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On the representation of

metric spaces

G.J. Logan

A closure algebra is a set X with a closure operator C

defined on it. It is possible to construct a topology x on

Mv , the family of maximal, proper, closed subsets of I , and

then to examine the relationship between the algebraic structure

of {X, C) and the topological structure of the dual space

[My, x) . This paper describes the algebraic conditions which

are necessary and sufficient for the dual space to be separable

metric and metric respectively.

In Logan [3] a method was given for representing any T -space as a

particular kind of dual space of a closure algebra. The present paper

improves the manner in which the closure algebra is constructed, and

specializes the result to separable metric spaces and to metric spaces in

general.

The results seem to be of some interest because they offer a

characterization of metric and separable metric spaces which to my

knowledge is completely new.

The notation, results, and references in Logan [3], [4] are

presupposed: in particular if (X, C) is a closure algebra, then M is

the family of maximal consistent sets; 5 : P{X) •* P[MY) , defined by
si

S{A) = {A € Mx : A c A} will satisfy A c B =» S(B) c S(A) , and
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ii\ U A J = fl S(^ ] for each {A}CP(X) ; and

6 = {s[A „) : .4 ,, c A", <4 „ finite} will be the base for a topology T on the

dual space [My, T ) . In addition the closure algebra will be said to be

countable precisely when X is a countable set.

The following definitions will be required.

(i) Let (X, C) be a closure algebra, A a maximal consistent

subset of X , and 5 a family of maximal consistent subsets; A is said

to be separated from £, if A has some fixed finite subset that is

inconsistent with some finite subset of each member of £ (-4 is said to

be inconsistent with B if and only if C(A u B) = X ) . If from the

members of £ together there are only finitely many finite subsets that

are consistent with some fixed finite subset of A then A is said to be

strongly separated from £ .

(ii) The closure algebra is said to be separated {strongly separated)

if for each maximal consistent set A and each A~ a finite subset of

A , A is separated (strongly separated) from the family of maximal

consistent sets that do not contain A- (from now on I use A f, A , A,, A,

J I G ft K
to denote finite subsets of X J.

In order to indicate that the terminology is not misleading I now show

that every strongly separated closure algebra is separated. Suppose that

Ar. c A € M and that (X, C) is strongly separated. There is some
I ~ A

A c A and the family

u Ah) * X> Ah - A0 for SOme A0 With Af £ V

is finite. If A „ ̂  A and A has more than a finite number of finite

subsets then there is some finite subset of A that is not a member of V

and so is inconsistent with A and thus is also inconsistent with

A r. u A * On the other hand if A has only a finite number of finite

subsets then A is finite. Since A „ c£ A , A~ u A <£ A , and so

C[{A „ u A ) u A^) = X (otherwise the maximality of A is contradicted) .
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In either case A ~ u A is a finite subset of A that is inconsistent

with some finite subset of each A that satisfies A „ <£_ A.̂  ; that is ,

{X, C) is separated.

THEOREM 1. If (X, C) is a countable, separated olosure algebra,

then the dual space (/<?„, T) i s a separable metric space.

Proof. On account of Urysohn's Theorem (see Kelley [2 ] , p. 125) i t is

only necessary to show that l̂ y> TJ i s a regular T-space with a

countable "base. That \My-> T) i s -̂i i s proved in Logan [3 ] , and i t is

clear that the base 3 = {5(4 „) : A. S. ̂ } ^s countable since the family of

f in i t e subsets of the countable set X is countable.

To see that [M^, T) i s regular , suppose that $ i s a closed subset

of Mx and A € MX\Q . Then there i s some 5(4,,) S g with A € S[A~)

and S[A~) n Q = 0 . Let k € K index the members of Q ; then A - c A

and Ar. <^_ Â  for each k t K . Since (X, C) i s separated we may choose

A c A 9 so that for each k £ K there i s some A. c A, with

C[A U Ak) = X . But nov, for each k (. K ,

Sf/1 ) n 5f/l, 1 = S[A U / I , 1 = 0 ,

and so

SU ) n U 5(4 ) = 0 .
& kiK K

Since each A, € Q satisfies A, 6 5(4,) , we have that (Jc U S(47) ,
kZK k

which is open in My. . On the other hand A € S[A ) ̂  which is open in

/•̂  , so that [M^, T) is regular. //

The question arises naturally as to whether every separable metric

space may be considered to be the dual space of a suitable closure algebra.

