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Abstract. We state certain product formulae for Jackson integrals associated with irreducible
reduced root systems.The Jackson integral is de¢ned here as a sum over any full-rank sublattice
of the coweight lattice for the root system. In particular, aWeyl group symmetry classi¢cation
of the Jackson integrals is done when they have an expression of a product of the Jacobi elliptic
theta functions.Mostofthe product formulae investigatedbyAomoto,MacdonaldandGustafson
appear in the list of classi¢cations. A new product formula for an F4 root system is included in it.
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1. Introduction

There are a lot of generalizations of the Selberg integral

Z
½0;1�n

Yn
i¼1

xa�1i ð1� xiÞb�1
Y

1W i<jW n

jxi � xjj2g dx1 � � � dxn

¼
Yn
j¼1

Gðjgþ 1ÞGðaþ ðj � 1ÞgÞGðbþ ðj � 1ÞgÞ
Gðgþ 1ÞGðaþ bþ ðnþ j � 2ÞgÞ

;

which was proved by Selberg in 1944, and they have been studied in various way. One
of the extensions is the q-Selberg integral investigated by Andrews, Askey and many
others [As, E, H, Kad, Kan]. In [Ao1], Aomoto extended the q-Selberg integral to a
sum which has the symmetry of a Weyl group of irreducible reduced root systems.
Using the Poincare¤ series for af¢ne root systems, Macdonald [Ma3] showed the
relation between Aomoto’s sum and the q-Macdonald^Morris identity investigated
by Cherednik [C1] and others. The product formula (see Proposition 4.4) investi-
gated in [Ao1, Ito1, Ma3] was recently applied by van Diejen and Vinet [vDV]
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to an eigenvalue problem of the quantum Hamiltonian for the compacti¢ed
trigonometric Ruijsenaars^Schneider model.
On the other hand, the formula

X1
n¼�1

ð1� aq2nÞðb; qÞnðc; qÞnðd; qÞnðe; qÞn
ð1� aÞðaq=b; qÞnðaq=c; qÞnðaq=d; qÞnðaq=e; qÞn

a2q
bcde

� �n

¼
ðq=a; qÞ1ðaq; qÞ1ðaq=bc; qÞ1ðaq=bd; qÞ1
ðq=b; qÞ1ðq=c; qÞ1ðq=d; qÞ1ðq=e; qÞ1

�

�
ðaq=be; qÞ1ðaq=cd; qÞ1ðaq=ce; qÞ1ðaq=de; qÞ1ðq; qÞ1

ðaq=b; qÞ1ðaq=c; qÞ1ðaq=d; qÞ1ðaq=e; qÞ1ða2q=bcde; qÞ1

was proved by Bailey in 1936 and is called Bailey’s very-well-poised 6c6 summation
formula. This formula and the q-Selberg integral can be regarded as a q-series
of the hypergeometric type expressed as a product of q-gamma functions. Gustafson
[Gu4] established a multidimensional generalization of a 6c6 summation formula
corresponding to semi-simple Lie algebras. By using Gustafson’s Cn-type sum,
van Diejen [vD] proved a summation formula for his BCn-type sum, which includes
Aomoto’s Bn and Cn-type sums as special cases.
In this paper we de¢ne certain sums which have the symmetry of a Weyl group for

the irreducible reduced root system R. We call them Jackson integrals associated
with R. The main results of this paper are Theorems 4.5 and 4.10, which classify
them when they are expressed as a product of the Jacobi elliptic theta functions.
Aomoto’s sums and Gustafson’s Bn and G2-type sums [Gu1] are included in the
classi¢cation list in Theorem 4.5. One advantage of this list is to be able to ¢nd
a new product formula for F4-type [Ito3] which seems not to be known yet. The
sums not appearing in it are Gustafson’s An, Cn, Dn-type sums, and van Diejen’s
BCn-type sum. But these sums, except for Gustafson’s An-type sum, are included
in the classi¢cation list for the Jackson integral associated with a nonreduced root
system (BCn-type root system). (See the list for the BCn-type case in a sequel [Ito4]
to this paper.) Thus, essentially the sum not belonging to our lists is Gustafson’s
An-type sum.
Throughout this paper, we use the notation

ða; qÞ1 :¼
Y1
i¼0

ð1� aqiÞ and Wðx; qÞ :¼ ðx; qÞ1ðq=x; qÞ1ðq; qÞ1:

