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Abstract

A unital C*-algebra A is called extremally rich if the set of quasi-invertible elements A~' e\(A)A~[

(= A"1) is dense in A, where ex(A) is the set of extreme points in the closed unit ball A, of A. In
[7, 8] Brown and Pedersen introduced this notion and showed that A is extremally rich if and only if
conv(ex(A)) = A\. Any unital simple C*-algebra with extremal richness is either purely infinite or has
stable rank one (sr(A) = 1). In this note we investigate the extremal richness of C*-crossed products of
extremally rich C'-algebras by finite groups. It is shown that if A is purely infinite simple and unital then
A xa G is extremally rich for any finite group G. But this is not true in general when G is an infinite
discrete group. If A is simple with sr(A) = 1, and has the SP-property, then it is shown that any crossed
product A xo G by a finite abelian group G has cancellation. Moreover if this crossed product has real
rank zero, it has stable rank one and hence is extremally rich.

1991 Mathematics subject classification (Amer. Math. Soc): 46L05.

1. Introduction

In [7] Brown and Pedersen introduced the notion of extremal richness for C*-algebras
and proved many important results. In particular, it was pointed out [8] that a simple
unital C*-algebra with extremal richness is either purely infinite or has stable rank
one. This result is closely related to the long-standing open problem for simple C*-
algebras: Is every infinite simple C*-algebra purely infinite? (or is every finite simple
C*-algebra stably finite?) Still, there is no known example of a simple C*-algebra
which is neither stably finite nor purely infinite. Related to this problem it is important
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to determine the extremal richness of a simple C*-crossed product of a simple unital
C*-algebra by a discrete group, and this reduces to the question if pure infiniteness
(or the density of invertible elements) is preserved under taking crossed products by
discrete groups.

In Section 3 we first define the (WS)-property for C* -algebras which has been
studied by several authors without having been given a specific name, and we discuss
some basic results in connection with real rank and extremal richness. From observa-
tions by Blackadar [3], Brown and Pedersen [6], we see that this property is strictly
weaker than the real rank zero property or extremal richness. It is proved that if A has
the (WS)-property, then its real rank is at most one (Proposition 3.6). We also prove
in Theorem 3.11 that for a simple unital C*-algebra with stable rank greater than one,
the (WS)-property implies the (SP)-property; hence we can say that for a unital simple
C*-algebra A, A is purely infinite if and only if every non-zero projection in A is
infinite and A has the (WS)-property.

When A is a purely infinite simple unital C*-algebra, the first author proved [13]
that the simple crossed product A xa G of A by an outer action a of a finite group G is
also purely infinite, and in [14] both authors and Kodaka proved the pure infiniteness
of crossed products by the integer group Z, which was extended by Kishimoto and
Kumjian [16] to any outer action by a discrete group G. Outerness of the action is
essential for proving these results and actually it implies the simplicity of the crossed
product [15].

In this paper we shall see that if G is a finite group, then any crossed product of a
purely infinite simple unital C*-algebra by G is extremally rich since it is a direct sum
of purely infinite simple C*-algebras, which follows from Theorem 4.2 and Rieffel's
structural theorem on crossed products. In particular, if A is a purely infinite simple
C*-algebra and a is an action by a finite group so that the crossed product A xa G is
simple then A xa G is purely infinite. Izumi kindly informed us that he also proved the
same result using the C*-index Theory. Even though outerness of action is essential
in the proof of [16, Lemma 10] we can modify it to prove our Theorem 4.2 where we
do not have to assume outerness any more, at least for finite groups.

The crossed product of a stably finite simple unital C*-algebra A with a trace is
always stably finite. But it is not easy to compute the stable rank of this kind of crossed
product even when A is a UHF algebra. Note that Rieffel's theorem [24, Theorem
4.3, 7.1] and observation [2, Proposition 10.3.3] show that

sr(A x Zn) < sr(A) + 1, n = l,2,...,

where Zi = Z and sr(A) denotes the stable rank of A. Using this observation,
Blackadar pointed out [4, Example 8.2.1] that there is a non-simple unital C*-algebra
A with sr(A) = 1 and an action a of Z2 such that the crossed product A xa Z2 has
stable rank two, sr(A xa Z2) = 2. But it still seems to be conceivable that if A is
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a simple unital C*-algebra with stable rank one, then the stable rank of the simple
crossed product by a finite group should also be one.

