since there exist bounded Toeplitz operators on the
Bergman space A2 in the unit disk with unbounded symbols. In [11], Sarason asked
the question: for which functions f and g, analytic in the unit disk, is the product T f Tḡ

a bounded operator on A2? Although a partial answer to this question is known, the
problem posed by Sarason is still open. Stroethoff and Zheng [12] gave a necessary
condition and a slightly stronger sufficient condition for boundedness of such products.
They also obtained analogous results for the Bergman space in the polydisk [13], for
the weighted Bergman spaces in the unit disk [15] and for the weighted Bergman
spaces in the unit ball [14]. Similar conditions for the weighted Bergman spaces in
the unit ball were obtained by Park [7], while in [8] Pott and Strouse gave the related
results for the space A2

α in the unit disk. Recently, Miao [4] generalized the results of
Stroethoff and Zheng to the weighted Bergman spaces Ap

α for all p > 1.
Stroethoff and Zheng [12] also obtained some conditions for boundedness of the

products of Hankel operators H f H∗g, f , g ∈ L2(D, dA), densely defined on (A2)⊥. Lu
and Liu [3] gave analogous results for A2

α in the unit ball. In [5], Michalska et al.
obtained slightly weaker sufficient conditions for products of Toeplitz operators and
products of Hankel operators on A2

α.
In this paper we give sufficient conditions for boundedness of the products of

Toeplitz operators T f Tḡ and Hankel operators H f H∗g on the weighted Bergman spaces
Ap
α, which are analogous to those obtained in [5]. Moreover, our condition for the

product of two Toeplitz operators is weaker than the one obtained by Miao in [4].
To state our main theorems we use the modified Berezin transform Bp

ε defined as
follows. Let ε > 0. For u ∈ L1

α and 1/p + 1/q = 1, we define

Bp
ε [u](w) =

∫
B

(u ◦ ϕw)(z) logp(1+ε)/q(1/(1 − |z|)) dυα(z), w ∈ B.

We prove the following result.

Theorem 1.1. Let 1/p + 1/q = 1, f ∈ Ap
α and g ∈ Aq

α. If there exists a positive constant
ε such that

sup
w∈B
{Bp

ε [| f k1−2/p
w |p](w)}1/p{Bq

ε [|gk1−2/q
w |q](w)}1/q <∞,

then the operator T f Tḡ is bounded on Ap
α.
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Theorem 1.2. Let 1/p + 1/q = 1, f ∈ Lp
α and g ∈ Lq

α. If there exists a positive constant
ε such that

sup
w∈B
{‖[( f k1−2/p

w ) ◦ ϕw − P(( f k1−2/p
w ) ◦ ϕw)] log(1+ε)/q(1/(1 − |z|))‖Lp

× ‖[(gk1−2/q
w ) ◦ ϕw − P((gk1−2/q

w ) ◦ ϕw)] log(1+ε)/p(1/(1 − |z|))‖Lq} <∞,

then the operator H f H∗g is bounded on (Aq
α)⊥.

We also present a necessary condition for the mixed Hankel and Toeplitz products
HgT f̄ to be bounded on the spaces Ap

α.

Theorem 1.3. Let 1/p + 1/q = 1 and f ∈ Aq
α, g ∈ Lp

α. If the operator HgT f is bounded
on Ap

α, then

sup
w∈B
‖( f kw)1−2/q ◦ ϕw‖Lq‖(gkw)1−2/p ◦ ϕ − P((gkw)1−2/p ◦ ϕw)‖Lp <∞.

Similarly, we give a sufficient condition for the mixed Hankel and Toeplitz products
HgT f̄ , analogous to those in Theorems 1.1 and 1.2.

Theorem 1.4. Suppose that 1/p + 1/q = 1, f ∈ Lq
α, g ∈ Lp

α and f is a holomorphic
function on B. If there exist positive constants ε1 and ε2 such that

sup
w∈B
{Bq

ε1 [| f k1−2/q
w |q]}1/q‖((gk1−2/p

w ) ◦ ϕw − P((gk1−2/p
w ) ◦ ϕw)) log(1+ε2)/q ‖Lp <∞,

then the operator HgT f is bounded on Ap
α.

2. Sufficient conditions for boundedness of Toeplitz and Hankel products

We begin by recalling the fractional radial derivative Rs,t of a holomorphic function
f on B. Suppose that f has the homogeneous expansion

f (z) =

∞∑
k=0

fk(z).