2. De¢nition of Jackson Integral

Let R be an irreducible reduced root system, spanning a real vector space E of
dimension n, and let h�; �i be a positive de¢nite scalar product on E under the Weyl
group W of R. We denote by Rþ the set of positive roots relative to a ¢xed basis
fa1; . . . ; ang of R. For each a 2 R, let a_ ¼ 2a=ha; ai. Let P be the coweight lattice
fw 2 E; ha; wi 2 Z for any a 2 Rg and let Q be the coroot lattice of R de¢ned by
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Q ¼ Za_1 þ � � � þ Za_n � P. Let L be any sublattice of P of rank n. We assume L is
W -stable, i.e. L ¼ wL for w 2W . The scalar product h�; �i is uniquely extended
linearly to EC ¼ E �R C ’ Cn. Let q be a real number such that 0 < q < 1. For
x 2 EC, we de¢ne

URðb1; � � � ; bs; c1; � � � ; cl; xÞ

¼ URðfbig; fcjg; xÞ

:¼
Ys
i¼1

Y
a>0

a: short

qð1=2�biÞha;xi
ðq1�biþha;xi; qÞ1
ðqbiþha;xi; qÞ1

�

�
Yl
j¼1

Y
a>0

a: long

qð1=2�cjÞha;xi
ðq1�cjþha;xi; qÞ1
ðqcjþha;xi; qÞ1

;

where s; l 2 ZX 0, bi; cj 2 C and a > 0 means a 2 Rþ. We denote by DRðxÞ the Weyl
denominator as

DRðxÞ :¼
Y
a>0

ðqha;xi=2 � q�ha;xi=2Þ:

For w 2W , we de¢ne wF ðxÞ :¼ F ðw�1xÞ for a function F ðxÞ of x 2 EC. The function
URðfbig; fcjg; xÞ is quasi-symmetric with respect to W :

wURðfbig; fcjg; xÞ ¼ UwðxÞ URðfbig; fcjg; xÞ; w 2W ; ð1Þ

where UwðxÞ is a pseudo-constant, i.e. an invariant under the shift x! xþ w for
w 2 P, as

UwðxÞ ¼
Ys
i¼1

Y
a>0

w�1a<0
a: short

qð2bi�1Þha;xi
Wðqbiþha;xi; qÞ
Wðq1�biþha;xi; qÞ

�

�
Yl
j¼1

Y
a>0

w�1a<0
a: long

qð2cj�1Þha;xi
Wðqcjþha;xi; qÞ
Wðq1�cjþha;xi; qÞ

:

The Weyl denominator DRðxÞ changes by the action of W as

wDRðxÞ ¼ sgnw DRðxÞ: ð2Þ

For z 2 EC, we de¢ne the Jackson integral associated with R as

JRðfbig; fcjg;L; zÞ :¼
X
w2L

URðfbig; fcjg; zþ wÞ DRðzþ wÞ: ð3Þ

By de¢nition, the Jackson integral JRðfbig; fcjg;L; zÞ is obviously invariant under the
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shift z! zþ w for w 2 L:

JRðfbig; fcjg;L; zþ wÞ ¼ JRðfbig; fcjg;L; zÞ: ð4Þ

Remark. If all roots in R have the same length, we regard the roots as all short, so
that

URðfbig; xÞ ¼
Ys
i¼1

Y
a>0

qð1=2�biÞha;xi
ðq1�biþha;xi; qÞ1
ðqbiþha;xi; qÞ1

:

LEMMA 2.1. The following holds for w 2W:

wJRðfbig; fcjg;L; zÞ ¼ sgnw UwðzÞ JRðfbig; fcjg;L; zÞ:

Proof. From De¢nition (3), we have

wJRðfbig; fcjg;L; zÞ ¼
X
w2L

URðfbig; fcjg;w�1zþ wÞ DRðw�1zþ wÞ; ð5Þ

and, since L is W -stable, we have

wJRðfbig; fcjg;L; zÞ

¼
X
w2L

wURðfbig; fcjg; zþ wwÞ wDRðzþ wwÞ

¼
X
w2L

wURðfbig; fcjg; zþ wÞ wDRðzþ wÞ:

Hence, from (1) and (2), we have Lemma 2.1. &

3. Examples

In this section, in our setting, we state some sums which are already known. Let
fe1; . . . ; eng be the standard basis of Rn satisfying hei; eji ¼ dij for all
i; j ¼ 1; . . . ; n, where dij is the Kronecker delta.