Recall that every C*-algebra of stable rank one satisfies cancellation; it is not known
if the converse is true for simple C*-algebras. In Section 5, we prove cancellation
for crossed products of simple unital C*-algebras of stable rank one with the (SP)-
property by finite abelian groups (Theorem 5.4). In particular, any C*-crossed product
UHF x Zn (n > 2) has cancellation. Moreover, if these crossed products have the
(WS)-property, then they have stable rank one. To see this we use Theorem 5.1 which
is due to Rieffel [25] and Warfield, Jr.

2. Actions of finite groups on simple C*-aIgebras

In this section we briefly review Rieffel's results [23] for finite group actions on
C*-algebras, from which we can learn much about the structure of crossed products
by finite groups. Let a be an action of a unital simple C*-algebra A by a finite
group G. Since A is simple, the set N = [g e G \ ag is inner on A} is a normal
subgroup of G, and the crossed product A xa N can be viewed as a C*-subalgebra
of A xa G generated by A and unitaries {Sg \ g e N), where {Sg\ g e G} are the
unitaries generating A xa G together with A. It is known from [23] that A xa N is
a direct sum of matrix algebras over A. In fact, this crossed product is isomorphic
to A ® C*[ug8g | g e N}, where ug e A is the unitary in A implementing ag. Then
there exists an action fi of G on A xa N defined by

P,(f)(s) = a,(f(rlst)), feAxaN.

Since A is simple, the G-invariant (or, a-invariant) ideals of A xa N correspond
exactly to the G-invariant (or, ^-invariant) ideals of C*{ugSg \ g € N}( = C). Since
C is a finite dimensional C*-algebra, it is the direct sum of its G-simple ideals. Let
Cu • • •, Ck be the G-simple ideals of C, and for each i let /, = (A xa G) (A <g> C,).
Then / , , . . . , / * are mutually orthogonal closed two-sided ideals in A xa G. Moreover,
each /, is simple.

THEOREM 2.1 [23, THEOREM 3.1]. Let A be a simple unital C*-algebra and let
G be a finite group. Then A xa G is the finite direct sum of simple C*-algebras
{I,,|i = l,...,jfc}.

Let e denote the identity of G. We call the action a of G on A outer if every
ag (g ̂  e) is an outer automorphism.

REMARK 2.2. If G is a finite group of prime order, then it follows from the above
observation that A xa G is simple if and only if a is outer. More generally, if the
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order of G is the product of distinct primes, we get the same conclusion ([21, Theorem
5]). But in the case of G = 24 there is a non-outer action on a UHF algebra which
provides a simple crossed product ([9, Theorem 4.2.5]) while the crossed product
A xa G is always simple whenever a is an outer action by a discrete group G on a
simple C*-algebra A [28].

3. C*-algebras with the (WS)-property

In this section we define the (WS)-property for C*-algebras and discuss basic
results. This property is strictly weaker than the properties of real rank zero, stable
rank one and extremal richness. The notion seems to be helpful for characterizing
simple C*-algebras and for computing stable rank of crossed products of simple stably
finite unital C*-algebras, in particular simple unital AF-algebras, by finite groups,
which we shall discuss in Section 5. Recall that an element x of a C*-algebra A is
well-supported if there is a projection p G A with x = xp and x*x is invertible in
pAp [3, Definition 4.3.3].

DEFINITION 3.1. A C*-algebra A has the (WS)-property if the set of all well-
supported elements in A is dense.

Note that x is well-supported if and only if either x*x is invertible or 0 is an isolated
point of the spectrum sp(;c*;c).

Recall that the stable rank, sr(A), of a unital C*-algebra A is the least integer n
such that the set {(xu • • • , xn) e A" \ Yl"=\ x*x> is invertible in A] is dense in A".
Then sr(A) = 1 if and only if the set of invertible elements is dense in A. If A is
non-unital, the stable rank of A is defined to be that of its unitization A ([24]).

Similarly, for a unital C*-algebra A, the real rank RR(A) of A is defined to be the
least integer n such that the set {0c0. *i , • • • ,xn) e A"*1 | Yl"=o xf ls invertible in A }
is dense in A"+'. If A is non-unital, we define the real rank of A by that of A [6].