If for any real parameters s, t neither n + s nor n + s + t is a negative integer, then

Rs,t f (z) =

∞∑
k=0

Γ(n + 1 + s)Γ(n + 1 + s + k + t)
Γ(n + 1 + s + t)Γ(n + 1 + s + k)

fk(z)

is called the fractional radial derivative. In the case α > −1 and t > 0, the derivative
Rα,t can be written as

Rα,t f (z) = lim
r→1−

∫
B

f (rw) dυα(w)
(1 − 〈z,w〉)n+1+α+t .

In particular, if f ∈ A1
α, then

Rα,t f (z) =

∫
B

f (w) dυα(w)
(1 − 〈z,w〉)n+1+α+t .

The following two results are needed in the proof of Lemma 2.3.
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Lemma 2.1 [17, Example 2.19, page 77]. Suppose that t > 0, b > 0. Then there exists
a function F(z,w), holomorphic in z, conjugate holomorphic in w, and bounded in
B × B, such that for all z,w ∈ B,

Rα,t
[ 1
(1 − 〈z,w〉)b

]
=

F(z,w)
(1 − 〈z,w〉)b+t .

Lemma 2.2 [4, Lemma 3.1]. Let s > 0, t > 0 and 1/p + 1/q = 1. Then, for all f ∈ Ap
α

and g ∈ Aq
α,

〈 f , g〉α = 〈Rα,s f ,Rα+s,tg〉s+t+α.

In the next lemma we give the estimates of the fractional radial derivative of the
Toeplitz and the Hankel operators.

Lemma 2.3. Let 1/p + 1/q = 1 and ε > 0. Suppose that β > −1 and t > 0. Then:

(i) for all functions f ∈ Aq
α, h ∈ Ap

α and w ∈ B,

|R β,tT f̄ h(w)| ≤
C

(1 − |w|2)l {B
q
ε [| f k1−2/q

w |q](w)}1/q

×

{∫
B

|h(z)|p

|1 − 〈w, z〉|t
log−(1+ε)(1/(1 − |ϕw(z)|)) dυα(z)

}1/p
,

where l = (2(n + 1 + α + t) + (q − 2)(n + 1 + α))/(2q);
(ii) for g ∈ Lp

α, u ∈ (Ap
α)⊥ and w ∈ B,

|R β,tH∗gu(w)|

≤
C

(1−|w|2)l ‖[(gk1−2/p
w ) ◦ ϕw−P((gk1−2/p

w ) ◦ ϕw)] log(1+ε)/q(1/(1−|z|))‖Lp

×

{∫
B

|u(z)|q

|1 − 〈w, z〉|t
log−(1+ε)(1/(1 − |ϕw(z)|)) dυα(z)

}1/q
,

where l = (2(n + 1 + α + t) + (p − 2)(n + 1 + α))/(2p).

Proof. (i) The definition of the Toeplitz operator and Lemma 2.1 give the inequality

|R β,tT f̄ h(w)| ≤
C

(1 − |w|2)t/q

∫
B

| f (z)|
|1 − 〈w, z〉|n+1+α

|h(z)|
|1 − 〈w, z〉|t/p dυα(z).

Now, applying Hölder’s inequality and change-of-variable formula,

|R β,tT f̄ h(w)|

≤ C
{Bq

ε [| f k1−2/q
w |q](w)}1/q

(1 − |w|2)l

{∫
B

|h(z)|p log−(1+ε)(1/(1 − |ϕw(z)|))
|1 − 〈w, z〉|t

dυα(z)
}1/p

,

where l = (2(n + 1 + α + t) + (q − 2)(n + 1 + α))/(2q).
(ii) Let F(w, z) be the function described in Lemma 2.1. Then, for all g ∈ Lp

α, the
function

hw(z) =
F(w, z)k2/p−1

w (z)P((gk1−2/p
w ) ◦ ϕw) ◦ ϕw(z)

(1 − 〈z,w〉)n+1+α+t
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belongs to Ap
α. Thus, for u ∈ (Ap

α)⊥,

〈u, hw〉α =

∫
B

u(z)F(w, z)k2/p−1
w (z)P((gk1−2/p

w ) ◦ ϕw) ◦ ϕw(z)
(1 − 〈w, z〉)n+1+α+t dυα(z) ≡ 0.