3.1. An-type

Basis: a1 ¼ e1 � e2; a2 ¼ e2 � e3; . . . ; an ¼ en � enþ1,
Positive roots: ei � ej ¼

P
iW k<j ak ð1W i < jW nþ 1Þ,

Coweight lattice: P ¼ Zw1 þ Zw2 þ Zw3 þ � � � þ Zwn, hai; wji ¼ dij.
Coroot lattice: Q ¼ Za1 þ Za2 þ Za3 þ � � � þ Zan;

�
hai; aji

�n
i;j¼1

¼

2 �1
�1 2 �1

. .
. . .

. . .
.

�1 2 �1
�1 2

0
BBBB@

1
CCCCA:
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Sum Type

JAn ðb1;P; zÞ Aomoto’s An-type [Ito1, p. 132]
JAn ðb1;Q; zÞ

3.2. Bn-type

Basis: a1 ¼ e1 � e2; a2 ¼ e2 � e3; . . . ; an�1 ¼ en�1 � en; an ¼ en,
Positive short roots: ei ð1W iW nÞ,
Positive long roots: ei � ej ð1W i < jW nÞ,
Coweight lattice:

P ¼ Ze1 þ Zðe1 þ e2Þ þ � � � þ Zðe1 þ e2 þ � � � þ enÞ

¼ Ze1 þ Ze2 þ Ze3 þ � � � þ Zen:

Sum Type

JBn ðb1; c1;P; zÞ Aomoto’s Bn-type [Ao1, Ito1]
JBn ðfbig

2n�1
i¼1 ;P; zÞ Gustafson’s Bn-type [Gu1]

3.3. Cn-type

Basis: a1 ¼ e1 � e2; a2 ¼ e2 � e3; . . . ; an�1 ¼ en�1 � en; an ¼ 2en,
Positive short roots: ei � ej ð1W i < jW nÞ,
Positive long roots: 2ei ð1W iW nÞ,
Coweight lattice:

P ¼ Ze1 þ Zðe1 þ e2Þ þ � � � þ Zðe1 þ e2 þ � � � þ en�1Þþ

þ Zðe1 þ e2 þ e3 þ � � � þ enÞ=2

¼ Ze1 þ Ze2 þ � � � þ Zen�1 þ Zðe1 þ e2 þ e3 þ � � � þ enÞ=2;

Coroot lattice:

Q ¼ Zðe1 � e2Þ þ Zðe2 � e3Þ þ � � � þ Zðen�1 � enÞ þ Zen
¼ Ze1 þ Ze2 þ Ze3 þ � � � þ Zen:

Sum Type

JCn ðb1; c1;P; zÞ Aomoto’s Cn-type [Ao1, p. 122 (3.5)]
JCn ðb1; c1;Q; zÞ

3.4. Dn-type

Basis: a1 ¼ e1 � e2; a2 ¼ e2 � e3; . . . an�1 ¼ en�1 � en; an ¼ en�1 þ en,
Positive roots: ei � ej ð1W i < jW nÞ,
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Coweight lattice:

P ¼ Ze1 þ Zðe1 þ e2Þ þ � � � þ Zðe1 þ e2 þ � � � þ en�2Þþ

þ Zðe1 þ e2 þ e3 þ � � � þ en�1 � enÞ=2þ

þ Zðe1 þ e2 þ e3 þ � � � þ en�1 þ enÞ=2

¼ Ze1 þ Ze2 þ � � � þ Zen�1 þ Zðe1 þ e2 þ � � � þ enÞ=2;

Coroot lattice:

Q ¼ Zðe1 � e2Þ þ Zðe2 � e3Þ þ � � � þ Zðen�1 � enÞ þ Zðen�1 þ enÞ:

Sum Type

JDn ðb1;P; zÞ Aomoto’s Dn-type [Ao1, p. 122 (3.6)]
JDn ðb1;Q; zÞ

3.5 G2-type

Basis: a1 ¼ e1 � e2; a2 ¼ �2e1 þ e2 þ e3,
Positive short roots: a1, a1 þ a2, 2a1 þ a2,
Positive long roots: a2, 3a1 þ a2, 3a1 þ 2a2,
Coweight lattice: P ¼ Q ¼ Zw1 þ Zw2, hai; wji ¼ dij.

Sum Type

JG2 ðb1; c1;P; zÞ Amomoto’s G2-type [Ito1, p.152]
JG2 ðfbig

4
i¼1;P; zÞ Gustafson’s G2-type [Gu1, p. 103 (8.12), Ito2]

3.6 F4 -type

Since the root systems F4 and F_
4 are isomorphic with orthogonal transformation

[Ga1, p. 806], we take a basis of F_
4 .