Theorem 2 shows that every separable metric space may be represented as the

dual space of a closure algebra satisfying the conditions given in Theorem

1.
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THEOREM 2. Every separable metric space is homeomorphic to the dual

space of a countable, separated closure algebra.

Proof. Let y be a separable metric space; then by Urysohn's

Theorem Y i s a regular T -space with a countable base, and consequently

a space with a countable subbase. Let th i s countable subbase be X and

define a function C : P(X) •*• P(X) by C(A) = \u € X : fl V c u\ . I t
*• ViA >

is easily verified that (X, C) is a closure algebra. For each y € Y

define F = {u € X : y f u] ; then F is closed with respect to C ,

y y
since if u € c[V ) then u => fl i>3 {y} , and so u € F

U€r2/
Furthermore, each F is consistent . For if we choose y 6 Y , i/ ^ j / ,

then there is some member of the base that contains y and not y [Y i s

7, ) , and so there i s some u £ X with y. Z u and u t u . Since
1 ' X r

M £ F = C[T ) we have t h a t c[T ) * X .

We also have that each F is maximal consis tent . For i f u. € X\Y

then y If u , and for each y. £ u there i s some v € X with j E » ,

i) f D (y is r ) . We may infer that each y € u, i s not a member of

fl v (since y € v implies v (. T ) and that u n D u = 0 . But
y x

 ViY
y y

now

*• j / l I ' - 1 l L i/ l 1 ' J — '

= \u : u n D v c
*• y€F

= {u : 0 c M}

= ^ ,

so that F u {u } i s inconsistent and F is maximal consis tent . This

shows tha t {F : y € Y} C MV .
y *

For the opposite inclusion, if A € AC then the consistency of A
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ensures that (1 u * 0 . Choose y € U u ; then fl u c l~l u , and

by the definition of C , C[V ) c C(A) . But r , A are both closed with

respect to C and so F c A . Since A is maximal, F = A , and so

y ~ y

each maximal consistent set has the form T for some y £ Y . This shows

that {r : y € Y] = M .
y A

To see that Mv and Y are homeomorphic, define 6 : Y •* Mv by

Q(y) = T , for each y € Y . Clearly 9 i s an onto function, and 0 i s

one-to-one since if y + y^ then we may choose u £ X such that

y £ u , y0 | u , and so u € F , u ( F , yielding that
-L ^ y~^ y2

9 is continuous,since if 0 € x then

6~x[0] = 6" U 5(4 )
If IF \

where {s(i4j}. is a subfamily

of the base for T ,

ftp
)

= u
/ €F

= U

flF

= U
fiF
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= U ( (1 {y : y iu)\

f
= u n

f£F ^

Now for each f Z F , A~ is finite and each u is a member of the

subbase for X . Hence each D u is a member of the base and so
uZA

9 [0] is open in Y .

Furthermore 6 is continuous, since if P is open in X , then

P = U D u\ where each u i X , and for each k (. K , F, i s f i n i t e .

Hence

9(P) = U 6 fl u

= u I n e(w)
iZFk

n {ry •. y z u]

= u I n {r : u € r

= U n {A € M : u I A}

= u n

Since each F, is finite and F, c X , we have that S[F,) is a member of

the base for (M^, T) , and so 6[P] is open in [M , T) .