A unital C*-algebra A is called extremally rich [7] if the set of quasi-invertible
elements (= A"1) is dense in A, where A~' = A"1 ex(A)A~l and ex(A) is the set of
extreme points in the closed unit ball of A. If A is non-unital, we call A extremally
rich if A is extremally rich. Clearly every C*-algebra with sr(A) = 1 is extremally
rich.

The following is proved immediately from the characterization of a quasi-invertible
element by Brown and Pedersen [7, Theorem 1.1].

PROPOSITION 3.2. Let A be a unital C*-algebra. If A is extremally rich, then A has
the (WS)-property.
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PROOF. Since A is extremally rich, the set of quasi-invertible elements is dense in
A. For each quasi-invertible element x, \x | is invertible or 0 is an isolated point of the
spectrum sp(|jc|) ([7, Theorem 1.1]), so x is well-supported.

The following is shown by Blackadar.

PROPOSITION 3.3 [3, Proposition 4.3.4]. // RR(A) = 0, then A has the (WS)-
property.

But the converse of the proposition is not true in general as the following examples
show.

EXAMPLE 3.4. The C*-algebra C[0, 1] of continuous functions on the interval
[0, 1] has stable rank one, so it has the (WS)-property, but its real rank is one since
RR(C[0, 1]) = dim([0, 1]) = 1 ([6]). Also Blackadar's projectionless simple C*-
algebra ([1]) and the simple C*-algebra A3 from [5] have the (WS)-property and have
real rank one.

EXAMPLE 3.5. The multiplier algebra of a non-unital finite matroid C*-algebra has
real rank zero ([6]), so it has the (WS)-property. But it is not extremally rich ([8]).
More generally, the multiplier algebra of any simple AF algebra has real rank zero
([18]), but it is not extremally rich ([17]). Note that stable rank of these multiplier
algebras are greater than one, because their corona algebras always contain proper
isometries.

PROPOSITION 3.6. Let A be a unital C*-algebra with the (WS)-property. Then
RR(A) < 1.

PROOF. It follows immediately from the definition that for a unital C*-algebra A,
RR(A) < 1 if and only if for any e > 0 and any element x in A there is an element
v e A such that ||JC - y || < e and y*y + yy* is invertible. Therefore we have only to
show that any well-supported element x in A can be approximated by some element
y e A such that y*y + yy* is invertible.

From the definition, x can be written as x = u\x\, where u*u = p for a non-zero
projection p e A and |JC| is invertible in pAp. For any e > 0 set y = x + e(l — q),
where q = uu*. Note that (1 - q)x = 0. Then

y*y + yy* = (x*x + E2(\ - q)) + (xx* + e(l - q)x* + sx{\ - q) + £2(1 - q))

= x*x + [e2(l - q) + xx* + s(\ - q)x* + ejc(l - q) + £2(1 - q)]

= x*x + c.
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We show that c is invertible. Set z = e(l — q)x*, a = xx*. Then a = qaq is
invertible in qAq and z = (1 — q)zq. Since

-za~lT = (I -za-l)(e2(l ~q) + z + z* + a + e2(l -q))(l -za~1)*

= £2(l -q)- za~lz* +a+ e2(l - q)

anda = xx* is invertible in ̂ A^, it follows that c = £2(1 — q) + z + z*+a + s2(l —q)
is invertible if and only if e2(l—q)—za~lz*+e2(l—q) is invertible in (l—<
From

0 < (1 - za-l)(s2(l -q) + z + z*
= s2(l-q)-za~1z*+a,

we see that

e2(l - q) - za~lz* +a+ £2(1 - q) (> £2(1 - q))

is invertible in (1 — q)A(l — q).

COROLLARY 3.7 [22, Theorem 10.4]. Let Abe a unital extremally rich C* -algebra.
ThenRR(A) < 1.

Recall that a unital C*-algebra A has cancellation of projections if whenever p,q,r
are projections in A with p -L r, q J_ r, p + r ~ q+r, then p ~ q. A is said to have
cancellation if for each n € N, Mn(A) has cancellation of projections.

If RR(A) = 0, then A has cancellation if and only if sr(A) = 1 [3, Corollary 4.3].
More precisely, we can rewrite the fact as follows.

THEOREM 3.8 [3, Proposition 4.3.6]. Let A be a unital C* -algebra. Then the fol-
lowing are equivalent:

(1) A has stable rank one.
(2) A has the (WS)-property and cancellation of projections.

We can also characterize the pure infiniteness of simple C*-algebras in terms of the
(WS)-property.