Basis: a1 ¼ e2 � e3; a2 ¼ e3 � e4; a3 ¼ 2e4; a4 ¼ e1 � e2 � e3 � e4,
Positive short roots: ei � ej ð1W i < jW 4Þ,
Positive long roots: 2ei ð1W iW 4Þ, e1 � e2 � e3 � e4,
Coweight lattice:

P ¼ Q ¼ Zðe2 � e3Þ þ Zðe3 � e4Þ þ Ze4 þ Zðe1 � e2 � e3 � e4Þ=2

¼ Ze1 þ Ze2 þ Ze3 þ Zðe1 þ e2 þ e3 þ e4Þ=2:

Sum Type

JF4 ðb1; c1;P; zÞ Aomoto’s F4-type [Ao1]
JF4 ðfbig

3
i¼1;P; zÞ [Ito3]
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4. Product Formula

In this section, we discuss the sum JRðfbig; fcjg;L; zÞ which can be expressed as a
product of the Jacobi elliptic theta function Wðx; qÞ. The theta function Wðx; qÞ
has a quasi-periodic property such as Wðqx; qÞ ¼ �Wðx; qÞ=x. By using this property,
for w 2 L, we have

Wðqcþha;zþwi; qÞ

¼ ð�1Þha;wiqð
1
2�cÞha;wi�

1
2ha;wi

2�ha;ziha;wiWðqcþha;zi; qÞ; ð6Þ

which is used in the succeeding discussion.

LEMMA 4.1. For a 2 Rþ, if ha; zi ¼ 0, then JRðfbig; fcjg;L; zþ wÞ ¼ 0 for all w 2 L.
Proof. First we consider JRðfbig; fcjg;L; zÞ ¼ 0 if ha; zi ¼ 0. We denote by wa the

orthogonal re£ection with respect to the hyperplane Ha perpendicular to a 2 R, i.e.

waðxÞ :¼ x� 2
ha; xi
ha; ai

a for x 2 EC; and Ha :¼ fx 2 ECjha; xi ¼ 0g:

We denote by Sa the set fb 2 Rjb > 0 and waðbÞ < 0g. For simplicity, we abbreviate
JRðfbig; fcjg;L; zÞ and URðfbig; fcjg; xÞ by JRðL; zÞ and URðxÞ respectively. If
ha; zi ¼ 0, we have

qð2c�1Þha;zi
Wðqcþha;zi; qÞ
Wðq1�cþha;zi; qÞ

¼ 1 ð7Þ

because of the property Wðx; qÞ ¼ Wðq=x; qÞ. Since z 2 Ha, it follows that

hwaðbÞ; zi ¼ hb; zi for b 2 R; ð8Þ

so that, for b 2 R, we have

qð2c�1Þhb;zi
Wðqcþhb;zi; qÞ
Wðq1�cþhb;zi; qÞ

qð2c�1Þh�waðbÞ;zi Wðqcþh�waðbÞ;zi; qÞ
Wðq1�cþh�waðbÞ;zi; qÞ

¼ 1; ð9Þ

because Wðx; qÞ ¼ Wðq=x; qÞ. If b 2 Sa, then �waðbÞ 2 Sa. When ha; zi ¼ 0, using the
relations (7) and (9) for the de¢nition of Uwa ðzÞ, we have

Uwa ðzÞ ¼ 1: ð10Þ

By using (10), Lemma 2.1, and sgn wa ¼ �1, we have

waJRðL; zÞ ¼ �JRðL; zÞ: ð11Þ

On the other hand, for b 2 R, by Equation (8), we have

hb;wazþ wi ¼ hwaðbÞ; zi þ hb; wi ¼ hb; zi þ hb; wi ¼ hb; zþ wi;

so that

URðwazþ wÞ ¼ URðzþ wÞ and DRðwazþ wÞ ¼ DRðzþ wÞ: ð12Þ
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By Equations (12) and (5), we have

waJRðL; zÞ ¼ JRðL; zÞ: ð13Þ

Hence, from (11) and (13), it follows that

JRðL; zÞ ¼ 0:

By using (4), it is clear that JRðL; zþ wÞ ¼ 0 for w 2 L. &

LEMMA 4.2. Assume that L ¼ P or Q. For a 2 Rþ, if ha; zi ¼ 0, then
JRðfbig; fcjg;L; zþ wÞ ¼ 0 for all w 2 P.
Proof. If L ¼ P, it is straightforward from Lemma 4.1. We assume that L ¼ Q.