Now, by the definition of the Hankel operator and Lemma 2.1,

|R β,tH∗gu(w)| = |R β,tH∗gu(w) − 〈u, hw〉α| ≤
C

(1 − |w|2)t/p

×

∫
B

|g(z) − k2/p−1
w (z)P((gk1−2/p

w ) ◦ ϕw) ◦ ϕw(z)|
|1 − 〈w, z〉|n+1+α

×
|u(z)|

|1 − 〈w, z〉|t/q
dυα(z).

Finally, the same argument as in the proof of (i) implies that

|R β,tH∗gu(w)|

≤
C

(1 − |w|2)l ‖[(gk1−2/p
w ) ◦ ϕw − P((gk1−2/p

w ) ◦ ϕw)] log(1+ε)/q(1/(1 − |z|))‖Lp

×

{∫
B

|u(z)|q

|1 − 〈w, z〉|t
log−(1+ε)(1/(1 − |ϕw(z)|)) dυα(z)

}1/q
,

where l = (2(n + 1 + α + t) + (p − 2)(n + 1 + α))/(2p), as desired. �

Proof of Theorem 1.1. With no loss of generality, we may assume that 0 < ε < 1. We
show that for u ∈ Ap

α, v ∈ Aq
α the following inequality holds:

|〈T f Tḡu, v〉α| ≤ C‖u‖Lp‖v‖Lq .

Using Lemmas 2.2 and 2.3(i), we obtain the estimate

|〈T f Tḡu, v〉α| = |〈Rα,sTḡu,Rα+s,tT f̄ v〉s+t+α|

≤ C sup
w∈B
{Bp

ε [| f |p](w)}1/p{Bq
ε [|g|q](w)}1/q

×

∫
B

{
(1 − |w|2)s−n−1−α

{∫
B

|u(z)|p log−(1+ε)(1/(1 − |ϕw(z)|))
|1 − 〈w, z〉|t

dυα(z)
}1/p

×

{∫
B

|v(z)|q log−(1+ε)(1/(1 − |ϕw(z)|))
|1 − 〈w, z〉|t

dυα(z)
}1/q}

dυα(w).

Putting t = s = n + 1 + α > 0 and applying Hölder’s inequality,

|〈T f Tḡu, v〉α| ≤ C sup
w∈B
{Bp

ε [| f k1−2/p
w |p](w)}1/p{Bq

ε [|gk1−2/q
w |q](w)}1/q

×

{∫
B

∫
B

|u(z)|p log−(1+ε)(1/(1 − |ϕw(z)|))
|1 − 〈w, z〉|n+1+α

dυα(z) dυα(w)
}1/p

×

{∫
B

∫
B

|v(z)|q log−(1+ε)(1/(1 − |ϕw(z)|))
|1 − 〈w, z〉|n+1+α

dυα(z) dυα(w)
}1/q

.

(2.1)
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Now, to complete the proof, we need to show that the integrals in (2.1) are bounded.
By Fubini’s theorem, change-of-variable formula and integration in polar coordinates,

I :=
∫
B

∫
B

|u(z)|p

|1 − 〈z,w〉|n+1+α
log−(1+ε)(1/(1 − |ϕw(z)|)) dυα(z) dυα(w)

=

∫
B

|u(z)|p2ncα
{∫ 1

0
r2n−1(1 − r2)α log−(1+ε)(1/(1 − r))

×

∫
S

dσ(ζ)
|1 − 〈rζ, z〉|n+1+α

dr
}

dυα(z).

Since ∫
S

1
|1 − 〈rζ, z〉|n+1+α

dσ(ζ) ≤
C

(1 − r)1+α

(see, for example, [17, Theorem 1.12]),

I ≤ C
∫
B

|u(z)|2 dυα(z)
∫ 1

0

r
1 − r

log−(1+ε)(1/(1 − r)) dr.

It is easy to check that the above integral is convergent for 0 < ε < 1. Thus,

I ≤ C‖u‖pLp (2.2)

and, consequently,
|〈T f Tḡu, v〉α| ≤ C‖u‖Lp‖v‖Lq . �

The proof of Theorem 1.2 is analogous.
We should mention that Theorem 1.1 extends the results obtained by Miao [4] and

Stroethoff and Zheng [12]. Namely, we have the following result.

Lemma 2.4. Let 1/p + 1/q = 1 and f ∈ Ap
α, g ∈ Aq

α. Then, for ε > 0 and w ∈ B,

{Bp
ε [| f k1−2/p

w |p](w)}1/p{Bq
ε [|gk1−2/q

w |q](w)}1/q

≤ C{B[| f k1−2/p
w |2+ε](w)}1/(p+ε){B[|gk1−2/q

w |2+ε](w)}1/(q+ε).