LEMMA 3.9. Let x be a well-supported element, and a be an invertible element in
a unital C*-algebra A. Then xa is well-supported.
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PROOF. Since aa* is invertible, there exists a 8 > 0 such that aa* > 8. Let x = xp
and x*x be invertible in pAp. Then x can be written as M|JC| with u*u = p. Let
q = uu*, then xx* is invertible in qAq. Since xaa*x* > <Sx;t* we see that xaa*x*
is invertible in gAg, so it is invertible in A or 0 is an isolated point of its spectrum.
Thus xa is well-supported in A.

The same argument as in [7, Theorem 3.5] proves the following lemma.

LEMMA 3.10. Let A be a unital C*-algebra with the (WS)-property. Then for a
non-zero proper hereditary C*-subalgebra B of A, B has the (WS)-property, where
B denotes the unitization of B obtained by adding the unit of A to B. Furthermore if
p is a non-zero projection in A then the hereditary C*-subalgebra B = pAp has the
(WS)-property. If I is a closed two-sided ideal in A then A/1 has the (WS)-property.

The following result is an extension of [8].

THEOREM 3.11. Let A be a unital C*-algebra with the (WS)-property. If B is
a non-zero hereditary C*-subalgebra of A with sr(B) > 1 then B has a non-zero
projection.

PROOF. We may assume that B = a Aa for a non-zero positive element a e A.
Since sr(B) = sr(B) > 1 there is a non-zero element x e B and 80 > 0 such that

dist(x, GL(B)) > 8Q. Let y e B be a well-supported element such that \\x — y\\ <
80/2. Note that y is not invertible. Since y is well-supported, there is a partial isometry
u € B such that y = u\y\, u*u = p, and \y\ is invertible in pBp. Since u is not a
unitary, either u*u ^ 1 or uu* ^ 1. Hence, either 1 — u*u or 1 — uu* is a non-zero
projection contained in B.

Recall that a C*-algebra A is called purely infinite if every non-zero hereditary
C*-subalgebra has an infinite projection.

COROLLARY 3.12. Let Abe a simple unital C*-algebra. Then A is purely infinite
if and only if any non-zero projection in A is infinite and A has the (WS)-property.

PROOF. Since every purely infinite simple C*-algebra A has real rank zero [29], A
has the (WS)-property.

Conversely, A contains orthogonal isometries, so that sr(A) = oo by [24, Propos-
ition 6.5]. It then follows from Theorem 3.11 that every hereditary C*-subalgebra
contains a non-zero projection which is infinite by the assumption.
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We close this section examining some equivalent conditions to extremal richness
of the C*-algebra C[0, 1] <g> A of operator valued continuous functions on the interval
[0, 1].

LEMMA 3.13. Let A be a unital C*-algebra. Then

sr(C[0, 1] ® A) = sr(C(S') (8) A).

PROOF. Since C[0, 1] <8> A is isomorphic to a quotient C*-algebra of C(5') ® A,
sr(C[0, 1] ® A) < sr(C(S') ® A).

Conversely, since C (5') (8) A = C0(0, 1)®A andC0(0, 1) <g> A is a closed two-sided
ideal of C[0, 1] ® A, we get

sr(C(5') (8) A) = sr(C0(0, I f ® A) < sr(C[0, 1] ® A).

PROPOSITION 3.14. Let Abe a unital C*-algebra. Then the following are equival-
ent:

(1) C([0, 1]) <8> A has the (WS)-property.
(2) C([0, 1]) (8) A is extremally rich.
(3) C([0, 1]) (8> A has stable rank one.

PROOF. The implication 3 implies 2 is obvious, and 2 implies 1 was shown in
Proposition 3.2. We show that 1 implies 3. Suppose that sr(C[0, 1] ® A) > 1. Then
for the ideal / = C0(0, 1) ® A of C[0, 1] ® A, / is isomorphic to C(5') ® A, so
sr(/) = sr(/) > 1 by Lemma 3.13. Hence, by Theorem 3.11, C0(0, 1) <g> A has a
non-zero projection, which is not possible.

COROLLARY 3.15. Let A be a unital C*-algebra and let X be a finite CW-complex
of dimension greater than two. Then C(X) <S> A is not extremally rich.