From Lemma 2.1, it follows that

waJRðQ; zþ wÞ

¼ �Uwa ðzþ wÞJRðQ; zþ wÞ ¼ �UwaðzÞJRðQ; zþ wÞ: ð14Þ

If ha; zi ¼ 0, by using (10) and (14), we have

waJRðQ; zþ wÞ ¼ �JRðQ; zþ wÞ: ð15Þ

On the other hand, since waðwÞ 2 wþQ for a 2 R, we have

JRðQ; zþ waðwÞÞ ¼ JRðQ; zþ wÞ for all w 2 P;

so that,

waJRðQ; zþ wÞ ¼ JRðQ;wazþ waðwÞÞ ¼ JRðQ;wazþ wÞ: ð16Þ

If ha; zi ¼ 0, from (12) and (16), we have

waJRðQ; zþ wÞ ¼ JRðQ; zþ wÞ: ð17Þ

Hence, from (15) and (17), it follows that JRðQ; zþ wÞ ¼ 0. &

PROPOSITION 4.3. For L ¼ P or Q, the sum JRðfbig; fcjg;L; zÞ is expressed as

f ðzÞ
Y
a>0

a: hort

q
�
s�1=2�

Ps

i¼1
bi
�
ha;ziWðqha;zi; qÞQs

i¼1 Wðqbiþha;zi; qÞ
�

�
Y
a>0

a: long

q
�
l�1=2�

Pl

j¼1
cj
�
ha;ziWðqha;zi; qÞQl

j¼1 Wðq
cjþha;zi; qÞ

where f ðzÞ is a holomorphic function of z 2 EC.
Proof. We set za :¼ qha;zi. By de¢nition, JRðfbig; fcjg;L; zÞ can be regarded as a

function of z ¼ ðza1 ; . . . ; zanÞ 2 ðC�
Þ
n, and we denote by JRðzÞ the sum
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JRðfbig; fcjg;L; zÞ. Since JRðzÞ has poles lying in the set

z 2 ðC�
Þ
n ;

Ys
i¼1

Y
a>0

a: short

Wðqbiza; qÞ
Yl
j¼1

Y
a>0

a: long

Wðqcjza; qÞ ¼ 0

8><
>:

9>=
>;;

the sum JRðzÞ is written as

gðzÞ

Q
a>0

a: short

za
�
s�1=2�

Ps

i¼1
bi
�
�
Q
a>0

a: long

za
�
l�1=2�

Pl

j¼1
cj
�

Qs
i¼1

Q
a>0

a: short

Wðqbiza; qÞ �
Ql
j¼1

Q
a>0

a: long

Wðqcjza; qÞ
;

where gðzÞ is a holomorphic function of z 2 ðC�
Þ
n. By Lemma 4.2, we have JRðzÞ ¼ 0

if za ¼ 1; q�1; q�2; . . ., so that gðzÞ ¼ 0 if za ¼ 1; q�1; q�2; . . .. Therefore the function
gðzÞ is divided out by the product

Q
a>0 Wðz

a; qÞ. &

PROPOSITION 4.4 (Aomoto). For L ¼ P or Q, the sum JRðb1; c1;L; zÞ is expressed
as

CRðb1; c1;LÞ
Y
a>0

a: short

q�b1ha;ziWðqha;zi; qÞ
Wðqb1þha;zi; qÞ

Y
a>0

a: long

q�c1ha;ziWðqha;zi; qÞ
Wðqc1þha;zi; qÞ

where CRðb1; c1;LÞ is a constant not depending on z 2 EC.
Proof. See [Ao1]. &

Remark 4.4.1. In [Ito1, Ma3], an explicit form of the constant CRðb1; c1;LÞ was
obtained when L ¼ P or Q and it is written as a product of q-gamma functions.
The constant CRðb1; c1;QÞ is expressed as

CRðb1; c1;QÞ ¼
Y
a>0

a: short

ðq1�hrk;a
_i�b1; qÞ1ðqda�hrk;a

_iþb1; qÞ1
ðq1�hrk;a_i; qÞ1ðq�hrk;a_i; qÞ1

�

�
Y
a>0

a: long

ðq1�hrk;a
_i�c1; qÞ1ðqda�hrk;a

_iþc1; qÞ1
ðq1�hrk;a_i; qÞ1ðq�hrk;a_i; qÞ1

;

where

2rk :¼ b1
X
a>0

a: short

aþ c1
X
a>0

a: long

a;

da ¼ 1 if hrk; a
_i ¼ b1 or c1, and da ¼ 0 otherwise. And the constant CRðb1; c1;PÞ is
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expressed as