Proof. Let w ∈ B be fixed. Using Hölder’s inequality,

{Bp
ε [| f k1−2/p

w |p](w)}1/p

=

{∫
B

| f (z)k1−2/p
w (z)|p logp(1+ε)/q(1/(1 − |ϕw(z)|))

×
(1 − |w|2)n+1+α

|1 − 〈w, z〉|2n+2+2α dυα(z)
}1/p

= {B[| f k1−2/p
w |2+ε](w)}1/(p+ε)

×

{∫
B

logp(p+ε)/(qε)(1/(1 − |z|)) dυα(z)
}ε/((p+ε)p)

.

The convergence of the last integral implies the desired result. �
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3. Conditions for boundedness of mixed Hankel and Toeplitz products

In this section we investigate products of the Hankel operator and the Toeplitz
operator.

First, we introduce the so-called dual Toeplitz operator. Let f ∈ L∞(B). In view of
the decomposition (1.1), the multiplication operator M f g = f g on Lp

α can be written as
follows:

M f =

T f H∗
f

H f S f

 .
The operator S f : (Aq

α)⊥ → (Aq
α)⊥, given by the formula

S f (h)(z) = f (z)h(z) − P( f h)(z),

is called the dual Toeplitz operator. The above representation of M f on Lp
α is analogous

to the representation of the multiplication operator defined on L2
α (see [3, 12]). In

particular, we have T ∗f = T f and S∗f = S f . We should mention that in the case when
f ∈ L1

α, the operators introduced above are densely defined on Ap
α. The next lemma

gives some properties of the operator M f .

Lemma 3.1. Let ψ ∈ L∞ and φ ∈ H∞. Then

S φHψ = HψTφ and H∗ψS φ = TφH∗ψ,

where S is the dual Toeplitz operator.

Proof. The proof proceeds analogously as for the space A2
α (see [12, page 297]). �

Let 1/p + 1/q = 1. For f ∈ Lq
α, g ∈ Lp

α, we define an operator f ⊗ g on Lq
α by the

formula
( f ⊗ g)h = 〈h, g〉α f .

One can show that ‖ f ⊗ g‖ = ‖ f ‖Lq‖g‖Lp . If f ∈ Ap
α, then (g − P(g)) ⊗ f can be seen as

an operator on Ap
α, which has the following representation.

Lemma 3.2. Let 1/p + 1/q = 1 and f ∈ Aq
α, g ∈ Lp

α.

(i) If α , 0, 1, 2, . . . , then

(g − P(g)) ⊗ f =

∞∑
k=0

Γ(k − n − 1 − α)
k!Γ(−n − 1 − α)

∑
|s|=k

k!
s!

Szs HgT f Tzs .

(ii) If α = 0, 1, 2, . . . , then

(g − P(g)) ⊗ f =

n+1+α∑
k=0

(−1)k(n + 1 + α)!
k!(n + 1 + α − k)!

∑
|s|=k

k!
s!

Szs HgT f Tzs .
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[9] Bounded Toeplitz and Hankel products 245

Proof. For all functions in Ap
α we have the atomic decomposition

f (z) =

∞∑
k=0

ck(1 − |wk|
2)(n+1+α)(1−1/p)Kwk (z),

where {wk}
∞
k=0 is a sequence in B, {ck}

∞
k=0 belongs to lp and the series converges in

the norm of Ap
α (see [17, Theorem 2.30]). Thus, in order to show the equality of two

bounded operators on Ap
α, it is enough to show that they are the same on Kw for all

w ∈ B. Clearly,
((g − P(g)) ⊗ f )(Kw) = f (w)(g − P(g)).

On the other hand, for any multi-index s,

Szs HgT f Tzs Kw = ws f (w)Szs (HgKw) = ws f (w)(zsgKw − P(zsgKw)).

Using the identity

〈z,w〉k =
∑
|s|=k

k!
s!

zsws,

∑
|s|=k

k!
s!

Szs HgT f Tzs Kw(z) = f (w)g(z)Kw(z)〈z,w〉k − P( f (w)gKw〈z,w〉k)(z)

and, consequently,

∞∑
k=0

Γ(k − n − 1 − α)
k!Γ(−n − 1 − α)

[ f (w)g(z)Kw(z)〈z,w〉k − P( f (w)gKw〈z,w〉k)(z)]

= f (w)(g(z) − P(g)(z)).