This shows that X is homeomorphic to the dual space of a closure
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algebra (X, C) with a countable car r ier X . I t remains to be shown that

{X, C) i s separated. Suppose that A- c A € M , and so
I A

A € S[A~) C W . Then since (#.,, T ) is regular, there is some open

neighbourhood 0 such that A € O c o c z S ( 4 , . ) , and hence some S [A )

such that A € s(/l ) <£ S[A J <r S[A .) . Suppose now that A1 satisfies

i4 _ ̂  A' ; then A' f S(i4_] and so A' f S(4 J . Hence there is some
j J y

5 f ^ ' l w i t h A ' € S f / l ' ) and s[A ) nsU') = 0 ; t h a t i s , 5 ( 4 u A ') = 0

and so f o r e a c h y (. Y , A u , 4 ' c | r . But now f o r each y (. Y ,
y y £/

j / f {u : u i. A u 4 '} ; that i s ,
y y

n(w : u i. A' u A'} = 0

and

Thus 4 ' c A' and A u /} ' i s inconsistent . This shows {X, C) to be
g ~ g g

separated. //

In order to prove analogues of these theorems for the case of an

arbitrary metric space, we need the following definition and result from

general topology (both given in Archangel skit [/]).

DEFINITION. The base of a topological space is called regular if, for

each point x and each neighbourhood U of x , there exists a

neighbourhood V of x such that only finitely many members of the base

intersect both V and the complement of U .

ARCHANGELSKII'S FIRST METRIZATION THEOREM. A T±-space is metrizable

if and only if it has a regular base.

THEOREM 3. if (x, C) is a strongly separated closure algebra then

the dual space, (/</„, T ) is a metric space.

Proof. From Logan [3] we have that [u x] is a T -space, so that
A 1

by ArchangelskiT's Theorem we need only show that the base of [M , T) i s

regular. Suppose that A € /•/ and U i s a neighbourhood of A ; then
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there i s some S[AJ] € & with A € S[Af) C U ; that i s , with A~c_h and

My\S[A _) ^Mj\U . Since (X, C) i s strongly separated we may choose

A c A satisfying the conditions of Definition ( I I ) . Put V = S[A ) ;
y v

since A c A , 7 is a neighbourhood of A , and if S{AA E B is such

that s[Ah) n M^V * 0 , S[A^\ n V * 0 , then

s{Ah) n ^VsfyJ * 0 and s ( ^ ) n s[Ag) * 0

•* for some A]_ , Ax € S ^ ) , ^ | S (^) , and S(Afc u ^ ) ^ 0 ,

=* for some L^ , Ah c A1 , -4 „ ̂  Ax , and C(^ u 4 1 * X .

Now since {X, C) is strongly separated there are only finitely many such

sets A-, , and so there are only finitely many members of the base ^(^ij

that intersect both V and ^ \ ^ • We may infer that [My> T) i s

metrizable. / /

THEOREM 4. Every metric space is homeomorphic to the dual space of a

strongly separated closure algebra.

Proof. Let Y be a metric space; then Y is a T -space with a

regular base. Take X as a subbase for the regular base of the topology

on Y , and notice that in the proof of Theorem 2 the only property

required to construct (X, C) and (W x) so that (W«, T) is

homeomorphic to Y , is that Y be T . If these constructions are made

then the only other requirement is to show that {X, C) is strongly

separated. Suppose that A € My and A . c A ; then A € ^{^f} an<^

S(A _) € $ i s a neighbourhood of A . Since the base i s regular there i s

some neighbourhood V of A with only f in i t e ly many members of 3

intersect ing both V and My\S[A J . Since ^ i s a neighbourhood of A

we may choose some S[A ) € g with A € S[A ) c V , and now there are only
y y

finitely many s[A
h) € 6 with S ^ ) n S[A ) + (3 and

* 0 ; that i s , with S ^ u A ) # 0 and with some

A € M̂  satisfying A1 € 5('4^) » Ai $ s[Af) • This being the case there
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are only f in i t e ly many sets A, with C[A, u A ) ? X and A c A for

some A with A . d£ A . This shows (X, C) to be strongly separated. / /
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