CRðb1; c1;PÞ ¼ jP=Qj CRðb1; c1;QÞ;

where jP=Qj is the order of the fundamental group P=Q of R, so that

R k An j Bn;Cn;E7 j Dn j E6 j G2;F4;E8
jP=Qj k nþ 1 j 2 j 4 j 3 j 1

: ð18Þ

First, we consider the case where the holomorphic function f ðzÞ in Proposition 4.3
is a constant not depending on z. As we see in Proposition 4.4, when ðs; lÞ ¼ ð1; 1Þ, the
function f ðzÞ is obviously a constant. In the following theorem, we see other possible
ðs; lÞ for JRðfbig; fcjg;L; zÞ when the function f ðzÞ is a constant:

THEOREM 4.5. For L ¼ P or Q, the sum JRðfbig; fcjg;L; zÞ is expressed as

CRðfbig; fcjg;LÞ
Y
a>0

a: short

q
�
s�1=2�

Ps

i¼1
bi
�
ha;ziWðqha;zi; qÞQs

i¼1 Wðqbiþha;zi; qÞ
�

�
Y
a>0

a: long

q
�
l�1=2�

Pl

j¼1
cj
�
ha;ziWðqha;zi; qÞQl

j¼1 Wðq
cjþha;zi; qÞ

;

where CRðfbig; fcjg;LÞ is a constant not depending on z 2 EC, if and only if

s ¼ 1 for An, Dn, E6, E7 and E8-type,
ðs; lÞ ¼ ð1; 1Þ or ð2n� 1; 0Þ for Bn-type,
ðs; lÞ ¼ ð1; 1Þ or ð0; ðnþ 1Þ=2Þ for Cn-type if n is odd,
ðs; lÞ ¼ ð1; 1Þ or ð4; 0Þ for G2-type,
ðs; lÞ ¼ ð1; 1Þ or ð3; 0Þ for F4-type.

Remark 4.5.1. The cases ðs; lÞ ¼ ð2n� 1; 0Þ for Bn-type and ðs; lÞ ¼ ð4; 0Þ for
G2-type were investigated by Gustafson and explicit forms of the constants
CRðfbig;PÞ of them are known (see [Gu1, Ito2]). For the case ðs; lÞ ¼ ð3; 0Þ for F4-type
and its constant CF4 ðfbig;PÞ, see [Ito2, Ito3].
Before proving Theorem 4.5, we show two lemmas. We de¢ne positive de¢nite

integral symmetric matrices AL ¼ ðaijÞ
n
i;j¼1 and BL ¼ ðbijÞ

n
i;j¼1 as

aij ¼
X
a>0

a: short

ha; wiiha; wji; bij ¼
X
a>0

a: long

ha; wiiha; wji

for a basis fw1; . . . ; wng of a sublattice L.
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LEMMA 4.6. If R ¼ Bn;Cn;G2 and F4, for any sublattice L, the relation between AL
and BL are the following:

BL ¼ ð2n� 2ÞAL for Bn;

2AL ¼ ðn� 1ÞBL for Cn;

BL ¼ 3AL for G2;

BL ¼ 2AL for F4:

Proof. We denote by fw01; . . . ; w
0
ng a basis of the coweight lattice P. For a basis

fw1; . . . ; wng of a sublattice L � P, we write ðw1; . . . ; wnÞ ¼ ðw01; . . . ; w
0
nÞC, where C

is a matrix such as j detCjX 1. By de¢nition of AL and BL, we have
AL ¼ CAPtC and BL ¼ CBPtC. Therefore, for each R, it is enough to check the
relation in Lemma 4.6 for an L which is easy to calculate. We can easily check
it and this is left to the reader. &