PROOF. TheC*-algebraC(X)<g)AhasC[O, I]2® A as a quotient C*-algebra. Since
sr(C[0, I]2 <8> A) > 2 [20], the tensor product is not extremally rich from Proposition
3.14, because it is isomorphic to C[0, 1] <g> (C[0, 1] ® A).

We have seen in Proposition 3.6 that the (WS)-property of a C*-algebra implies
RR(A) < 1. But the converse is not true as the following example shows.

EXAMPLE 3.16. Let A be a purely infinite simple unital C*-algebra. Then
sr(C[0, 1] ® A) = oo by [24]. So, C[0, 1] ® A does not have the (WS)-property
from the previous proposition. But RR(C[0, 1] <g> A) = 1 [20].
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4. Extremally rich infinite crossed products

When A is a prime C*-algebra, the set of extremal points, ex(A), in the closed
unit ball of A is just the set of isometries and co-isometries, hence the set of quasi-
invertible elements A"1 (= A"1 ex(A)A~') is the set of one-sided invertible elements
in A. R0rdam [26] and Pedersen [22] proved that if A is a purely infinite simple C*-
algebra, then A is extremally rich. For a unital simple C*-algebra A, A is extremally
rich if and only if it is either purely infinite or sr(A) = 1 ([8]).

In the present and next section, we discuss the extremal richness of the C* -crossed
products of extremally rich simple unital C*-algebras by finite groups.

Using the results on the (WS)-property obtained in Section 3, we first give a simple
proof of the fact that a purely infinite simple unital C*-algebra is extremally rich:

LEMMA 4.1 ([22], [26]). A purely infinite unital simple C*-algebra is extremally
rich.

PROOF. Since every quasi-invertible element in A is one-sided invertible, we show
that every element in A can be approximated by one-sided invertible elements in A.

Let x be an element in A. By Corollary 3.12, we may assume that x is well-
supported. Then there exists a projection p e A such that x = xp and x*x is
invertible in pAp. If p = 1, then x is left invertible. Suppose that p / 1. Put
u = x(x*x)~l/2, where (x*x)~l is an inverse of x*x in pAp. Then x = u(x*x)l/2 and
u*u = p. Put q — uu*. If q = 1, then xx* is invertible in A, so x is right invertible.
Ifq^l, since A is purely infinite simple, there is a partial isometry v e A such that
v*v = 1 - p and vv* < 1 — q ([11]). Put y = x + ev. Then, H* — y\\ < e and
y*y = x*x + E2(\ — p), so y is left invertible.

Recall that a C*-algebra A has the (SP)-property if every non-zero hereditary C*-
subalgebra of A has a non-zero projection. From [6], we see that any C*-algebra with
RR(A) = 0 has this property. But the converse is not true in general ([22]).

The following extends the result in [16, Lemma 10].

THEOREM 4.2. Let A be a simple unital C*-algebra with the (SP)-property and let
a be an action by a discrete group G. Suppose that the normal subgroup N = [g e
G | ag is inner on A} of G is finite. Then any non-zero hereditary C*-subalgebra of
the reduced crossed product A xar G has a non-zero projection which is equivalent
to a projection in A xa N.

PROOF. Let a e A xar G be a non-zero positive element. We may assume that
||a|| = 1. We show that the hereditary C*-subalgebra a{A xar G)a has a non-zero
projection which is equivalent to some projection in A x a N.
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Let e > 0 be any sufficiently small number such that (192/||ao2|| + 15)e < 1,
where a0 is the image of a under the canonical faithful conditional expectation from
A xar G to A.

Let [Sg | g e G] be the unitaries in A xar G implementing a. Since the *-algebra
generated by {bSg | b e A, g e G] is dense in A xor G, we can approximate a1/2 by
elements of the form b = Yl"=i C'A, s o m a t b*b approximates a to within s. Write

b*b = bo+

with /?0 > 0 in A and fi = 5Zgfew\{«} <̂̂ «.- = B* & A xa N. Then, since ||a0 — ôll <
\\a-b*b\\ <s, we have 0 < n'aoll - £ < ll̂ oll, and \\b*b\\ < | |a | |+£ = l+e.

By [15, Lemma 3.2] there exists a positive element x e A with ||JC|| = 1 such that

\\xbox\\ > (1 - s)\\bo\\ and \\xb,Sg,\\ < s/n1, g,<£N.