This completes the proof of (i). The proof of (ii) is analogous. �

To prove Theorem 1.3 we also need a few technical lemmas. The first one can be
obtained by proceeding analogously to Miao’s proof of [4, Lemma 2.2].

Lemma 3.3. There exists a positive constant C such that for any nonnegative integer k:

(i) if 1 < p < 2, then, for all functions u ∈ Ap
α and v ∈ (Aq

α)⊥,
1/p + 1/q = 1, ∑

|s|=k

(k!
s!

)p/2
‖Tzs u‖pLp ≤ C(k + 1)(n−1)(1−p/2)‖u‖Lp ,

∑
|s|=k

(k!
s!

)p/2
‖S ∗zs v‖pLp ≤ C(k + 1)(n−1)(1−p/2)‖v‖Lp ;
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(ii) if 2 ≤ p < ∞, then, for all functions u ∈ Ap
α and v ∈ (Aq

α)⊥,
1/p + 1/q = 1, ∑

|s|=k

(k!
s!

)p/2
‖Tzs u‖pLp ≤ C‖u‖Lp ,

∑
|s|=k

(k!
s!

)p/2
‖S ∗zs v‖pLp ≤ C‖v‖Lp .

Now, using Lemma 3.3, we prove the following result.

Lemma 3.4. Let 1/p + 1/q = 1 and f ∈ Aq
α, g ∈ Lp

α. Then there exists a positive constant
C such that

‖ f ‖Lq‖g − P(g)‖Lp ≤ C‖HgT f ‖.

Proof. Suppose that u ∈ Ap
α and v ∈ (Ap

α)⊥. Then, by Lemma 3.2 and the triangle
inequality,

|〈((g − P(g)) ⊗ f )u, v〉α|

=

∣∣∣∣∣ ∞∑
k=0

Γ(k − n − 1 − α)
k!Γ(−n − 1 − α)

∑
|s|=k

k!
s!
〈Szs HgT f Tzs u, v〉α

∣∣∣∣∣
≤

∞∑
k=0

∣∣∣∣∣Γ(k − n − 1 − α)
k!Γ(−n − 1 − α)

∣∣∣∣∣∑
|s|=k

k!
s!
‖HgT f ‖ ‖Tzs u‖Lp‖ ‖S∗zs v‖Lq .

Using Hölder’s inequality and Lemma 3.3,∑
|s|=k

k!
s!
‖Tzs u‖Lp‖ ‖S∗zs v‖Lq ≤ C(k + 1)(n−1)/2‖u‖Lp‖v‖Lq .

To complete the proof, we observe that Gauss’s formula (see, for example, [1, page
178]) guarantees the convergence of the series

∞∑
k=0

∣∣∣∣∣Γ(k − n − 1 − α)
k!Γ(−n − 1 − α)

∣∣∣∣∣(k + 1)(n−1)/2. �

Finally, we describe the commutative property of the Hankel operator. Let w ∈ B
be fixed, and let the mapping Uw be defined by the formula

Uwh = (h ◦ ϕw)kw h ∈ Lp
α, 1 < p <∞.

Then we have the following result.

Lemma 3.5. For any fixed w ∈ B and g ∈ L∞(B),

UwHg = Hg◦ϕw Uw.
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Proof. For u ∈ Ap
α, v ∈ Aq

α, we have UwTg = Tg◦ϕw Uw (see [14, (2.3)]). Consequently,

UwHgu = Uw(gu) − UwP(gu) = (g ◦ ϕw)(u ◦ ϕw)kw − Tg◦ϕw Uwu
= (g ◦ ϕw)Uwu − P((g ◦ ϕw)Uwu) = Hg◦ϕw Uwu,

which completes the proof of the lemma. �

Proof of Theorem 1.3. For any fixed w ∈ B, we define an operator V p
w : Ap

α → Ap
α in

the following way:

V p
wh = P((Uwh)k

2/p−1
w )

and an operator Ṽq
w : (Ap

α)⊥ → (Ap
α)⊥ as follows:

Ṽq
wh = (Uwh)k

2/q−1
w .