LEMMA 4.7. Let L be a sublattice of the coweight lattice P of any irreducible root
system R. For any R, we have that det AL > 1 except for the case L ¼ P for Bn,
and det AP ¼ 1 only for Bn.
Proof. Since detAL ¼ ðdetCÞ2 detAPX detAP, it is enough to show that

det AP > 1 except for Bn and this is left to the reader. &

Proof of Theorem 4.5. By the q-periodicity (4) of JRðfbig; fcjg;L; zÞ and (6), for
w 2 L, the function f ðzÞ in Proposition 4.3 satis¢es

f zþ
2p

ffiffiffiffiffiffiffi
�1

p

log q
w

 !
¼ f ðzÞ ð19Þ

and

f ðzþ wÞ ¼ VwðzÞf ðzÞ; ð20Þ

where

VwðzÞ ¼
Y
a>0

a: short

ð�1Þðs�1Þha;wiqðs�1Þð�
1
2ha;wi

2�ha;ziha;wiÞ�

�
Y
a>0

a: long

ð�1Þðl�1Þha;wiqðl�1Þð�
1
2ha;wi

2�ha;ziha;wiÞ: ð21Þ

We denote byM ¼
�
mij
�n
i;j¼1 the positive de¢nite integral symmetric matrix such that

mij ¼ ðs� 1Þ
X
a>0

a: short

ha; wiiha; wji þ ðl � 1Þ
X
a>0

a: long

ha; wiiha; wji: ð22Þ
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If f ðxÞ is a constant, VwðzÞ ¼ 1. By (21), for a basis fw1; . . . ; wng of L, we have

ðs� 1Þ
X
a>0

a: short

ha; wii þ ðl � 1Þ
X
a>0

a: long

ha; wii � 0 ðmod 2Þ ð23Þ

for i ¼ 1; 2; . . . ; n, and

M ¼ ðs� 1ÞAL þ ðl � 1ÞBL ¼ 0: ð24Þ

By Lemma 4.6 and Equation (24), we have ðs; lÞ as in Theorem 4.5. Equation (23) is
valid for such ðs; lÞ. &

PROPOSITION 4.8. Assume that ðs; lÞ satis¢es the condition in Theorem 4.5. The
following relation holds for L ¼ P or Q:

JRððfbig; fcjg;P; zÞ ¼ jP=QjJRðfbig; fcjg;Q; zÞ;

in particular,

CRðfbig; fcjg;PÞ ¼ jP=QjCRðfbig; fcjg;QÞ;

where jP=Qj is the order of the fundamental group P=Q as in (18).
Proof. For l 2 P, we set lþQ :¼ flþ w; w 2 Qg. Let m be the order of the

fundamental group P=Q. Then, there exist l1; . . . ; lm 2 P such that

P ¼
[m
k¼1

ðlk þQÞ; li þQ 6¼ lj þQ if i 6¼ j: ð25Þ

By the de¢nition (3) of JRðfbig; fcjg;L; zÞ and (25), we have

JRðfbig; fcjg;P; zÞ ¼
Xm
k¼1

JRðfbig; fcjg;Q; zþ lkÞ:

From the theta product expression of JRðfbig; fcjg;Q; zÞ in Theorem 4.5, it follows
that

JRðfbig; fcjg;Q; zþ lkÞ ¼ JRðfbig; fcjg;Q; zÞ:

Thus, we have

JRðfbig; fcjg;P; zÞ ¼ mJRðfbig; fcjg;Q; zÞ:

This concludes the proof. &

According to Aomoto [Lemma 2.1 in Ao2], the number k :¼ det M is the
dimension of the space of holomorphic functions satisfying (19) and (20), and
the function in this space is described as a linear combination of theta functions
of number k. Next we consider the problem of ¢nding ðs; lÞ such that the holomorphic
function f ðzÞ in Proposition 4.3 satis¢es the condition k ¼ 1. From Lemmas 4.6 and
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4.7 and the de¢nition (22) of M, we have k ¼ 1 only if L ¼ P and ðs; lÞ ¼ ð2; 1Þ or
ð2n; 0Þ for Bn. The sum JBnðfbig

s
i¼1; fcjg

l
j¼1;P; zÞ of ðs; lÞ ¼ ð2; 1Þ or ð2n; 0Þ is, indeed,

realized as a special case of the following theta product formulae (26) and (27) inves-
tigated by Gustafson and van Diejen. We set

UGðb1; . . . ; b2nþ2; xÞ :¼
Y2nþ2
i¼1

Yn
k¼1

qð1=2�biÞhek;xi
ðq1�biþhek;xi; qÞ1
ðqbiþhek;xi; qÞ1

;

UDðb1; b2; b3; b4; c1; xÞ

:¼
Y4
i¼1

Yn
k¼1

qð1=2�biÞhek;xi
ðq1�biþhek;xi; qÞ1
ðqbiþhek;xi; qÞ1

�

�
Y

1Wm<nW n

qð1�2c1Þhem;xi
ðq1�c1þhem�en;xi; qÞ1
ðqc1þhem�en;xi; qÞ1

ðq1�c1þhemþen;xi; qÞ1
ðqc1þhemþen;xi; qÞ1

;