Then

||Ota*)2 - (xb*bx)2\\ < \\xax\\\\xax - xb*bx\\ + \\xax - xb*bx\\\\xb*bx\\

< s + s\\xb*bx\\ < £ + £||^fc|| < 3£,

and

On the other hand, \\xBx + x(£giiN b,8gl)x\\ = \\x{b*b)x - xbox\\ < \\xfbx\\ +
< 2 + 2e, hence \\xBx\\ < | | * ( £ ^ w b,Sa)x\\ + 2 + 2e < 2 + 3e.

Since ||0tfc*&t)||2 < (||x(t0 + B)x\\ + £)2 and |jjc(fe0 + B)x\\ < \\xbQx\\ + 2 + 3e
< 3 + As, we see that

( l - e ) I I M < llJcfe'^ll < ||X(Z70 + B ) A ; | | + £ < 3 + 5e.

Let d = (x(b0 + B)x)2 e A xar N. Note that 0 < {||oo|| - 4e}2/4 < \\d\\. Then
0 < ||a0ll

2/64 < ||rf|| because (1 - e)(||ao|| - e) - £ < ||d||1/2. Since £ < 1/2, the
left hand side in the previous inequality is larger than

(||Oo|| £ ) - £ = i||Oo|| \s

Consider the continuous functions / and g defined by

f{t) = max(0, t - (1 - £)||d||), g(t) = min(r, (1 - e)\\d\\).
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Note that fg = (l-E)\\d||/.
Since ag is inner for g e N, the crossed product A xa N is isomorphic to a

direct sum of matrix algebras over A, and thus it has the (SP)-property. Let p be
a non-zero projection in f(d)(A xa N)f(d). Then there exists a non-zero element
y € f(d)(A xa N)f(d) such that p = yf(d)y*. Let

zo = (l-s)-l/2\\d\\-i'2yf(d)i/2.

Then ||zoll = (1 - e)~1/2||d||-1/2 and Zog(d)zo* = p. Since g(d) < d, we have
p = zog(d)z£ < Zô Zo- Thus there exists an element z e A x o i V such that

Zdz* = p, |k|| < Uzbll = (1 - £)-1/2||rf||-1/2 < 8(1 - £)-1 / 2 /KI| .

Since

\\z(x(b*b)x)2z* - p\\

= \\z{(x(b0 + B)x)2+x(b0 + B)x2Cx + xCx2(b0 + B)x + xCx2Cx}z* - p\\

< \\zdz* - p|| + 2||jc(6b + Bo)x\\e + e2 < 2(3 + AE)E + e1 < 15e,

where C = J2g^N
 biSg<> w e h a v e

\\z({xaxf)z* - p\\ < \\z{(xax)2 - {xb*bx)2)z*\\ + \\z{xb*bxfz* - p\\

<3e\\z\\ 2

e 64
x T T ^l l l l1 - £

\
£ < 1.

Therefore, there exists an element Z\ e A xar G such that zi(xax)2z* = p. Thus
(xax)z*Z\ (xax) is a projection in the hereditary C*-subalgebra (xax)(A xar G)(xax).
Since (xax)(A xar G)(xax) is isomorphic to the hereditary subalgebra
(al'2x)(x*al'2)(A xar G)(al'2x)(x*a1'2) [10, 1.4], the hereditary C*-subalgebra
a(A xar G)a has a projection which is equivalent to p.

COROLLARY 4.3 [16, Remark 8]. Let A be a simple unital C*-algebra with the
(SP)-property and let G be a discrete group. If either the action a of G on A is outer
or G is finite, then the reduced crossed product A xar G has the (SP)-property.

COROLLARY 4.4. Let A be a purely infinite simple unital C*-algebra and let a be
an action by a discrete group G such that the normal subgroup N is finite as in the
above theorem. Then A xar G is purely infinite. In particular, if either a is outer or
G is finite then A xar G is purely infinite.
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PROOF. Note that A xa N is the direct sum of purely infinite simple C*-algebras (see
Section 2). So, any non-zero projection in A xa N is infinite. Therefore, any non-zero
hereditary C*-algebra of the crossed product has a non-zero infinite projection.

THEOREM 4.5. Let A be a purely infinite simple unital C*-algebra and let G be
a finite group. Then A xa G is isomorphic to a direct sum of purely infinite simple
C*-algebras, so that it is extremally rich.