Let u ∈ (Aq
α)⊥ and v ∈ (Ap

α)⊥; then

〈Uwv, u〉α

= 〈k
1−2/q
w (v ◦ ϕw)kwk

2/q−1
w , u〉α − 〈P(k

1−2/q
w (v ◦ ϕw)kwk

2/q−1
w ), u〉α

= 〈S
k

1−2/q
w

((v ◦ ϕw)kwk
2/q−1
w ), u〉α = 〈S

k
1−2/q
w

Ṽq
wv, u〉α.

Hence,
Uwυ = S

k
1−2/q
w

Ṽq
wυ.

Moreover, it is clear that P(φP(g)) = P(φg) for any holomorphic function φ. Thus, for
h ∈ Ap

α,

T
k

1−2/p
w

V p
wh = T

k
1−2/p
w

P((h ◦ ϕw)kwk
2/p−1
w ) = P((h ◦ ϕw)kw) = Uwh.

Now let u ∈ Ap
α and v ∈ (Ap

α)⊥. Then, by Lemma 3.5,

〈Hg1◦ϕw T f 1◦ϕw
u, v〉α

= 〈Hg1 T f 1
Uwu,Uwv〉α = 〈T f 1

T
k

1−2/p
w

V p
wu,H∗g1

S
k

1−2/q
w

Ṽq
wv〉α.

Next, putting f1 = f k2/p−1
w ∈ Aq

α and g1 = gk2/q−1
w ∈ Lp

α and using Lemma 3.1,

〈Hgk2/q−1
w ◦ϕw

T
f k

2/p−1
w ◦ϕw

u, v〉α

= 〈T
f k

2/p−1
w

T
k

1−2/p
w

V p
wu,H∗

gkw
2/q−1 S

k
1−2/q
w

Ṽq
wv〉α

= 〈T f V
p
wu,T

k
1−2/q
w

P(gk
2/q−1
w Ṽq

wv)〉α = 〈HgT f V
p
wu, Ṽq

wv〉α.

Consequently,

|〈H(gk2/q−1
w )◦ϕw

T
( f k

2/p−1
w )◦ϕw

u, v〉α| ≤ ‖HgT f ‖ ‖V
p
wu‖Lp‖Ṽq

wv‖Lq .
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Since

‖V p
wu‖Lp = ‖P((u ◦ ϕw)kwk

2/p−1
w )‖Lp ≤ C‖u‖Lp

and

‖Ṽq
wv‖Lq = ‖(v ◦ ϕw)kwk

2/q−1
w ‖Lq = ‖v‖Lq ,

‖Hg1◦ϕw T f1◦ϕw
‖ ≤ C‖HgT f ‖.

Thus, by Lemma 3.4,

‖( f k1−2/q
w ) ◦ ϕw‖Lq‖(gk1−2/p

w ) ◦ ϕw − P((gk1−2/p
w ) ◦ ϕ)‖Lp ≤ C‖HgT f ‖,

which completes the proof. �

Now we give the proof of our last theorem.

Proof of Theorem 1.4. It is enough to show that there exists a positive constant C
such that for any u ∈ Ap

α and v ∈ (Ap
α)⊥ the following inequality holds:

|〈HgT f u, v〉α| ≤ C‖u‖Lp‖v‖Lq .

By Lemma 2.2,

|〈HgT f u, v〉α| = |〈R
β,t1 T f u,R

β+t1,t2 H∗gv〉t1+t2+α|

≤

∫
B

|R β,t1 T f u(w)||Rβ+t1,t2 H∗gv|(1 − |w|2)t1+t2 dυα(w).

Moreover, using Lemma 2.3 and putting t1 = t2 = n + 1 + α,∫
B

|R β,t1 T f u(w)||R β+t1,t2 H∗gv|(1 − |w|2)t1+t2 dυα(w)

≤ C sup
w∈B
{{Bq

ε1 [| f k1−2/q
w |q]}1/q

× ‖[(gk1−2/p
w ) ◦ ϕw − P((gk1−2/p

w ) ◦ ϕw)] log(1+ε2)/q(1/(1 − |z|))‖Lp}

×

∫
B

{∫
B

|u(z)|p

|1 − 〈w, z〉|n+1+α
log−(1+ε1)(1/(1 − |ϕw(z)|)) dυα(z)

}1/p

×

{∫
B

|v(z)|q

|1 − 〈w, z〉|n+1+α
log−(1+ε2)(1/(1 − |ϕw(z)|)) dυα(z)

}1/q
dυα(w).

(3.1)

Now, applying Hölder’s inequality and property (2.2) to the integral (3.1), we get the
desired conclusion. �
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