DCnðxÞ ¼
Yn
k¼1

ðqhek;xi � q�hek;xiÞ�

�
Y

1W m<nW n

ðqhem�en;xi=2 � q�hem�en;xi=2Þðqhemþen;xi=2 � q�hemþen;xi=2Þ

and

Q ¼ Ze1 þ Ze2 þ Ze3 þ � � � þ Zen; hei; eji ¼ dij :

We de¢ne two types of Jackson integrals as follows:

JGðb1; � � � ; b2nþ2; zÞ :¼
X
w2Q

UGðb1; � � � ; b2nþ2; zþ wÞ � DCnðzþ wÞ

(Gustafson’s Cn-type sum),

JDðb1; b2; b3; b4; c1; zÞ :¼
X
w2Q

UDðb1; b2; b3; b4; c1; zþ wÞ � DCnðzþ wÞ

(van Diejen’s BCn-type sum).

LEMMA 4.9 (Gustafson, van Diejen). The sum JGðb1; . . . ; b2nþ2; zÞ and
JDðb1; b2; b3; b4; c1; zÞ are expressed as

CGðb1; . . . ; b2nþ2Þ
Yn
k¼1

q
�
n�
P2nþ2

i¼1
bi
�
hek;ziWðqh2ek;zi; qÞQ2nþ2

i¼1 Wðqbiþhek;zi; qÞ
�

�
Y

1W m<nW n

q�hem;ziWðqhem�en;zi; qÞWðqhemþen;zi; qÞ ð26Þ
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and

CDðb1; b2; b3; b4; c1Þ
Yn
k¼1

qð1�b1�b2�b3�b4Þhek;ziWðqh2ek;zi; qÞQ4
i¼1 Wðqbiþhek;zi; qÞ

�

�
Y

1W m<nW n

q�2c1hem;ziWðqhem�en;zi; qÞWðqhemþen;zi; qÞ
Wðqc1þhem�en;zi; qÞWðqc1þhemþen;zi; qÞ

ð27Þ

respectively, where CGðb1; . . . ; b2nþ2Þ and CDðb1; b2; b3; b4; c1Þ are some constants not
depending on z.
Proof. See [p. 96 (7.8) in Gu1] and [vD]. &

Remark 4.9.1. In [Gu1, vD, Ito4], the constants CGðb1; � � � ; b2nþ2Þ and
CDðb1; b2; b3; b4; c1Þ are expressed as a product of q-gamma functions.

Remark 4.9.2. Gustafson’s Dn-type sum [p. 197 in Gu4] is deduced from
Gustafson’s Cn-type sum by setting qb2n�1 ¼ 1, qb2n ¼ q

1
2, qb2nþ1 ¼ �q

1
2, qb2nþ2 ¼ �1.

Remark 4.9.3. Gustafson’s Cn-type sum and van Diejen’s BCn-type sum are both
included in the classi¢cation list of BCn-type Jackson integral (see [Ito4]).

We have theta product expressions of JBn ðfbig
s
i¼1; fcjg

l
j¼1;P; zÞ of ðs; lÞ ¼ ð2; 1Þ and

ð2n; 0Þ by setting

qb3 ¼ �q1=2; qb4 ¼ �1 for JDðb1; b2; b3; b4; c1; zÞ

and

qb2nþ1 ¼ �q1=2; qb2nþ2 ¼ �1 for JGðb1; � � � ; b2nþ2; zÞ;

respectively. Thus, we can conclude the discussion on the case k ¼ 1 as follows:

THEOREM 4.10. It follows that k ¼ 1 only if L ¼ P and ðs; lÞ ¼ ð2; 1Þ or ð2n; 0Þ for
Bn. The sum JBn ðfbig

s
i¼1; fcjg

l
j¼1;P; zÞ where ðs; lÞ ¼ ð2; 1Þ or ð2n; 0Þ is expressed as a

product of elliptic theta functions.

Remark 4.10.1. The sum JBn ðfbig
s
i¼1; fcjg

l
j¼1;P; zÞ of ðs; lÞ ¼ ð1; 1Þ and ð2n� 1; 0Þ

for Bn-type in Theorem 4.5 are deduced from that of ðs; lÞ ¼ ð2; 1Þ and ð2n; 0Þ for
Bn-type by taking b2 ¼ 1=2 and b2n ¼ 1=2 respectively.
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