PROOF. By Theorem 2.1, the crossed product A xa G is the direct sum of simple
C*-algebras. Since this crossed product is purely infinite by Corollary 4.4, each simple
direct summand is purely infinite and so extremally rich by Lemma 4.1.

The following is an extension of [13, Theorem 1].

COROLLARY 4.6. Let A be a purely infinite simple unital C*-algebra, and let G be
a finite group. Then A xa G is purely infinite simple if and only if it is simple.

REMARK 4.7. (1) Izumi kindly informed that he also obtained the same result as
in Theorem 4.5 by the application of C*-index theory.
(2) Let A be a purely infinite simple unital C*-algebra and let a be an action by an

infinite discrete group. Suppose that the reduced crossed product A xar G is simple.
Since A xar G contains A as a C*-subalgebra, A xar G has infinite projections.
However, it is not clear whether A xar G is purely infinite or not. If the action
a is outer then the crossed product is purely infinite as was mentioned before in
Corollary 4.4.

The following proposition shows that extremal richness may not be preserved under
taking the crossed products by infinite discrete groups.

PROPOSITION 4.8. Let A be a purely infinite simple unital C*-algebra and a be an
outer automorphism on A. Suppose a" = id for some n > 2. Then A xa Z is not
extremally rich.

PROOF. Since a" = id, A xa Z can be realized as a mapping torus of A xa1n, that
is, A xa Z is isomorphic to the C*-algebra {/ : [0,1] - • A xo Zn | / ( I ) = a(/(0))}
([2, Proposition 10.3.3]). Then we have the following C*-exact sequence:

0 -* C0(0, 1) 8 ( A x , Z , ) - > A x , Z - + i < xa Zn -> 0.

Since a is outer, A xa 1n is purely infinite simple by Corollary 4.4 (cf. [13]). It
then follows from Proposition 3.14 that the unitization of C0(0, 1) ® (A xa Zn) is not
extremally rich. Hence, A xa 1 is not extremally rich [7, Theorem 3.5].
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5. Cancellation and extremal richness of finite crossed products

In this section we find a condition under which the crossed product A xa G has
cancellation when G is a finite abelian group.

We begin with recalling the following theorem due to Rieffel and Warfield, Jr. [25].

THEOREM 5.1 [3, Theorem 4.2.2]. Let Abe a simple unital C*-algebra. Suppose
A contains a sequence (pk) of projections such that

(1) For each k there is a projection rk such that 2pk+l © rk is equivalent to a
subprojection of pk © rk.
(2) There is a constant K such that sr(pkApk) < K for all k.

Then A has cancellation.

PROPOSITION 5.2. Let A be a simple unital C* -algebra with sr(,4) = 1 and the
the (SP)-property. If a is an automorphism of A with a" = id, then A xaZn has
cancellation.

PROOF. We first assume that the crossed product A xa Zn is simple.
Since the fixed point algebra A" can be identified with a hereditary C*-subalgebra

of A xa Zn ([27]), Aa has the (SP)-property by Corollary 4.3. Thus there is a
sequence of projections {pk} € A" such that 2[pk+i] < [pk] by [19, Lemma 2.2],
where [p] denotes the equivalence class of p. Since pk e A", pk(A xa Zn)pk is
isomorphic to (pkApk) x a Zn for each k e N. Note that each pkApk has stable
rank one since pkApk is stably isomorphic to A. From [2, Proposition 10.3.3] and
[24, Theorem 7.1] sr(pkApk xa Zn) < 2. Therefore, the assertion follows from
Theorem 5.1 (K = 2, rk = 0).

Now assume that A xa Zn is not simple. Then from Theorem 2.1 A xa Zn is a direct
sum I\ © • • • ffi Im of simple C*-algebras. Since the fixed point algebra A" is isomorphic
to a hereditary subalgebra of the crossed product it has the (SP)-property by Corollary
4.3. Note that A" is also a direct sum ©*_, Bj (k < m) of simple C*-subalgebras Bj
([23, Corollary 3.5]), and each simple direct summand Bj also has the (SP)-property.
Thus we can find a sequence {p^} of projections in Bj such that 2 [p^ \ ] < [p{

k
]]

by [19, Lemma 2.2]. Hence A" contains full projections [qk] with 2[qk+i] < [qk]
where qk = £ p(

k
J). Since A is a subalgebra of A xa Zn and A" c A, we can write

qk = ek
l) © • • • © ek

m) for some projections e(
k
j) € /,. Note that each projection e[j)

is non-zero since qk is full in A" which contains the unit of the crossed product. It
then follows that 2[^+,] < [e(

k
J)] for each j = 1 , . . . , m and k = 1, 2, 3 Since

qk e Aa we have sr(qk(A xa Zn)qk) = sr(qkAqk xa Zn) < 2. But qk{A xa Zn)qk =
®%/k'\A xa Zn)e

(
k>\ and hence sr{e(

k'\A xa Z^e^) = s r ^ / , - ^ ' ) < 2. Thus each
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simple direct summand /, has cancellation by Theorem 5.1 and therefore the crossed
product A xa Zn = ©JL,/,- has cancellation.

For a discrete semidirect product group G = H x K with the group operation
given by (hi, ki)(h2, k2) = (h]kih2k^i, kik2), if a is an action of G on a C*-algebra
A then there is an isomorphism

0 : A xar G - • (A x{alH)r H) xfir K,

where a \H denotes the restriction of a to H and /$ : K -> Aut(A x(a|w)r H) is the
action defined by fi(k)(au(hA)) = a(i_k)(a)u(khk-i^), a e A (here M ( M ) is the unitary
implementing a(/,,t), that is, a(/,iJt) (a) = u{hk)au*hk)). Then 0 is defined by <p(au(hk)) —
au(hA)vk, where vk is the unitary such that fi (k) (x) = vkxv*k, x e A xia]ll)rH, k e K.

LEMMA 5.3. Let A be a unital C*-algebra with finite stable rank and let G =
Zn, x • • • x Znk be a finite abelian group and a be an action of A by G. Then

sr(A xa G) < sr(A) + it.

PROOF. This follows from [2, Proposition 10.3.3], [24, Theorem 7.1], and the above
argument.

THEOREM 5.4. Let Abe a simple unital C*-algebra with stable rank one and the
(SP)-property, and let G be a semidirect product of finite abelian groups and a be an
action of A by G. Then A xa G has cancellation.

PROOF. It suffices to prove the assertion in case of G = ln< x Tni. Note that the
fixed point algebra A" is a hereditary subalgebra of the crossed product A x a (2n, x Zn2)
which is a direct sum of simple C*-algebras. Hence we can choose a sequence of
projections {qk} in Aa such that 2[qk+i] < [qk] as in the proof of Proposition 5.2.
Then, from Lemma 5.3 we see that sv(qk((A xa^ Zn,) x^ Im)qk) = sr((qkAqk xa]ln

ln,)xfiln2) < ST(qkAqkxa]lni Zn,) + 1 < sr(qkAqk)+2 = 3 for any k e N. Therefore,
A xaG has cancellation from the same argument as in Proposition 5.2.

COROLLARY 5.5. Under the same assumptions as in the previous theorem, if A xaG
has the (WS)-property, then it has stable rank one.

PROOF. It follows from Theorem 3.8 and Theorem 5.4.

COROLLARY 5.6. Under the same assumptions, if A xa G has real rank zero, then
it has stable rank one.
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REMARK 5.7. Even when A is a UHF-algebra, there is an outer action a on A with
a2 = id such that RR(A xa 12) ^ 0 ([12]). But sr(A x o 12) = 1. It would be very
important and interesting to find the stable rank of crossed products satisfying the
assumptions in Theorem 5.4.

A unital C*-algebra A with sr(A) = 1 always has cancellation, but it is not known
whether the converse is true for simple C*-algebras while there is a (non-commutative)
non-simple C*-algebra with cancellation whose stable rank is two. Indeed, C[0, 1]®B
(B is a Bunce-Deddens algebra) has cancellation and its stable rank is 2. In fact that
can be proved by the following proposition.

PROPOSITION 5.8. For a unital C*-algebra A, C[0, 1] <g> A has cancellation if and
only if A has.

PROOF. We have only to show that if two projections p, q in C[0, 1] ® A are
equivalent, then they are unitarily equivalent (see [3, Proposition 6.4.1]).

Note that there exist unitariesw, v in C[0, 1]®A (see [28]) such that u(l<g>p(O))u* =
p and v(l ®q(0))v* = q. Since A has cancellation there is a unitary m in A such that
wp(0)w* = q(0) because p(0) and q(0) are equivalent in A. Then

w)u*)p(v(l <g) w)u*)* = q.
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